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Preface

This work was made at the Faculty of Mechanical Engineering and Naval Architec-
ture in Zagreb, and at the Institute of Aeroelasticity which is part of DLR (Deutsches
Zentrum fiir Luft- und Raumfahrt) in Gottingen.

Flutter phenomenon of aerodynamic surfaces of aircraft, which has to be investiga-
ted for each new aircraft design or structural modification of existing aircraft, is still
important topic of research in aeroelasticity, and especially for aircraft in transonic
flight.

One way to check aeroelastic behaviour of the aircraft are computational methods
which are capable to carry out big amount of calculations before in flight checks, and the
other way are wind tunnel experiments. Direct simulation of fluid-structure interaction
in time domain, using the most precise methods for loads calculations, requires extremely
high needs for computational resources.

As the main effort is needed for the part of unsteady loads determination, more
efficient methods are developed for flutter boundary prediction. Loads determination
comprises the unsteady flow calculation around aircraft which performs oscillatory mo-
tions with different elastic modes and different frequencies. Because of small compu-
tational and time requirements for loads analysis, panel method with doublets called
doublet-lattice method (DLM) is widely used. One of the DLM method shortages is
inability to resolve strong shocks in transonic region. Simulations of Reynolds averaged
Navies-Stokes (RANS) equations for flutter analysis give more precise results, but also
require big computational and time resources, and because of that are not first choice

for preliminary design phase.



vii

Between these two extremes, viscous-inviscid interaction methods like Euler with
boundary layer are good compromise. Solving Euler equations it is possible to resolve
shocks, and coupling with boundary layer equations gives balance between flow model
and computational efficiency. Viscous-inviscid interaction methods give results that are
comparable with RANS results, but computational time is several times less and this

gives them advantage for fast flutter analysis.

Zagreb, March 2010. Frane Maji¢, dipl. ing.



Summary

In this work a simple and accurate method for two-dimensional unsteady aerodynamic
load determination on airfoil is developed. The method employs viscous-inviscid co-
upling. The inviscid flow is governed by the unsteady Euler equations solved by finite
volume method on moving C-type rigid grid, while viscous flow is governed by steady
boundary layer integral equations. The Euler equations are solved in conservative form,
in transformed body-fitted coordinates. The viscous-inviscid coupling is performed by
transpiration velocity incorporated in the boundary condition on airfoil. Therefore, the
method requires no grid deformation for the boundary layer influence inclusion. The
transition is predicted by the e” method. The viscous-inviscid method is focused on sub-
sonic and transonic flows, at high Reynolds number, with shock-wave appearance. The
steady and unsteady test cases for three characteristic airfoils are performed, namely
NACA 0012, NACA64A010, NLR 7301. The results are compared with experimental
data and with unsteady RANS calculations. The method gives results which are in
good agreement with experimental data and with calculated unsteady RANS results.
The method has convergence problems in the test cases with separation. The method is
applicable in the design processes where unsteady loads are required within reasonable

time and with accuracy comparable with RANS methods.

Keywords: viscous-inviscid coupling, viscous flow, Euler equations, transpiration
velocity, computational fluid dynamics, mach number, airfoil, shock-wave, airfoil

pressure coefficient distribution

viii



SazZetak

U ovome radu razvijena je jednostavna i precizna metoda za odredivanje nestacionarnih
aerodinamickih optre¢enja za dvodimenzionalno strujanje oko aeroprofila. Metoda ko-
risti princip sprezanja viskoznog i neviskoznog dijela strujanja. Neviskozni dio strujanja
je opisano nestacionarnim Eulerovim jednadzbama koje su rijeSene pomocu metode kon-
trolnih volumena na pomi¢noj nedeformabilnoj mrezi C-tipa. Viskozni dio strujanja je
opisan integralnim jednadzbama grani¢nog sloja za stacionarno strujanje koje su rijeSene
Runge-Kutta metodom cetvrtog reda. Eulerove jednadzbe su rijesene u konzervativnom
obliku, u transformiranim prianjaju¢im koordinatama. Sprezanje viskoznog i neviskoz-
nog dijela strujanja je izvedeno pomocu transpiracijske brzine koje je uklju¢ena u rubni
uvjet na aeroprofilu. Iz tog razloga metoda ne zahtijeva deformaciju mreze da bi se
ukljuc¢io utjecaj granicnog sloja. Polozaj tranzicije grani¢nog sloja je predviden pomocu
metode e”. Metoda viskozno-neviskoznog sprezanja je usmjerena na podzvucno i kroz-
zvucno strujanje pri velikim Reynoldsovim brojevima, s pojavom udarnog vala. IzvrSeni
su proracuni za stacionarno i nestacionarno strujanje, za tri karakteristicna aeroprofila
NACA 0012, NACA64A010 i NLR 7301. Rezultati su usporedeni s eksperimentalnim
podacima i s nestacionarnim RANS proracunima. Metoda daje rezultate koji se dobro
slazu s eksperimentalnim podacima i s proracunatim nestacionarnim RANS rezultatima.
U slucajevima strujanja s odvajanjem, metoda pokazuje probleme s konvergencijom.
Metoda je primjenjiva u procesima razvoja gdje se zahtijeva proracun nestacionarnih
opteretenja unutar prihvatljivog vremena ra¢unanja i s preciznos$éu koja je usporediva
s RANS metodama.

Kljuéne rijeci: viskozno-neviskozno sprezanje, viskozno strujanje, Eulerove
jednadzbe, transpiracijska brzina, racunalna dinamika fluida, Machov broj, aeroprofil,

udarni val, raspodjela koeficijenta tlaka na aeroprofilu
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1 Introduction

1.1. Motivation

The phenomenon of aircraft flutter, which has to be investigated for each new aircraft
design or structural modification of existing aircraft, is still one of the current important
research topics in aeroelasticity, especially for transonic speed flights. This phenomenon
is aeroelastic problem, determined by the interaction of the elastic, damping and iner-
tial forces of the structure and the unsteady aerodynamic forces generated by oscillatory
motion of the structure itself. Such oscillatory motion can lead to a progressive increase
in amplitude of vibration, ending in a disintegration of the structure. For a given confi-
guration of an aircraft structure the unsteady aerodynamic forces increase rapidly with
flight speed, while the elastic, damping and inertia forces remain unchanged. Because of
this reason there exists a critical flight speed (flutter speed) above which flutter! occurs.

Actually, every manned flying machine has to undergo some kind of aeroelastic
analysis before flight, because flutter and other aeroelastic phenomenon in flight enve-
lope of the aircraft have to be avoided without exception. There are three ways to
examine the aeroelastic behavior of the aircraft: flight testing, wind-tunnel testing, and
analysis by computational methods. Flight and wind-tunnel tests can be performed at
earliest in late phase of aircraft design process, because these tests are very expensive.
Moreover, because of need for testing of more different aircraft or aerodynamic surface
configurations, fabrication of different wind-tunnel models and different aircraft pro-

totypes would be huge time and financial burden in aircraft testing process. Therefore,

1Self-induced oscillation of coupled aeroelastic system due to the mutual interaction between struc-
tural (elastic, inertial and damping) forces and unsteady aerodynamic forces.
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a much cheaper solutions are computational methods where many computational test
cases can be performed before flight or wind-tunnel tests.

In the transonic speed range, aeroelastic analysis becomes significantly more com-
plicated. Under these conditions, shock waves can form and disappear as the aircraft
undergoes unsteady, structurally flexible motion. In addition, regions of separated flow
can appear and disappear as these shock waves strengthen and weaken. These are hig-
hly nonlinear phenomena that can have essential impact on the aeroelastic behavior of
aircraft. The appearance of shock waves on the aircraft aerodynamic surfaces can cause
a further drop in flutter boundary in the range of transonic speed. This drop is called
transonic dip (see Fig. 1.1). The important feature of the transonic dip is the bottom
of the dip, which defines the minimum flutter speed at which flutter can occur across
the flight envelope of the aircraft. The flutter speed represents some critical speed at
which the structure sustains oscillations following some initital disturbance. Below this
speed the oscillations are damped, whereas above it one of the modes becomes negati-
vely damped and unstable oscillations occur, unless some form of nonlinearity bounds

the motion [1].

UNSTABLE
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Figure 1.1: Transonic dip

The flutter analysis by linear aerodynamic methods typically predict the flutter bo-

undary adequately at subsonic and supersonic speeds, but in transonic speed range it
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predicts a higher flutter speed than experiment [2]. The flutter boundary could be obta-
ined by inviscid unsteady aerodynamics analisys, e.g. solving unsteady transonic small
disturbance potential flow, full potential flow, or Euler equations of motions. Although
these methods have capability of capturing shock waves in the flow and transonic dip,
they predict significantly lower flutter speed at the bottom of the transonic dip beca-
use they do not involve viscous effects in the calculations. Viscous effects which act in
the form of significant boundary layer thickening and shock-induced flow separation are
responsible for better defining the bottom of the transonic dip.

For the flutter analysis, some arbitrary motion of the airfoil is not so often used
but the harmonic motion for a single oscillation frequency is of more interest. The
objective of such analysis is to determine the flight conditions that correspond to the
flutter boundary (stability boundary), for which one of the modes of motion has a
simple harmonic time dependency [3]. In the linear flutter analysis it is presumed that
the solution involves simple harmonic motion and also excitation force and moment have
harmonic behavior. With this assumption the equations of motion are then cast into
eigenvalue problem in frequency domain and solved for complex eigenvalues. From this
eigenvalues it can be concluded about stable or unstable oscillations of the airfoil. The
classical flutter analysis cannot provide any definitive measure of flutter stability other
than the location of the stability boundary. Despite this weakness of the method, its
primary strength is that it needs only the unsteady airloads for simple harmonic motion
of the airfoil.

The direct simulation of fluid-structure coupling in the time domain, adopting the
most precise modeling techniques for computation of fluid loads, requires extremely
high computational effort. As the main effort is needed for the part of computing
unsteady aerodynamic loads, more efficient methods have been developed for the task of
predicting only the flutter boundary, which is the state of equilibrium between dynamic
structural forces and induced aerodynamic forces. The aerodynamic part of the solution
procedure then comprises the computation of unsteady aerodynamic flows around the
aircraft structures performing oscillatory dynamic motions in different known elastic
geometrical modes and with different frequencies.

For this purpose the doublet-lattice method is still present in actual design analysis
because of low computer time consumption and simple setting procedure of compu-

tational problem. One of the method lacks is inability of capturing strong shocks in
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transonic flows. RANS simulation for flutter analysis gives much more accurate re-
sults, but it uses large amount of computational time and hence is not first choice for
preliminary design. In adition, RANS needs large grids with high resolution and the
problem setting is much more demanding. RANS is also limited with uncertainties in
turbulence modeling, difficulties in high quality grid generation and difficulties with grid
deformation algorithm in unsteady flows [4].

In preliminary aeroelastic design process, engineers that are not experts in compu-
tational fluid dynamics (CFD), but other fields like finite element structural modeling
or flight controls, should also be able to use CFD methods. This requires that CFD
methods be robust and more automated than current RANS codes. Between these ex-
tremes, viscous-inviscid interaction methods such as Euler with viscous boundary layer
correction is a good compromise. Euler methods are capable of resolving strong shocks
and with boundary layer coupling they are good balance between flow model and com-
putational efficiency. The viscous-inviscid interaction methods give results comparable
to RANS solvers, but computer time is several times smaller and this gives appreciable
advantage for fast flutter analysis in design process.

This work is dedicated for improvement of such viscous-inviscid interaction met-
hod with unsteady Euler as an inviscid solver and a solver of integral boundary-layer

equations for thin viscous region, with interaction by transpiration velocity concept.

1.2. Overview of Previous Work

The earliest works in unsteady aerodynamics connected to flutter analysis were made
in 1930’s and 1940’s. Strip theory aerodynamics was long time the most used aerodyna-
mic tool for prediction of unsteady aerodynamic loads [5]. In this approximation theory
one considers each spanwise segment as it were a portion of an infinite span wing with
uniform spanwise properties.

During 1960’s remarkable unsteady aerodynamic tool was developed, namely doublet-
lattice method [6]. Further development of this method was to allow handling of non-
planar aerodynamic surfaces with bodies [7]. This method produced one important con-
tribution to flutter analysis, aerodynamic influence coefficients (AICs). AICs relate the
lift on each element of aerodynamic surfaces and displacements (related to translation

and rotation) and also the dynamic pressure. More recently, Rodden et al. continued
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to refine the doublet-lattice method [8]. These enhancement were the replacement of
the approximation of the numerators of the incremental kernels and improved approxi-
mation to the integrand in the integral in the kernel. The doublet-lattice method has
been in use for over 30 years and has become a standard for production flutter analysis.
There are some features that are responsible for long life of the method. First, the
method is accurate enough for production flutter analysis, except in transonic regime
and when there exist separation. Second, the method has small calculation time and
produces AICs. Third, the method has ability to model fairly complex geometry and
does not have the need for grid generation. The method has lifting surfaces that are
simply replaced with series of panels. All this gives final important feature that is, user
friendly code.

Among methods based on various forms of the potential flow equation with boundary
layer correction, which have shown good results for unsteady calculations without large
computational resources and less working hours in setting up the problem, the CAP-
TSD [9] code is widely used. This code has many advantages over a RANS code: ease in
grid generation, no need for moving grid and less demand for computational recourses.
Despite the use of vortex and entropy corrections, the assumptions in CAP-TSD code
limits its applicability to irrotational flows with weak shocks. Edwards [10] used CAP-
TSD code with a lag-entrainment integral boundary layer method for computation of
unsteady transonic flows involving separation and reattachment. Also, Edwards showed
the self-excited shock-induced oscillations (buffet). Cebeci at al. [11] have shown an in-
teractive boundary layer method for multielement airfoils at low and moderate Reynolds
numbers. In this method inviscid part of flow is solved by the Hess Smith panel met-
hod, while viscous boundary layer flow is solved by the compressible boundary layer
equations (mass, momentum and energy) for laminar and turbulent flows and, with
the algebraic eddy viscosity and turbulent Prandtl number formulation of Cebeci and
Smith [12]. Mangler and Catherall [13] in their work showed the method which gave
the solution of the boundary layer equations near a separation point for steady incom-
pressible laminar two-dimensional flow. The boundary layer equations are solved in a
regular direct mode until the separation point is reached. After the separation point
the displacement thickness is prescribed, and then the pressure gradient is calculated.
They obtained solutions for reversed flow, namely for small separation bubbles inside

boundary layer.
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Because methods that solve Euler equations are capable of resolving strong shocks
and transporting vortices correctly, many researchers have investigated interactive bo-
undary layer methods using the Euler equations [14, 15]. However, many researchers
have focused on steady calculations. Drela [16] has used Euler equations for inviscid
field and integral boundary layer formulation for thin viscous region in neighborhood of
the airfoil. Transition prediction is based on the Orr-Sommerfeld equation formulation
(¥ method) and incorporated into two-equation, integral, laminar /turbulent boundary
layer analysis. The viscous formulation is fully coupled with the inviscid flow that is
governed by a streamline-based Euler formulation. The entire non-linear coupled system
of equations is solved by Newton solution procedure.

Recently, Zhang [17] demonstrated an efficient Euler method with boundary-layer
correction suitable for the airplane wing flutter. The thickness of the wing as well as
its small-scale motion is simulated by approximated boundary conditions implemented
on the stationary wing chord plane. Therefore, non-moving Cartesian grid is used for
unsteady simulations of airplane wing.

In aeroelastic applications, where a high number of parameters such as different
natural modes, angles of attack, Mach numbers, frequency, etc. must be investigated,
methods that solve unsteady aerodynamic problem in frequency domain are introduced.
Especially, these methods are suitable for simulations at low reduced frequencies. The
same simulations in time domain are time consuming because a periodic state can be ac-
hieved after calculating a number of cycles. Recently, a numerical method based on such
alternative approach, namely, on solution of small disturbance Euler equations (SDE) is
presented [18]. Assuming harmonic behavior of unsteadiness (unsteady variables), they
yield a set of linear variable coefficient equations for the complex amplitude of the field
quantities. The unsteady problem is reduced to a steady-state problem for the pertur-
bation part. The non-linear flow physics is contained in steady reference solution which
is needed for linearized solution. The unsteady loads can be evaluated directly and
used within the standard modal flutter calculations. Overall, the method shows good
results, but in flows with shocks, pressure distribution shows remarkable differences in
comparison with non-linear Euler solution. The same linearization is made for Navier-
Stokes equations by Pechloff [19]. In this work also the linearization of Spalart-Allmaras
one-equation turbulence model was made.

Recently, some papers are published that analyze coupling of RANS equations with
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boundary layer [20, 21, 22]. These papers demonstrated the prediction of transition

region with the aim to construct laminar airfoils and to reduce the drag.

1.3. Objective and Hypothesis of Research

The effective surface displacement approach describes the concept of the viscous-
inviscid interaction. This approach can be employed in high Reynolds number flows
where viscous effects are contained in thin boundary layer region. As the boundary
layer thickness changes in unsteady flows, a new grid must be generated for the inviscid
computation after each interaction. A method which avoids this difficulty is the method
of equivalent sources proposed by Lighthill [23]. Changes of boundary-layer mass defect
is used to impose the sources or sinks on solid surface of airfoil. The blowing or suction
effect of the injected flow simulates the displacement action of the boundary-layer on the
outer inviscid flow. In this work attempt is made to incorporate momentum contribution
of the injected flow for the interaction with Euler equations. Momentum equation in
direction perpendicular to airfoil surface is solved with incorporation of boundary layer
blowing effect on inviscid flow. All calculations are made on body-fitted curvilinear grid
with orthogonality condition on airfoil surface.

The aim and hypothesis of the thesis is to show that approach with incorporation
of momentum from boundary layer into momentum equation in direction normal to
airfoil will give results that are comparable with more precise today available methods.
The method should be accurate enough to be usable as aerodynamic tool in routine
aeroelastic checks, and also should give good results in transonic region where the shock

waves are appearing.



2 Viscous-Inviscid
Interaction

At high Reynolds number flows, where inertial forces are more significant than vis-
cous forces, Prandtl [24] showed how Navier-Stokes equations could be simplified to
yield approximate solution. In such flow cases viscous effects are confined in thin region
close to viscous wall, called boundary layer. Therefore, such flows can be decomposed
in two regions. First region is the field away from boundaries, where viscous effects at
high Reynolds number can be neglected. Second region is thin boundary layer region

where viscous effects are confined.

2.1. Viscous-Inviscid Interaction Method

In this work viscous-inviscid interaction of boundary layer integral equations and
Euler equations is made by the transpiration velocity concept. The transpiration velo-
city changes the slope of the net velocity at the boundary and in such way represents
displacement thickness of boundary layer and influence of boundary layer on inviscid
flow outside the boundary layer. The transpiration velocity concept is proposed by Lig-
hthill in [23] as equivalent sources concept. From the integration of continuity equation

for incompressible flow, from wall surface to the outer edge of boundary layer §(z), it

(=) 9y (=) Ay
v /0 oy Y /0 5 (2.1)

x and y are coordinates along and perpendicular to the wall respectively, and u and

follows:

v are corresponding velocity components. When the velocity u, at the boundary layer
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edge (y = d(x)) is introduced in the second integral, then the following expression for

the velocity v is obtained:

du, d [@
Cda dz 0

The first term in (2.2) is that which would be present in the irrotational flow around

V=

(ue — u)dy (2.2)

the body, and the second is the additional velocity due to the boundary layer existence.
The second term, which represents transpiration velocity, can be rearranged to contain

displacement thickness:

d [ U d
- 1— — = — ). 2.
i dx J, te ( ue) dy dx (1e0”) (2:3)

In this work the viscous-inviscid interaction is made in direct mode. There are ot-
her possible ways for the viscous-inviscid interaction, namely inverse, semi inverse and
simultaneous. In the direct method, used in this work, the output from inviscid solver,
which are velocity or pressure at the boundary edge, are used as the input in the viscous
solver of boundary layer equations. The output from the viscous solver is displacement
thickness, or transpiration velocity derived from the displacement thickness, which is
then used as input in inviscid solver to update the boundary condition of inviscid flow.
The used scheme of direct coupling method is presented in Fig. 2.1. The advantage
of such coupling method is its speed and simplicity in the application. The disadvan-
tage of the the direct method is inability to simulate separated flows, because of the
appearance of a singularity in the boundary layer equations which is called Goldstein’s
singularity [25].

In the inverse method, the viscous and inviscid equations are solved in the reverse
mode. The boundary layer equations are solved for the unknown pressure from the
displacement thickness as the input, while inviscid equations are solved for the required
displacement thickness from the pressure distribution of boundary layer. The calculated
displacement thickness serves as input to the boundary layer solver.

The compromise between direct and inverse methods is semi inverse method. In
this method the inviscid equations are solved as in direct mode, while boundary layer
equations are solved as in the inverse mode. The both viscous and inviscid regions
are solved for the unknown velocity distribution at the boundary layer edge from the

displacement thickness. The two velocity distributions are compared and according
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Figure 2.1: The scheme of direct coupling method of viscous-inviscid interaction

to this difference, new displacement thickness is determined. The convergence with
relaxation is performed until velocity distributions from two flow region are in agreement.

In the simultaneous method, the inviscid equations are simultaneously solved with
viscous equations. The both set of equations are written together and solved as one
system.

The coupling method by the transpiration velocity showed strong solution oscillations
at the near separation test cases, and at the position of sudden thickening of boundary
layer thickness. To reduce such oscillatory behavior of solution and to reach mono-
tone converged solution, the underrelaxation method was used. The underrelaxation is

performed on the transpiration velocity, by the following expression:

ve=v; + B8] — ). (2.4)

The superscripts o and n represent the old and the new solution of transpiration velo-
city magnitude in the iterations of viscous-inviscid coupling respectively. 3 represents
underrelaxation factor and it is smaller than one. At the initial calculation step when
transpiration velocity magnitude is calculated for the first time, the old solution of tran-
spiration velocity magnitude is equal to zero. Left hand of equation (2.4) is resulting
transpiration velocity magnitude and in new iteration step it serves as the old solution

in the subsequent iteration.



3 Inviscid Model

In this chapter inviscid compressible fluid dynamics equations will be derived. The
method of solving these equations will be described and also the transformation of
body-fitted (physical) grid to Cartesian (calculation) grid. The boundary conditions
will be described on outer domain boundary as well as on the airfoil contour boundary.
The incorporation of boundary layer influence by transpiration velocity in boundary

condition on airfoil will be described.

3.1. Coordinates Transformation

In the case of flows around curved bodies like airfoils, the structured grids in cur-
vilinear body-fitted coordinates can be used. Such grids are suitable because of their
structured nature and better performace of codes optimized for such grid type. In
Fig. 3.1 body-fitted coordinate system is shown on two dimensional structured grid
around airfoil with curvilinear axes ¢ and 7.

Structured grid in such coordinate system can be very easily transformed into Car-
tesian grid in Cartesian coordinate system, which numerically simplifies the solution
calculation by application of control volume method. Mapping functions from Cartesian
system (x,y,t) into curvilinear body-fitted coordinate system (£, 7, 7) can be written in

the following form:

5 = 6 (l’,y,t)
n=n(zy,t) (3.1)
T =1.

11
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Figure 3.1: Body-fitted curvilinear coordinates about airfoil contour

In Fig. 3.2 characteristic points (from A to F) in the curvilinear structured grid
around airfoil are shown. Point A is at the trailing edge on lower surface and point F is
at the trailing edge on upper surface. In the same figure these points are shown in the
physical plane (down left) and in the mapped plane (down right). The airfoil surface
which is represented by line between A and F, is in mapped plane represented by straight
line between points A and F (shown bolded). Between these two grid representations of
field around airfoil, mapping functions exist which are writen in equations (3.1)

In the transformation of Euler equations from Cartesian coordinates to curvilinear
coordinates the metric coefficients that come from grid transformation have to be calcu-
lated (see section 3.3.). This transformations can be expressed from functions written
n (3.1). From these expressions the derivations with respect to Cartesian coordinates

and physical time can be written as follows:
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Figure 3.2: Curvilinear to cartesian grid mapping

Subscripts in expressions (3.2) and subsequent expressions represent partial derivation

with respect to the variable in the subscript. Metric transformation coefficients are given

according to following expressions:

gx = J_lyn
&y = —J_lx,,
& =0

where J is the determinant of Jacobi

Ne = _J_lyE Ty = 0
77y:=]_1$€ 7y =10
77,5:0 thl

matrix and equals:
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3.2. Euler Equations

In the flows around streamlined bodies like airfoils, at high Reynolds numbers, vis-
cous effects are only significant in thin region close to airfoil called boundary layer. In
such flows, the region around airfoil (except the boundary layer in the close vicinity of
airfoil where viscous effect are not negligible) is possible to solve by Euler equations. In
this work inviscid flow is calculated by Euler equations in body-fitted coordinates.

Euler equations describe unsteady, inviscid, compressible, anisotropic and rotational
flow. Such form of the equations represents nonlinear hyperbolic conservative laws in
which effects of mass forces, viscous stresses and heat fluxes are neglected. For such
form of equations Riemann solvers and upwind methods are directly applicable.

There are different forms of Euler equations. Written in two dimensional Cartesian

coordinates and conservation differential form, FEuler equations have following form:

0Q  IFQ) | 9G(Q)

=0 3.5
ot ox dy (3:5)
where vectors Q, F and G equal
p pu pv
2
_l_
Q=" F=\|"""P a=|"" (3.6)
pu puv pv® +p
pe puh pvh

In vectors expressed by (3.6), e is specific total energy (per unit mass)

L p 1.5 2
6—7_1p+2(u +v?) (3.7)

and h is specific total enthalpy (per unit mass).

yp 1., 2
h=——5+4-= . 3.8
7_1p+2(u +v?) (3.8)
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3.3. The Vector Flux Splitting

The schemes based on central space discretizations, associated with the spatial flux
terms in subsonic flow, have a symmetry with respect to a change in sign of the eige-
nvalues (characteristic speed) which does not distinguish upstream from downstream
influences. Hence the physical propagation of perturbations along characteristics, typi-
cal of hyperbolic equations, is not considered in the definition of such numerical model.
Therefore, in the numerical implementation of this work, the method of the vector flux
splitting is used. This method belongs to the family of upwind methods which take
into account the perturbation propagation direction. The background of the flux vector
splitting method is given in report of Steger and Warming [26].

System of equations (3.5) can be written in the form of matrices in the following

way:
0Q 0Q 0Q
S HAQFE +BQT 0 (39)
where
A(Q) oF and B(Q) = 0G (3.10)

Coefficients in matrices A and B are functions of vector Q, therefore the system of

equations (3.9) is nonlinear. Matrices A and B are called Jacobi matrices (Jacobians)

and have following form:

(0f1/00 0f1/0q 0f1/0qs Of1/0q]
A(Q) _ 3_F _ afz/a(h afQ/a(h aJC2/3(13 8f2/8q4 (3.11)
0Q af3/a(h af3/aQ2 af3/aQ3 af3/aQ4

|0f4/0q1 Ofs/0qz Ofs/Oqs Ofs/0q]

_391/3% 6g1/8q2 8g1/8q3 391/8(]4_
_8_G_ 092/0q1 0g2/0qz  0g2/0q3 0g2/0qs
- 0Q | 0gs/0q1 Dg5/Pa> Dgs/Pas Dgs /s
1094/0q1 094/0qa 094/0q3  094/0qu ]

B(Q) (3.12)

where f;, g; and ¢; are components of vecotrs F, G i Q respectively, for ¢+ = 1,2, 3, 4.
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Eigenvalues \; of matrix A are solutions of characteristic polynomial

|A — M| = det(A — \I) =0 (3.13)

where I is unit matrix. In analogous way the same is valid for matrix B. Physically, the
eigenvalues represent propagation velocities of disturbances, and the system of hyper-
bolic equations has all real eigenvalues.

In the algorithm of flux vector splitting, the flux vectors F and G are divided into

positive contributions F™, G and negative contributions F~, G

F=F"+F"

G=G"+G".
The flux vectors are splitted in such way that Jacobian matrices OF " /0Q and 0G™/9Q
have only positive, and Jacobian matrices 0F~/0Q and G~ /9Q have only negative

(3.14)

eigenvalues. According to this splitting, the equation (3.9) has now in Cartesian coor-

dinates following form:

8Q L 9F 8F+(9Q L 9F OF~ 0Q n 8G+8Q 496 oG~ 0Q
0Q Oz 0Q O 0Q 83/ 0Q 8y

Because of such flux splitting, the numerical calculation of spatial derivations of F*, G

=0 (3.15)

and F~,G™ has to be conducted with backward and forward differencing respectively.

Flux splitting is made with respect to the one-dimensional Mach number M, = u/a
i M, = v/a. For subsonic flow, where |My < 1| for F and |M; < 1| for G, the flux
splitting of F and G is made according to Van Leer [27] as follows:

ip4a(1iM)
Ly -1 M2 g
) (3.16)
ofi '
’72 (f2)
e

where f and fif represent first and second member of vector F* respectively.
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pa T
- (1 + M,)?

ugy

* _ a

G SCERRIEL T (3.17)
2

2 (g5) | W

+ =97
| 2(2-1) ¢ 27

Members gi and ggt in (3.17) represent first and third member of vector G* respectively.

For supersonic flow, where |My > 1| for F and |V, > 1| for G, it follows:

FT=F, F =0 for M, > +1

(3.18)
Ft=0, FF=F for M/ <-1
G"'=G, G =0 for M, > +1

(3.19)
G"=0, G =G for M, < -1

As the numerical calculations in this work are performed in body-fitted coordina-
tes, it is needed to transform the Euler equations from Cartesian coordinates (z,y,t)
into body-fitted coordinates (§,7n,7). The Euler equations transformed in body-fitted

coordinates and in conservative form are written in following equation:

0Q OF  0G
—+—=+——=0 3.20
or ot oy (3:20)
where Q and F, G are transformed vector of conservative variables and flux vectors
respectively:
Q=JQ
F= <_ynxr + wnyr) Q+yF — ;G (3.21)

G = (—ZBgyT + ygIT) Q + ygF - :L’SG.

In equations (3.21) and following equations in this work, indexes &, and T represent
derivatives of Cartesian coordinates with respect to the curvilinear body-fitted coordi-
nates. J represents the Jacobian of the grid transformation. The equation (3.20) has
not the same structure as the equation (3.5) and is not appropriate for the described flux

splitting. Correct splitting of transformed flux vectors (3.21) is performed in such way
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that the flux vectors F and G are written as the product of the local rotation matrix and
modified flux vector what is described in [28]. Such modified flux vectors have now the
same form as the flux vectors in Cartesian coordinates but contain transformed instead

of Cartesian velocities. The flux vectors written in this form equal:

F(Q) = /22 +12TrF(Q)

G(Q) = /27 + ¥{TcG(Q)

where the fluxes now have the same form as in Cartesian coordinates, but with tran-

(3.22)

sformed velocities.

—_

S|

(3.23)

Ol
I
>

2|

|

(3.24)

|
I
<
= |

(3.25)

Q
Il

S

Q
)

(3.26)

while in the flux vector G are equal

U=te(u—a:)+ Ye(v —yy)

(3.27)
B = —felu— ) + de(v ).
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The velocity % in the flux vector F represent net velocity perpendicular to coordinate
line £ = const. and velocity ¥ net velocity along coordinate line £ = const., i.e. covariant
and contravariant velocity components at face & = const. respectively. In the flux vector
G velocity @ represents net velocity along the coordinate line = const. and velocity
v is net velocity perpendicular to coordinate line n = const., i.e. contravariant and
covariant velocity components at face n = const. respectively. These velocities are

depicted in Fig. 3.3.

X

Figure 3.3: Covariant and contravariant velocities

The metric coefficients Z,,, 9, T¢ and f¢ are normalized as follows:

:i,n - 2 - 2
I?? + y77
Y,
yn N 2 2
x?? + y77
A e (3.28)
x£ - 2 2
Te + Y
N Ye

Transformed total energy € and total enthalpy A have the same form but include tran-
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sformed velocities:

_ L o

€= + —(u"+7v 3.29
(v —1) o ) (3:29)

7 a’ L o5, o

h—7_1+§(u + 7). (3.30)

Local rotation matrices Tr and Tg have following form:

1 0 0 0]
Tr Uy Ty 0
Ty = . N 3.31
F Yr — Ty Yn 0 ( )
altyr L A
L 9 YnTr — TnlYr Tylr + YnYr 1 ]
[ 1 0 0 0]
Tr i’g —gg 0
Tq = . . 3.32
¢ Yr Ye T 0 ( )
2 +y: . 5 X
|~ TeTr Ty Teyr —Pere 1|

Now, the vector flux splitting on F and G can be performed in the same way as splitting
of fluxes F and G in (3.16) and (3.17):

F— \[o2 4+ 2T F (3.33)
G =\ [o2 4+ 2ToG (3.34)

where the flux vectors F~ and G are calculated in same way like splitted vectors in
Cartesian coordinates written in expressions (3.16) and (3.17), but in place of Mach
numbers Ma, and Ma, come Mach numbers Ma; and Ma, which are calculated by

transformed velocities:

Mag =
(3.35)

ISHESIESEEN|

Ma,, =
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3.4. Solution Procedure for Euler Equations

Now, Euler equations in body-fitted coordinates with splitted flux vectors have fol-

lowing form:

0Q . oF " . OF . oG .
or 0 9 I O
The equation (3.36) is discretized and solved in the explicit way:

— 0. (3.36)

At . =t ,
Q" (i) = Qi) — Ar| - (Z+1/2’])A_§F (i —1/2,9)

+F (i+1/2,5) —F (i—1/2,5)
Ag

+G+(z’,j +1/2) - G (4,5 — 1/2)
An

+é (i,7+1/2) = G (i,5— 1/2)
An

(3.37)

n

where indexes (i, j) represent concerned control volume. The indexes (i + 1/2,7) and
(i — 1/2,7) represent two control volume interfaces on lines £ = const., and indexes
(7,74+1/2) and (i, j—1/2) represent two control volume interfaces on lines n = const. (see
Fig. 3.4). Superscripts n and n+ 1 represent old and new time step respectively. Spatial
step, difference between two coordinate lines in two directions (A¢ and An) are arbitrary
chosen and equal A¢é = An = 1m. Spatial derivations are approximated by MUSCL
scheme (MUSCL - Monotone Upstream-centered Scheme for Conservation Laws), where
the fluxes at the control volume interfaces are calculated directly by forward or backward
extrapolation of solution vector Q depending it is positive or negative flux contributions

respectively. Generally, formula for splitted fluxes calculation follows:

-t -t

Fo(i-1/25) = F (Q7,,mi )

]?‘i(z—i—l/Q,j):]?‘i( Fam >
i+5,97 v

G (i,j—1/2) = G (Q?F. L, ,;)
Lj—% J—3

~+ ~+

G (27]+1/2):G <ijj+%7mlj+%>
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where m represents all geometric members included in body-fitted coordinates transfor-
mation, i.e. metric coefficients. The subscripts ¢ — 1/2, i +1/2, j — 1/2 and j + 1/2
in expressions (3.38) represent control volume interfaces as noted above. Extrapolated
values of solution vectors Q are obtained by help of second order approximations (here

only for £ direction):

Q;%,j = Qi,j + 0'5(Qi,j - Qi—l,j)
QL%J = Qi+1,j + 0'5(Qi+1,j - Qi+2,j)

where again ¢ — 1, 4, ¢ + 1, ¢ + 2 represent indexes of control volume centers and 7 + %

(3.39)

index of right control volume face in ¢ direction. Analogically is valid for n direction.

G, j+1/2)

G, j-1/2)

Figure 3.4: Control volume interfaces

3.5. Boundary Conditions and Contour Pressure De-
termination

Boundary condition on airfoil contour is imposed in inviscid part of flow solver.
Boundary condition on airfoil contour is given by zero flow through airfoil contour, or
by existence only the tangential velocity on contour. Mathematically, this boundary

condition can be written by the following:
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(F— 0y — @) =0 (3.40)

where ¥ is fluid velocity, }, is prescribed velocity of boundary (airfoil contour), @ is
transpiration velocity resulted from boundary layer existence, and 7 is unit normal
vector on airfoil contour. Transpiration velocity represents effect of boundary layer
thickening, and actually by transpiration velocity boundary layer model is coupled with
inviscid flow model. Transpiration velocity model is derived in [23] for incompressible
flow under the name equivalent sources. With the same procedure the expression for

transpiration velocity for compressible flow can be derived:

d (peued™)
ds
where v; represents transpiration velocity magnitude in direction perpendicular to airfoil

Pely =

(3.41)

contour, 0* displacement thickness (defined by eq. (4.9)), and s is curvilinear coordinate
going along airfoil contour from stagnation point to trailing edge. u, and p, are velocity
magnitude and density at the boundary layer edge. The equation (3.41) represents the
strength (mass flow rate per unit area) of additional outflow due to the boundary layer
existence. Transpiration velocity is separately calculated for upper and lower surface
from stagnation point of airfoil. In Fig. 3.5 the transpiration velocity vectors are shown
perpendicular to upper surface of airfoil.
Boundary condition (3.40) can be rearranged by derivating it, which gives following
equation:
DU PN G (i 0

First member in equation (3.42) represents left hand of momentum equation in direction

0. (3.42)

of unit normal 7i:
Dv
Dt

When equations (3.42) and (3.43) are combined, new momentum equation in direction

1

-1 = ——gradp - 1. (3.43)
p

of unit normal to airfoil contour follows:

Dn ., . D(vy, + 1) -
p{ﬁ.(v_vb_vt)—%-n}:gradp-n. (3.44)
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Stagnation
point

X

Figure 3.5: Transpiration velocity on airfoil surface

In equation (3.44) boundary layer effect is coupled with inviscid flow solver by transpi-
ration velocity. Equation (3.44) can be expressed on airfoil contour to calculate pressure
gradient in normal direction. Determining pressure gradient on airfoil contour, pressure
on contour can accuratelly be determined from pressure in adjacent control volumes.

Pressure on contour p; can then be calculated by:

A —
D1 =Dp2 — 777 gradp - 71 (3.45)

where ps is pressure in first control volume center adjacent to airfoil contour, and one
half came from the fact that length of volume cell in 1 direction is equal Anp = 1m (see
fig. (3.6)). The same is valid for £ direction where A = 1m.

Equation (3.44) should be transformed to appropriate coordinate system. Complete
calculation of inviscid flow solver is made in body-fitted curvilinear coordinates (&,
n,7). T is transformed time which is equal to physical time ¢. Grid around airfoil is
C-type grid generated by condition that coordinate lines £ = konst. (see Fig. 3.1) are
perpendicular to airfoil contour. Line n = konst. coincide with airfoil contour. According
to these conditions, transformation of equation (3.44) into body-fitted coordinate system
gives following equation (complete derivation of boundary condition is presented in

appendix A.):
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X

Figure 3.6: Pressure in the control volume adjacent to airfoil contour

819 2 2 ap
an (% + yg) = o€ (zewy + Yeyn) +
u? 2u
P | Ty Weee — Teyee) + ——= (YeTre — TeYre) + Trrle — YrrTe |+
2+ 32) Y (3.40)

+ (YeVtae — TeViye) (Yn (U — 27) — 2y (V= ¥y7)) + J (VexrYe — ViyrTe) }

In equation (3.46), velocity @ is covariant velocity on 1 = konst. side of control vo-
lume defined according to expression (3.27) and J is Jacobian defined according to equ-
ation (3.4). Metric coefficients x¢, ye, Ty, Yy, Tee, Yee are grid constants where indexes
represent derivation with respect to indexed values. Grid velocities are represented by
members z, and y,. Last member in equation (3.46) take into account unsteady behavi-
our of coupling mechanism through time derivation of transpiration velocity components
vx and vyy. From equation (3.46) one can directly calculate pressure gradient in direction
perpendicular to airfoil, namely dp/dn.

On the outer domain boundaries, characteristic boundary conditions were used.
With such boundary conditions, the flow is concerned as locally one-dimensional and de-

rivations along boundaries can be neglected (0( )/90¢ — 0). From generalized Riemman
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invariants [29] for hyperbolic system of equations, expressions valid along disturbance

propagation direction can be derived:

d d
—S =0 along c0 & Unorm
dt dt
dvnorm n 1 dp 0 | o dx n (3.47)
—— = alon . — = Uporm T @
at a di & T

where S is entropy, a is local speed of sound and vy, is local velocity perpendicular
to outer domain boundary respectively. C° and C* represent three characteristics of
disturbance propagation on outer domain boundary. With assumption of isentropic flow,

last equation in (3.47) can be transformed to the following:

d d
&(Ri) =0 along d—j = Vporm £ @ (3.48)
where R* are Riemman invariants
2
RE — v 4 - _‘11. (3.49)

Characteristic equation (3.49) is used to update variable values on the domain boundary
in the new time step. For two-dimensional case number of variables equals four, namely
p, u, v, p. Because of that, also four independent equations are needed. For subso-
nic inflow on outer domain booundary, where velocity component normal to boundary

Unorm < 0, following expressions are valid:

R* = R (c0)

R~ =R (F)
(3.50)

Vtang = Utang(oo)

pr = pr(00).
In equation (3.50) symbols co and F represent free stream value and flow field value of
interior domain respectively. vgane is fluid velocity along outer domain boundary and
pr is total pressure. In Fig. 3.7, the fluid velocity components on the outer domain
boundary are showed. In the same way as for inflow, for subsonic outflow on outer
domain boundary where velocity component in normal direction to boundary v,omm > 0,

following expressions are valid:
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Y [m]

X [m]

Figure 3.7: Velocities at the outer domain boundary

R™ = R ()
(3.51)
Utang = Utang(F)
pr = pr(F).
Again, symbol F represents that variables are locally extrapolated from interior domain,

and symbol oo represents that variable values are calculated from free stream value.



4 | Boundary layer

In this chapter, the integral compressible boundary layer equations used in the
viscous-inviscid coupling are presented. Along with this equations, the relationships
for closing the system of integral boundary layer equations are also presented. There
are several descriptions of boundary layer implemented in the literature, like integral bo-
undary layer equations and differential boundary layer equations. In this work integral

boundary layer description made by Drela and Giles [16] is used.

4.1. Boundary Layer Concept

In the flows at high Reynolds number or with very small viscosity fluid, complete
flow field can be divided in the two regions. First is thin region close to viscous wall
called boundary layer where viscous forces are dominant, and velocity gradient normal
to wall (Ou/0y) is very large. Second is region away from boundary layer where inertial
forces are dominant and viscous forces are negligible, that is where velocity gradients are
negligible. The simplification of such limiting flow cases is firstly shown by Prandtl [24].

In [30] it is shown the assessment of members in Navier-Stokes equations for two
dimensional case, in the limiting flow case when Reynolds number Re — oo. After
the assessment of the order of magnitude of members in the momentum equations in
direction along and perpendicular to viscous wall follows:

ou* ou* op* 1 0%u*  O%u*

UW—— v = = — +
Ox* Oy* Ox*  Redx*?  Oy*?

(4.1)

28
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* * * 2, % 2, %
1 (u*av LOv ) :_8]9 1 0% 1 0%v (4.9)

Re\" 2" "9y )T "oy "REor? " Redy?
In equations (4.1) and (4.2) superscript * represents normalized quantities. Coordinate
x along viscous wall is normalized by characteristic length which is much bigger than
boundary layer thickness, usually the airfoil chord length ¢ is taken. Coordinate y
perpendicular to viscous wall is normalized by boundary layer thickness §. Velocity u
in direction of viscous wall is normalized by maximum velocity in the boundary layer U
in the same direction, while velocity v is normalized by maximum velocity in boundary
layer V in the direction perpendicular to viscous wall y. Pressure is normalized by p U2.

When the Reynolds number goes to high values, the members with coefficients 1/Re
and 1/Re® in equations (4.1) and (4.2) tend to zero. From this assessment follows
that dominant momentum transport is along wall direction (4.4) and from momentum
equation in normal to wall direction (4.5) follows that there is no pressure change along
normal to wall direction. Such system of steady boundary layer equations derived by
process Re — oo is given in equations (4.3) — (4.5) which are called Prandtl’s boundary
layer equations. Here, the coordinates x and y are along and perpendicular direction of

wall boundary respectively.

=0 (4.3)

u* +v* =— + (4.4)

(4.5)

The equations (4.4) and (4.5) show apparent reduction in complexity with respect to
the Navier-Stokes equations. From the momentum equation (4.5) follows that pressure
in boundary layer is independent of direction normal to the wall, that is the pressure is
constant across the boundary layer height and equals to the pressure of outer inviscid

flow. The boundary conditions for the system (4.3) — (4.5) is given by:

y =0 — u'=0,v"=0

yrooo =i (@) = ug(e)
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where u} represents the normalized velocity of the flow at the outer boundary layer edge.
The system of boundary layer equations (4.3) — (4.6) is of parabolic type. This has
good property that outer inviscid velocity field u(z), which dictates the boundary layer
behavior, has the influence only on the flow downstream. This means that boundary
layer equations can be solved by marching procedure.

The Prandtl’s equations are derived without the influence of the wall curvature.
In [31] it is shown that the wall curvature has no effect as long as the curvature radius is
bigger than the characteristic length, that is much bigger than boundary layer thickness
0. In this work viscous-inviscid method is applied on airfoils which usually have leading
edge with large curvature. Usually such geometry is confined only in the small length
of airfoil chord. Because of that property, the integration of boundary layer equations
is not started at the stagnation point, but is postponed 5% of airfoil chord length.

In many practical applications interest is not in velocity distribution within boundary
layer, but in integral variables that change with coordinate along wall boundary. Such
integral variables are obtained by integrating the momentum equation over the boundary

layer thickness. Such approach is employed also in this work.

4.2. Boundary Layer in Transonic Flow

In transonic flow over an airfoil the pocket of supersonic flow appears which is ter-
minated by a shock-wave. Through shock-wave, pressure and density undergo a sudden
increase. Also, shock-wave has foot point in the boundary layer on the airfoil surface,
and the pressure rise in the boundary layer has big impact on its evolution. Depending
on its history at the station under consideration, a boundary layer shows a more or less
strong tendency to separate from the airfoil surface. The parameters that determine the
station of separation are the Reynolds number of the flow, surface geometry, roughness
and the distance from the boundary layer origin [32]. This tendency is greatly enhanced
on a convex surface, because of the destabilizing pressure gradient in the flow away from
the surface, whereas the opposite pressure gradient on a concave surface stabilizes the
boundary layer by compressing it. This is the normal situation in supersonic flows.

When a shock wave intersects the boundary layer, its strength decreases steadily as
it proceeds into the layer, and it becomes a Mach line at the streamline where the flow is

sonic. The high pressure behind the shock wave provides a steep adverse pressure gradi-
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ent that makes itself felt upstream through the subsonic portion of the layer. Transition
to turbulent boundary layer or flow separation may result, depending on the intensity
of the adverse gradient, that is, on the intensity of the shock.

Intuitively, it is logical that the thicker the subsonic portion of the boundary layer,
the farther upstream the effects of the adverse gradient will be felt. Also, du/0y near
y = 0 will be small for a thick subsonic portion and hence a small adverse gradient (small
shock intensity) will suffice to cause flow separation. In general, a laminar boundary
layer will have a thicker subsonic portion than the turbulent layer.

The consequences of transition that are of practical importance are the following:

e Since (0u/dy),, is greater for the turbulent than the laminar layer, the shearing

stress Ty, = u(0u/0y)y will increase greatly through the transition region,
e There will be corresponding increase in the heat transfer rate at the wall,

e Flow separation will be delayed because (0u/0y),, is greater in the turbulent layer.

4.3. Integral Compressible Boundary Layer
Equations by Drela

The boundary layer equations and additional relationship employed in the viscous-
inviscid method of this work are taken from the work of Mark Drela [14] who obtained
excellent results for steady transonic flows. The boundary layer equations in integral
form which will be solved in this work are the well-known von Karman integral equation,

which represents the momentum equation,

do 0 due

—=——(H+2-Ma? 4.7
ds 2 ( + ae) U ds ' (4.7)
and kinetic energy equation, also known as shape parameter equation
dH* 2Cp H*(C; 2H** H* du,
s 0 02 < o > W ds (48)

The variable s represents one-dimensional curvilinear coordinate along airfoil contour

and index e represents values of variables at the boundary layer edge. The variable
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s originates from stagnation point and goes separately on upper and lower airfoil side
toward trailing edge. In equations (4.7) and (4.8) the variable s is introduced because
the two coordinates s and £ have different origin and different length. The variable s is
physical coordinate while the coordinate £ is not. The boundary layer equations (4.7)
and (4.8) are valid for steady flow and such are used in the viscous-inviscid method
developed in this work.

The integral variables in equations (4.7) and (4.8) are defined as follows:

5*:/(1—55{3) dn (4.9)
9:7(1—%) pp;:dn (4.10)

Cr = (4.11)

e displacement thickness

momentum thickness

friction coefficient

kinetic energy thickness

o = 7 (1 . (uﬁ)z> gjedn (4.12)

density thickness

5 = / (1 - ﬁ) Rl (4.13)
pe ue
0

dissipation coefficient

T—dn. (4.14)

(4.15)
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The momentum and shape parameter equations (4.7) and (4.8) are valid for both
laminar and turbulent boundary layers, as well as for free wakes. These equations contain
more than two independent variables and hence some assumptions about the additional
unknowns will have to be made. There are four additional unknown variables: Ct, Cp,
H*, H**. All closure equations are expressed, among others, in terms of kinematic
shape parameter which is defined with constant density across the boundary layer.
Compressible and incompressible velocity profiles have nearly the same shapes which
suggests that in compressible flow the additional closure equations should be based on
the kinematic shape parameter, which depends only on velocity profile. Whitfield [33]
proposed an empirical expression for Hy in terms of conventional shape parameter and

boundary layer edge Mach number:

H — 0.29 Ma;
=2 4.16
7 140113 Ma? (4.16)
This parameter is used for both laminar and turbulent flows.
For laminar flow, closure equations are defined as in [14]:
e Kinetic energy shape parameter
H; +0.028 Ma
L % (4.17)
1+ 0.014 Mag
where )
Hy, -4
1.515 + 0.076 (H—4) . Hy <4
Hf = & f%g (4.18)
1515 +0.04 —5 2 [ >4
Hy
e Friction coefficient (wall shear coefficient)
7.4 — M)
—0.067 + 0.01977 (74 = H)” : Hy <74
Cf o Hk -1
Regg = 1.4 2 (4.19)
—0.067+0.022 (1 — — Hy>174
+ ( Hk _ 6) ) k

e Dissipation coefficient

20 0.207 + 0.00205 (4 — H)™® | H <4
Rep—2 = (4= Hi) g (4.20)
H 0.207 — 0.003 (Hy —4)® ,  Hy >4
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e Density thickness shape parameter

0.064
H™ = [ ——— +0.251 | Ma2. 4.21
(Hk —08 " ) % (421)

Expression (4.21) for density thickness shape parameter will be used for both laminar
and turbulent flows.
For turbulent flow, closure equations are derived on the fact of two layer structure.

For turbulent flow, closure equations are defined as in [14]:

e Friction coefficient (wall shear coefficient)

0 3671.33[{1{

Reg 1.744-0.31Hy
IOglo F

F.Cr =

Hy
.00011 |tanh | 4 — -1 4.22
cooort s (1~ 1) ]z

where

1/2

F. = (1+0.2Ma?) (4.23)

e Kinetic energy shape parameter

e Hi+0028 Ma? (4.24)
14 0.014 Ma? '

where
( 4 1.6 \ (Hy— Hp)"°
1.505 + — + ( 0.165 — , H, < H,
Reg ( ¢Re;) H,y ke
Hi =
4 0.04 In (R
1505 + =— + (Hi — Ho)* | 7= +0.007 n 69)4 |, He> H,
€6 k
H.— Hy+ ———
\ ( S ™ (Reg))
(4.25)
and
400
Hy=3+—. (4.26)

Reg
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e Dissipation coefficient (non-equilibrium)

20, Cr [ 4 12
= (Hk 1) 5+ Cr (1= 1) (4.27)

where shear coefficient is calculated from the lag equation:

o dC
— T —42(C% — % 4.2
o = (- o) (429
and expression for J is equal
1.72
=031 * 4.2
4] (3 5+Hk_1)+5 (4.29)

Shear stress coefficient C'; is non-dimensional quantity defined by

(_W) max
OT - u—g (430)
where —u/v’ is Reynolds stress. Non-dimensional slip velocity Us and the equilibrium

shear stress coefficient C7,, in equation (4.24) are defined by

H* [ 4
U, = — -1 4.31
! (Hk ) (431)
and
H* 0.03 [(H,—1\"
Croy = 5 1—Us( L ) . (4.32)

4.4. Solution Procedure for Boundary Layer
Equations

The boundary layer equations (4.7) and (4.8) employed in this work were solved by
fourth order Runge-Kutta method. The two equations contain two dependent variables
0 and H*, and four additional unknown variables Ct, H, Cp and H**. These unknown
variables are calculated by the additional relationships. The additional relationships,
which are used to close the system of equations, are written in the section 4.3..

The input values to the boundary layer equations are fluid velocity u.(s) and Mach

number Ma,(s) distribution at the edge of boundary layer, which is a function of distance
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from stagnation point along airfoil surface. This distributions are output of inviscid part
of flow, taken at the position of airfoil surface.

Integration of the boundary layer equations starts from the initial solution for the
flat plate in laminar flow. The boundary layer variables for the initial solution were

obtained from Blasius [34] solution:

e Boundary layer thickness

Vs
0=>5 7 (4.33)
e Displacement thickness
Vs
0" =1.7208 U (4.34)
e Momentum thickness
Vs
6 = 0.664 . (4.35)
e Friction coefficient 0,664
Cr = Res (4.36)

where Reg represents Reynolds number with reference length s measured from the le-
ading edge to the certain point along plate.

The main spatial nodes for the integration of boundary layer equations along s-
coordinate coincide with the position of control volume side centers at airfoil surface
(see Fig. 4.1). At these nodes (nodes i and ¢ + 1 in the fig. 4.1) the values of variables
ue and M, are overtaken from the inviscid flow at the airfoil surface. For more accurate
integration the distance between two main nodes is divided into twenty subintervals (not
shown all in the fig. 4.1). The integration procedure is the same for subintervals as for
the main nodes, but the values from the inviscid flow are interpolated from main nodes
to the subinterval nodes.

The boundary layer integration is started at the 5% airfoil chord to avoid the stag-
nation point and big curvature (small radius) in the vicinity of the leading edge. The
solution at this distance is assumed to be equal solution of Blasius for flat plate. After
this point starts the boundary layer model of Drela.

In Fig. 4.2 the algorithm for the boundary layer equations integration is presented.

This algorithm shows the integration by fourth order Runge-Kutta method between two
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Figure 4.1: Boundary layer main stations and subintervals

spatial stations in the boundary layer. The algorithm starts with the known values for 6,
H, C. at the starting station. Also, the values from the inviscid solver for both stations
are known, namely values at the boundary layer edge Ma,, e, pe and due/ds. In the
second and the subsequent steps of Runge-Kutta method the variable H* is known value
instead of H. This is because the derivative dH*/ds is known, by which the increment
of H* at the interval midpoint (the second and the third RK step) and the interval end
(the fourth RK step) is obtained. As for the other closure relationships the value of Hy
is required, that variable have to be calculated from the relationships (4.18) and (4.25)
for laminar and turbulent flow respectively. As the variable Hy can not be explicitly
expressed, the iterative procedure for the determination of Hy from (4.18) and (4.25) is
employed, namely the bisection method. After one cycle of Runge-Kutta method, the
values of boundary layer variables at the subsequent station is obtained.

In the whole integration procedure the transition method e” is implemented. The
method determines the position of transition, and according to this corresponding relati-
onships for laminar or turbulent flow are employed. The transition method is described

in the section 4.5.
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Y

1.RK | 0,H,C,,Ma,,u,,p., du.lds

2.RK 0,H",C.,Ma,,u,,p,,dulds

3.RK 0,H",C.,Ma,,u,,p,.,dul/ds [«

4. RK 0,H",C.,Ma,,u,,p,,dulds |=
AR _
ITERATION FOR "J"_

H, FROM H; i
(BY BISECTION) 0
\ AR | %
* NO
do dH" dC.
ds’ ds ~ ds
YES
VALUES AT NEXT
NODE
0,H",C..H

Figure 4.2: The algorithm for the integration of boundary layer equations

4.5. Transition

The method for determination of the onset of transition is derived from a spatial
amplification theory based on Orr-Sommerfeld equation [35]. This method is also known
as €” method. The Orr-Sommerfeld equation describes the growth and breakdown of
the disturbances in the shear layers. The growth of these disturbances is responsible
for the onset of the transition in the boundary layers. The method determines the
amplitude of the disturbances by the integration of disturbance growth rate, from the
point of instability. The transition occurs when the amplitude grows by more than a
factor e® = €. The exponent n can be different from 9, actually it can vary between 7
and 11 depending mainly on free stream turbulence and surface roughness [14].

In [14] the equation for the amplification ratio n is derived:

dn dn

_ m(
E(H’ 9) = dReg(H)

H)+1
2

I(H) (4.37)

1
0
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where

dn 2
= 0.014/{2.4H — 3.7 + 2.5tanh [L.5 (H — 3.1 2 4.
TR = 00 VA 3.7 + 2.5tanh [1.5 (H — 3.1)]} + 0.25 (4.38)
s du, (H —4)? 1
H)==""=10.058"—2 — 0.068| —— 43
m(H) = =7 [00 = 0.0 8] T (4.39)

_ peuct?  6.45H — 14.07
o es I8 '

The amplification ratio n is a function of s, and the equation (4.37) can be integrated

I(H) (4.40)

downstream from the point of instability se,:

n(s) = /8 j—st. (4.41)

c

At the position of instability s, the Reynolds number referenced by momentum thickness
Rey is equal to its critical value Rey = Rey,. This critical value can be calculated from

the following expression:

1.415 20 3.295

The integration of the equation (4.37) is finished when the amplification ration re-
aches the value n = 9, and then turbulent formulation of boundary layer equations is
active. The changeover to the turbulent flow is made suddenly without gradual tran-
sition. The changeover from laminar to turbulent correlations has a little effect on the

overall development of the boundary layer [14].



5 Results

In this chapter numerical method results will be presented. The main goal of presen-
ted test cases is to demonstrate that contour pressure determination by incorporation
of transpiration velocity into momentum equation works and gives comparable results.
Also, here will be shown that unsteady viscous-inviscid coupling gives results that are
comparabale with RANS solution and experimental data. All test cases calculations were
performed on computer with two processors each at 2.4 GHz and 4 GB RAM. Complete
source code is made in Fortran 95. First, computational grid will be presented and also
grid convergence for NACA0012 airfoil will be performed. It is assumed that similar
convergence results will be obtained for NLR7301 and NACA64A010 airfoils, which are
also used for evaluation in this work.

The steady results were made for three types of airfoils, namely NACA0012, NACA-
64A010 and NLR7301. These airfoils have different character of pressure distribution
and shock wave intensity and this is a challenge to presented viscous-inviscid computa-
tional method. The steady test cases were selected from experimental datasets to cover
transonic and subsonic compressible flow. The test cases without strong shock wave
were used to show good performance of transition prediction algorithm. The unsteady
results were made for two types of airfoils, NACA 0012 and NACA64A010. These uns-
teady test cases were selected from experimental datasets to cover appearance of strong

shock wave.

40
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5.1. Computational Grid

For all numerical calculations of inviscid flow model the structured grids of C-type
are used. All grids are generated by the computational code developed in the Institute
for aeroelasticity in Gottingen, which is part of DLR organization (Deutsches Zentrum
fir Luft- und Raumfahrt). The grid generation is performed by the solution of Poisson’s
equation according to Steger and Sorenson [36]. Details of this elliptic grid generator
can be found in [37] and [38]. The grid is generated with the perpendicularity condition
of coordinate lines on the airfoil contour and also on the outer domain boundary. This
condition simplifies the application of boundary condition equation on airfoil, and facili-
tates the numerical calculations. Between many parameters used in the grid generation
it has to be mentioned that the parameter for first and last control volume hight in 7
direction is 0.5 and 70 percent respectively. Such setting is used for each generated grid.

An example of 2D C-type grid of NACA0012 airfoil, which is generated by elliptic
grid generator, is presented in Fig. 5.1. The close view of the airfoil contour is shown in
Fig. 5.2.
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Figure 5.1: Computational grid around Figure 5.2: Close view of grid around air-

airfoil NACAO0012 obtained by elliptic grid foil NACAO0012 contour
generator
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5.2. Grid Convergence

In this section a series of solution convergence tests for several different computati-
onal grids were made, for steady and also for unsteady cases. Convergence tests were
made with inviscid solver for different grid densities and for different distances from
airfoil to outer domain boundary. On the basis of these tests, appropriate grid density
and distance of outer domain boundary from airfoil were chosen, in order to give grid
independent solution taking into account required level of accuracy of the method. With
such selected grid the subsequent numerical results were obtained. The test is conduc-
ted on five different grid densities and three distances between airfoil and outer domain

boundary, according to table 5.1.

Table 5.1: Tested computational grids

DISTANCE OF AIRFOIL TO
OUTER DOMAIN BOUNDARY

NUMBER OF CONTROL VOLUMES

GRID 100X30;
100 control volumes in ¢ direction
30 control volumes in 7 direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 160X30;
160 control volumes in ¢ direction
30 control volumes in 7 direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 160X60;
160 control volumes in ¢ direction
60 control volumes in n direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 240X60;
240 control volumes in ¢ direction
60 control volumes in 7 direction

10 chord lengths

40 chord lengths

80 chord lengths

GRID 320X60;
320 control volumes in ¢ direction
60 control volumes in n direction

10 chord lengths

40 chord lengths

80 chord lengths

In Figs. 5.3, 5.5, 5.7, 5.9 and 5.11 the convergence tests of normal force coefficient
are presented for steady flow solutions around airfoil NACAQ0012. Calculations were
performed for Mach number Ma = 0.77 at angle of attack a = 1°, and for grid densities
and distances between airfoil and outer domain boundary according to table 5.1. The
steady solution is obtained by unsteady calculation of non-moving airfoil within time of

nine unsteady periods. Normal force coefficient is obtained by integration of countour
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pressure around airfoil, and represents pressure force perpendicular to airfoil chord.

Normal force coefficient is calculated according to the following expression:

X

Cn = /01 (Cop — Cov)d (—) (5.1)

c
where (Y, is pressure coefficient on lower side, Cpy is pressure coefficient on upper side

of airfoil, ¢ airfoil chord and =z is local coordinate going from leading edge along airfoil
chord.

In Figs. 5.4, 5.6, 5.8, 5.10 and 5.12 the solution relative error for grids with distances
10 and 40 chord lengths from airfoil to outer domain boundary is presented. The relative
error is difference between solutions for the grids with 10 and 40 chord lengths and the
grid with 80 chord lengths to outer boundary. Each figure represents different grid
density according to table 5.1. In these figures the difference is represented as percent
of the grid with 80 chord lengths to outer boundary.

In Figs. 5.3 - 5.12 the solutions and solution errors for the grid with 10 chord lengths
show similar nature independent of the grid densities qualitatively and also quantita-
tively. The steady solution for normal force coefficient, for grids with outer boundary
at distance of 10 airfoil chords and all presented grid densities, has deviation about
10 percent relative to solutions for grids with outer boundary at distance 40 and 80
airfoil chords. The solution for distance 40 chord lengths show small deviation, smaller
than 3 percent, for grid densities 100X30 and 160X30. For the grids 160X60, 240X60
and 320X60 and the same distance of 40 chord lengths, the solution show negligible
difference, smaller than 1 percent. Variation of computational grid density gives ap-
proximately equal value of normal force coefficient in steady flow, for one distance of
outer domain boundary. The bigger influence on the converged steady solution has the
number of control volumes in direction of 7 coordinate.

From Figs. 5.3 - 5.12 it can be concluded that steady numerical calculations are grid
independent for grids with distance of outer boundary from the airfoil greater than 40
airfoil chords. From the same figures it can be concluded that steady solution achieves
its constant value with grids that have 60 and more control volumes in direction of
n coordinate. Taking into account that the method developed in this work should
give results that are comparable with high accuracy methods but should give it in the
reasonable time, the selected grid for steady calculations is the grid with 160 control

volumes in £ direction, 60 control volumes in 7 direction and distance of 40 chord lengths
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from airfoil to outer domain boundary.

0.251
0.2 —
0.15}
o
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O ¢ | | | |
0 2 2 6 8
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Figure 5.3: Grid 100X30; grid convergence test for steady solution for NACA0012 airfoil at
a =1°, Ma = 0.77; 10, 40, 80 are chord lengths from airfoil to outer boundary
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Figure 5.4: Grid 100X30; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths, in percent of constant finest solution (80 chord
lengths); NACAO0012 airfoil at a = 1°, Ma = 0.77
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Figure 5.5: Grid 160X30; grid convergence test for steady solution for NACA0012 airfoil at
a =1°, Ma = 0.77; 10, 40, 80 are chord lengths from airfoil to outer boundary
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Figure 5.6: Grid 160X30; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths, in percent of constant finest solution (80 chord
lengths); NACAO0012 airfoil at a = 1°, Ma = 0.77
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Figure 5.7: Grid 160X60; grid convergence test for steady solution for NACA0012 airfoil at
a =1°, Ma = 0.77; 10, 40, 80 are chord lengths from airfoil to outer boundary



Chapter 5. Results

14
12F
10F
8
— 6F
S r
= 4F
g1
2F
ot w
2F Difference "80-10"
-4 ——»—— Difference "80-40"
[ 1 1 1
65 4 6 8
Period

47

Figure 5.8: Grid 160X60; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths, in percent of constant finest solution (80 chord
lengths); NACAO0012 airfoil at a = 1°, Ma = 0.77
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Figure 5.9: Grid 240X60; grid convergence test for steady solution for NACA0012 airfoil at
and a = 1°, Ma = 0.77; 10, 40, 80 are chord lengths from airfoil to outer boundary
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Figure 5.10: Grid 240X60; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths, in percent of constant finest solution (80 chord
lengths); NACAO0012 airfoil at a = 1°, Ma = 0.77
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Figure 5.11: Grid 320X60; grid convergence test for steady solution for NACA0012 airfoil at
and a = 1°, Ma = 0.77; 10, 40, 80 are chord lengths from airfoil to outer boundary



Chapter 5. Results 49

14
12F
10}
8
—. 6F
S r
= 4F
(@] [
< oL
OF seaftfyes “%/
2F Difference "80-10"
-4 ——=—— Difference "80-40"
[ 1 1 1 1 1
60 2 Z 6 8
Period

Figure 5.12: Grid 320X60; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths, in percent of constant finest solution (80 chord
lengths); NACAO0012 airfoil at a = 1°, Ma = 0.77
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Figure 5.13: Grid convergence test for different grid densities for distance of 80 chord lengths
from outer domain boundary to airfoil; NACAO0012 airfoil at o = 1°, Ma = 0.77
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Figure 5.14: Differences between solutions obtained by grids stated in the figure’s legend and
grid 320X60 with 80 chord lengths from outer domain boundary to airfoil, for NACA0012 at

o =1° Ma = 0.77
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Figure 5.15: Grid convergence test for NACA0012 airfoil at o = 5°, Ma = 0.77
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Figure 5.16: Differences between solutions obtained by grids stated in the figure’s legend and
grid 320X60 with 80 chord lengths from outer domain boundary to airfoil, for NACA0012 at
a=5° Ma=0.77

In table 5.2 the steady converged results from Figs. 5.3 - 5.12 are summarized. In
the table the normal force coefficients are presented for grids with different number of
control volumes and different distances from airfoil to outer boundary domain. The
numerical values of normal force coefficients, for the same distance of outer domain
boundary and for different grid densities, are approximately equal and their maximum
relative difference is 1.7% (obtained for the grid with 40 chord lengths to outer domain
boundary). Now for the sake of results comparison it can be assumed that the presented
numerical values are the most accurate for the furthest outer domain boundary with the
same grid density. Also, it is shown that the result accuracy does not significantly chan-
ges for switching between the presented grid densities, at the same distance to outer
boundary. Therefore, the numerical values for normal force coefficients are compared
with the grid with the furthest outer domain boundary. Relative difference, of normal
force coefficient, between the grids with 40 and 80 airfoil chords to outer domain boun-
dary equals 3.1%. The same relative difference between the grids with 10 and 80 airfoil
chords to outer domain boundary equals 15.3%. Therefore, the conclusion can be drawn

that, for the results of normal force coefficient in inviscid flow, the grid density does not
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Table 5.2: Converged normal force coefficient results for steady cases

Grid size | Distance to outer domain boundary c,
10 chord lengths 0.204
100X30 40 chord lengths 0.227
80 chord lengths 0.232
10 chord lengths 0.203
160X30 40 chord lengths 0.228
80 chord lengths 0.234
10 chord lengths 0.205
160X60 40 chord lengths 0.230
80 chord lengths 0.231
10 chord lengths 0.204
240X60 40 chord lengths 0.231
80 chord lengths 0.232
10 chord lengths 0.204
320X60 40 chord lengths 0.231
80 chord lengths 0.232

play very important role but the distance to outer domain boundary does. The distance
of 40 airfoil chords to outer domain boundary is sufficient for satisfactory solution. Alt-
hough for the results of normal force coefficient in inviscid flow the grid density showed
no important role, the grid density is important for accurate determination of shock
position and intensity.

In Figs. from 5.17 to 5.26 unsteady flow solution for normal force coefficient are
presented. All cases are calculated for inviscid flow at Mach number Ma = 0.77, mean
angle of attack a,, = 0°, pitch amplitude o, = 1° and reduced frequency w* = 0.1.

It can be noticed that unsteady flow solution for normal force coefficient adopt

harmonic behavior already after two periods. Normal force coefficient value differs for
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different distances of outer domain boundary from airfoil. Solution for the distance of
10 airfoil chords differs from the solution for 40 and 80 airfoil chords length in maximum
value of normal force coefficient. Last two cases have practically equal values of normal
force coefficient.

From the unsteady solutions for different grid densities in Figs. from 5.17 to 5.26,
it can be noticed that there are no significant difference except smaller deviations at
maximum values. The solution for smallest domain deviates from the solution for do-
mains with distance of 40 and 80 airfoil chord lengths. Taking into account also grid
convergence for steady cases, it can be concluded that the grid size 160X60 gives grid
independent solution and is appropriate for further numerical calculations. Also, from
the same figures of unsteady solution, it can be concluded that after second period of

unsteady simulation the solution becomes periodic.
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Figure 5.17: Grid 100X30; convergence test for unsteady solution; 10, 40 and 80 are chord
lengths from airfoil to outer domain boundary; NACAO0012 airfoil at Ma = 0.77, oy, = 0°,

o, = 1°

In table 5.3 the unsteady converged results from Figs. 5.17 - 5.26 are summarized.
The unsteady normal force coefficient is presented in the form of comlex number, namely
as real and imaginary part according to the equation (5.5), which is equivalently appli-

cable to the normal force coefficient. In this representation the real and imaginary parts
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Figure 5.18: Grid 100X30; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths; NACAO0012 airfoil at Ma = 0.77, a, = 0°, o = 1°
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Figure 5.19: Grid 160X30; convergence test for unsteady solution; 10, 40 and 80 are chord
lengths from airfoil to outer domain boundary; NACAOQ0012 airfoil at Ma = 0.77, oy, = 0°,

o, = 1°
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Figure 5.20: Grid 160X30; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths; NACAO0012 airfoil at Ma = 0.77, a, = 0°, o = 1°
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Figure 5.21: Grid 160X60; convergence test for unsteady solution; 10, 40 and 80 are chord
lengths from airfoil to outer domain boundary; NACAOQ0012 airfoil at Ma = 0.77, oy, = 0°,
o, = 1°
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Figure 5.22: Grid 160X60; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths; NACAO0012 airfoil at Ma = 0.77, a, = 0°, o = 1°
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Figure 5.23: Grid 240X60; convergence test for unsteady solution; 10, 40 and 80 are chord
lengths from airfoil to outer domain boundary; NACAOQ0012 airfoil at Ma = 0.77, oy, = 0°,

o, = 1°
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Figure 5.24: Grid 240X60; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths; NACAO0012 airfoil at Ma = 0.77, a, = 0°, o = 1°
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Figure 5.25: Grid 320X60; convergence test for unsteady solution; 10, 40 and 80 are chord
lengths from airfoil to outer domain boundary; NACAOQ0012 airfoil at Ma = 0.77, oy, = 0°,
o, = 1°
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Figure 5.26: Grid 320X60; difference between solutions for distances 10 and 40 chord lengths
and solution for distance 80 chord lengths; NACAO0012 airfoil at Ma = 0.77, a, = 0°, o = 1°

are not normed with amplitude of the angle of attack. The real parts of the unsteady
normal force coefficient solution show the maximum relative difference of 6%, for all dif-
ferent grid densities and different distances from airfoil to outer domain boundary. The
real part does not show some clear sign of ascending or descending values with respect
to the increase or decrease of control volumes number or distance to outer domain. The
imaginary parts of the unsteady normal force coefficients presented in table 5.3 show the
maximum relative difference of 11% between all variations of grid densities and distances
to outer domain boundary. The imaginary part for the same distance to outer boudary
and for the different grid densities show smaller relative difference, maximum 5.7 %. As
the real part, the imaginary part also does not show some clear sign of ascending or
descending values with respect to the increase or decrease of control volumes number or

distance to outer domain.
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Table 5.3: Converged normal force coefficient results for the unsteady cases

Grid size | Distance to outer domain boundary | Real (¢,) | Imag (c,)
10 chord lengths 0.1668 -0.06602
100X30 40 chord lengths 0.1547 | -0.07123
80 chord lengths 0.1541 -0.06652
10 chord lengths 0.1637 -0.06408
160X30 40 chord lengths 0.1517 | -0.06862
80 chord lengths 0.1513 -0.06414
10 chord lengths 0.1657 -0.06606
160X60 40 chord lengths 0.1491 | -0.06943
80 chord lengths 0.1563 -0.06648
10 chord lengths 0.1645 -0.06459
240X60 40 chord lengths 0.1479 | -0.06791
80 chord lengths 0.1550 -0.06518
10 chord lengths 0.1612 -0.06779
320X60 40 chord lengths 0.1474 | -0.06738
80 chord lengths 0.1535 -0.06419
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5.3. Steady Results

Steady results are performed for three types of airfoils, namely NACA0012, NACA-
64A010 and NLR7301. These three airfoils have three different characteristic pressure
distribution and also there is available experimental data for these airfoils. The nume-
rical results from viscous-inviscid method are compared with test cases from AGARD
reports [39, 40] and RANS code. The RANS code used throughout this work was Tau
code [41] developed in DLR (Deutsches Zentrum fuer Luft- und Raumfahrt). The Tau
code represents finite volume method solving Euler and Navier-Stokes equations on hy-
brid unstructured grid about complex geometries from low subsonic to the hypersonic
flow. All calculations in Tau code were performed with the two-equation k-w turbulence
model. The flow in RANS calculations was solved as completely turbulent, without
limiting the production of turbulence in the laminar part of boundary layer. The initial
value of the ratio turbulent to laminar kinematic viscosity is prescribed for the whole
flow region as also for the freestream, and was equal to the value much smaller than
unity (/v << 1). Test cases are chosen in such way to cover Mach numbers from lower

limit of compressible flow to transonic flow region.

5.3.1. NACAO0012 Airfoil

NACAQ0012 airfoil is symmetrical airfoil with 12% thickness (based on airfoil chord
length). For this airfoil there are many experimental databases for steady and unsteady
flow [39] and because of that it is very common in numerical codes testing. The other
advantage of this airfoil is symmetrical property. Experimental data for symmetrical
airfoil at zero angle of attack are not affected by wind tunnel walls interference due to
lift.

In table 5.4 selected test cases for NACAQ012 airfoil from experimental dataset in
AGARD report [39] are presented. Three test cases at different Mach numbers are
selected, which cover subsonic compressible flow with and without the appearance of
shock waves.

Test case 1: NACA0012, Ma = 0.504, Re = 2.93 - 10%, o = 4.06°

In Fig. 5.27 steady results for NACAO0012 airfoil are presented at Mach number

Ma = 0.504, Reynolds number Re = 2.93 - 10° and angle of attack o = 4.06°. This

is compressible flow test case without shock wave occurrence. Experimental data are
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Table 5.4: NACA0012 steady test cases

Test case ‘ Ma ‘ Re ‘ o ‘
1 0.504 | 2.93-10% | 4.06°
2 0.756 | 4.01-10° | —0.01°
3 0.803 | 4.09 -10% | 0.05°

presented by triangles pointing up and down for upper and lower airfoil surface res-
pectively. Viscous-inviscid method results are shown by full red line and RANS results
are shown by dashed line. Transition region on upper and lower surface calculated by
boundary layer method shows good agreement with experimental data. Slight pressure
jump in transition region on upper surface follows the same occurrence in experimental
data. This appearance is not seen in the RANS results because in the RANS solver
the whole region is calculated as turbulent flow. Pressure coefficient distribution has
good agreement with experimental data in the whole region except on the front part of
airfoil where calculated pressure coefficient is underestimated and this results in smaller
normal force coefficient and lift coefficient. Complete pressure coefficient distribution
shows slight shift which corresponds to experimental data for different angle of attack.
This could be true because experimental data are not corrected for wind tunnel wall
interference. Solution convergence criterion was that maximum pressure residual is re-
duced four orders of magnitude. Coupling method by transpiration velocity showed
very unstable behavior, especially in presence of strong shock waves. Therefore under-
relaxation method is used to reduce instability. The under-relaxation factor was set
manually, and in majority test cases with non-monotonic convergence was set on values
that are 0.1 > g > 0.001. It was influenced mainly by the physics of the flow, namely
separation bubble existence and great pressure jump at the trailing edge.

In Figs. 5.28 and 5.29 the results from boundary layer solver are presented for upper
an lower side of airfoil, namely integral values: displacement thickness §*, momentum
thickness # and friction coefficient C;. The displacement thickness and momentum thic-
kness increase toward trailing edge, which represent boundary layer thickening and loss
of momentum respectively. These curves show sudden jump at the position of boundary
layer transition. These jumps correspond with jumps in the pressure coefficient distri-

bution in Fig. 5.27. The growth of displacement thickness and momentum thickness
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Figure 5.27: NACA0012 steady pressure coefficient distribution at Ma = 0.504, Re = 2.93-10°,

o = 4.06°
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Figure 5.28: NACAO0012 boundary layer integral values for upper surface at Ma = 0.504,

Re = 2.93 - 10%, o = 4.06°
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Figure 5.29: NACAO0012 boundary layer integral values for lower surface at Ma = 0.504,
Re =2.93-10%, a = 4.06°

show higher rate of increase in turbulent flow region. The friction coefficient shows the
same jump at the transition region with very small value before transition, which means
very steep velocity profile in the boundary layer (close to separation).
Test case 2: NACA0012, Ma = 0.756, Re = 4.01 - 10, « = —0.01°

In Figs. 5.30 and 5.31 calculated steady results and experimental data for NACA0012
airfoil are presented, for upper and lower surface respectively. These results are calcula-
ted at Mach number Ma = 0.756, Reynolds number Re = 4.01 - 10° and angle of attack
a = —0.01°. Practically this test case can be regarded as symmetrical test case. Results
show good agreement with experimental data. Two little jumps of pressure coefficient
on upper and lower side can be observed. First is because of weak shock wave and second
because of transition region existence in the boundary layer. Little deviations of RANS
results from experimental data can be observed at weak shock wave position, while the
viscous-inviscid method gives good results in this position. The viscous-inviscid method
shows small deviations at the trailing edge of airfoil. It is shown that transition method
e (where n = 9) accurately estimates transition region of boundary layer. In Figs. 5.30

and 5.31 RANS results are also presented for comparison, as results for higher order
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Figure 5.30: NACAO0012 steady pressure coefficient distribution for upper surface at Ma =

0.756, Re = 4.01 - 10, a = —0.01°
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Figure 5.31: NACAO0012 steady pressure coefficient distribution for lower surface at Ma =

0.756, Re = 4.01 - 10%, o = —0.01°
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accuracy method. RANS results show stronger shock wave in a postion of weak shock
wave according to experimental data. It seems that RANS results calculated with the
turbulent flow for whole region give too strong shock wave with respect to the experi-
mental data. The reason for this can be in the steeper growth of displacement thickness
in the turbulent boundary layer than in the laminar boundary layer. This leads to the

compression in the outer inviscid flow which causes too soon shock wave appearance.
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Figure 5.32: NACAO0012 boundary layer integral values for lower surface at Ma = 0.756,
Re = 4.01-10°%, o = —0.01°

In Fig. 5.32 the values of displacement thickness 6*, momentum thickness # and
friction coefficient C of boundary layer are shown, for the same NACAQ0012 test case at
Ma = 0.756, Re = 4.01 - 10° and o = —0.01°. These variables show jump at transition
region at around 30% of airfoil chord for lower surface. The same is for upper surface
which is not shown because of practically zero angle of attack and because the airfoil
is symmetric one. Friction coefficient again shows the same behavior going toward zero
(prior to separation) in laminar part of flow and then experiencing positive jump in
turbulent flow. The displacement thickness shows sudden drop in transition region and
then rapid growth in the turbulent region. The momentum thickness shows constant

growth with higher rate of growth in turbulent flow.
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Test case 3: NACA0012, Ma = 0.803, Re = 4.09 - 10, o = 0.05°

In Figs. 5.33 and 5.34 NACA0012 airfoil steady results on upper and lower surface are
presented. This test case is calculated for Mach number Ma = 0.803, Reynolds number
Re = 4.09-10° and angle of attack o = 0.05°. This case represents flow with strong shock
wave and can practically be regarded as symmetrical. Results show the existence of
strong shock wave at position 45% of the airfoil chord length from leading edge, which is
in good agreement with experimental data. Viscous effects move the shock wave position
toward leading edge of airfoil, while results for complete inviscid flow give shock wave
position toward trailing edge relative to solution for viscous flow. This test case, shown
in Figs. 5.33 and 5.34, and similar test cases with strong shock wave show difficulty for
viscous-inviscid coupling method presented in this work. This difficulty appears as slow
convergence rate and non-monotone convergence. To stabilize the convergence, in this
test case the under-relaxation factor was set to § = 0.001. The number of iterations
required to reach converged steady solution for the test case 3 was 6502. Converged
solution is reached when greatest pressure residual at airfoil surface is less than 1-1073.
In the pressure coefficient distribution this difficulty can be observed behind strong shock
wave as sawtooth distribution. Possible reason for instability is boundary layer coupling
by transpiration velocity and direct solution method of boundary layer equations. Also,
such case is close to separation bubble where direct solution of boundary layer equations

is singular.
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Figure 5.33: NACAO0012 steady pressure coefficient distribution for upper surface at Ma =

0.803, Re = 4.09 - 10 and o = 0.05°
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Figure 5.34: NACAO0012 steady pressure coefficient distribution for lower surface at Ma =

0.803, Re = 4.09 - 105 and a = 0.05°
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Figure 5.35: NACA0012 boundary layer integral values for lower side at Ma = 0.803, Re =
4.09 - 105, o = 0.05°

5.3.2. NACAG64A010 Airfoil

In this subsection three NACA64A010 airfoil test cases will be investigated. NACA-
64A010 is symmetrical airfoil with maximum thickness 10% at around 40% of chord from
leading edge, leading edge radius 0.0068 of chord and trailing edge angle 12.6°. Shape of
the airfoil and used computational grid are shown in Fig. 5.36. This structured grid was
used for calculations of all steady cases for NACA64A010 airfoil. The grid consists of
9600 control volumes, namely 160 volumes in £ direction and 60 volumes in 7 direction.

In table 5.5 selected test cases for NACAG64A010 airfoil from experimental dataset
in AGARD report [40] are presented. Three test cases at different Mach numbers are
selected, which cover subsonic compressible low with and without the appearance of
shock waves.

In Figs. 5.37, 5.38 and 5.41 steady cases are presented at three different Mach num-
bers Ma = 0.49, 0.502 and 0.796. Only one side of airfoil is presented because of
symmetrical airfoil, near zero angle of attack and less pronounced shockwave, except for

test case 6. All cases are compared with experimental data obtained in AGARD report
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Figure 5.36: NACAG64A010 computational grid; A far-field boundary is placed 40 chord
lengths away from profile.

Table 5.5: NACA64A010 steady test cases

Test case \ Mach number \ Reynolds number \ Angle of attack \

4 0.49 2.52 - 10° —0.01°

5 0.502 1.00 - 107 —0.22°

6 0.796 12.56 - 10° —0.21°
no. 702 [40].

Test case 4: NACA64A010, Ma = 0.49, Re = 2.52-10%, a = —0.01°

In Fig. 5.37 steady pressure coefficient distribution is shown on upper side of airfoil
for test case 4 at Ma = 0.49, Re = 2.52 - 10° and a = —0.01°. Numerical result shows
perfect agreement with experimental data, except in transition region where numerical
result shows exaggerated presure drop compared with experimental data. This comes
from the solution of boundary layer equations and transition prediction method. From
Fig. 5.39, which shows boundary layer values for the same test case, it can be seen that
boundary layer displacement thickness in laminar part has big predicted value because of
smaller Reynolds number and then strong negative jump in turbulent region. This jump

is also the reason for exaggerated pressure jump in the transition region in Fig. 5.37.
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Test case 5: NACA64A010, Ma = 0.502, Re = 1.0- 107, o = —0.22°

In Fig. 5.38 steady pressure coefficient distribution is shown on upper side of airfoil
for test case 5 at Ma = 0.502, Re = 1.0 - 10" and a = —0.22°. Numerical result
shows good agreement, but in this case shows good prediction at transition region. The
pressure coefficient distribution on the leading part of airfoil before point of minimum
pressure in Fig. 5.38, shows slight underprediction with respect to experimental data.
This is not happening on the rear part of airfoil behind of the minimum pressure point.
Boundary layer results for this case are shown in Fig. 5.40 and show similar behavior as
in the test case 4, but because of greater Reynolds number boundary layer thickness and
displacement thickness do not attain big values and consequently do not have stronger
jump at the transition region. Weaker jump of displacement thickness has influence on

appropriate prediction of pressure jump in transition region in Fig. 5.38.
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Figure 5.37: NACAG64A010 steady pre- Figure 5.38: NACA64A010 steady pre-
ssure coefficient distribution for upper side ssure coefficient distribution for upper side
at Ma = 0.49, Re = 2.52 - 10%, « = —0.01° at Ma = 0.502, Re =1.0- 107, o = —0.22°

Test case 6: NACA64A010, Ma = 0.796, Re = 12.56 - 10%, a = —0.21°

In Fig. 5.41 numerical results and experimental data are shown for Ma = 0.796, Re =
12.56 - 10% and o = —0.21°. At this Mach number flow field contains supersonic region
with weak shock wave. Numerical result for upper surface shows good agreement except
at the position of shock wave where pressure peak is underpredicted. At this position of

shock wave for upper and also for lower surface, numerical results show smoothing with
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Figure 5.39: NACA64A010 boundary layer Figure 5.40: NACA64A010 boundary layer
integral values for upper side at Ma = 0.49, integral values for upper side at Ma = 0.502,
Re =2.52-10%, a = —0.01° Re =1.0-107, a = —0.22°

respect to experimental data. This can indicate too strong impact of boundary layer on
shock wave intensity. Due to the presence of thickening of boundary layer in the foot of
shock wave, lambda shaped compression shock appears. As a consequence of this, shock
wave intensity is smoothed and this can be seen in pressure coefficient distribution on
airfoil surface [42, 43]. On the front part of lower surface, numerical solution shows a
noticeable deviation from experimental data.

In Figs. 5.42 and 5.43 results for displacement thickness, momentum thickness and
friction coefficient for the test case 6 are shown. The displacement thickness and momen-
tum thickness show growth with small jump in the transition region. Friction coefficient
decreases to small positive values in transition region and then experiences positive

jump. Afterwards it continually decreases to trailing edge.
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Figure 5.41: NACA64A010 pressure coefficient distribution for upper (left) and lower side
(right) at Ma = 0.796, Re = 12.56 - 105, a = —0.21°
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5.3.3. NLR7301 Airfoil

The NLR7301 airfoil is the thickest supercritical airfoil, with value of thickness 16.5%
(relative to chord length). The maximum thickness location is at approximately 35%
(relative to chord length), camber is 1.66%, the leading edge radius 4.72% of chord
length and trailing edge angle is 5.175°. Because of the rather extreme nose radius
the airfoil represents probably a pretty hard test case for viscous-inviscid interaction
methods. When compared to a conventional airfoil, a supercritical NLR7301 airfoil has
reduced amount of camber, an increased leading edge radius, small surface curvature on
the suction side, and a concavity in the rear part of the pressure side. At the design
flow conditions this and similar supercritical airfoils typically develop larger superso-
nic regions, closed by a weak shock wave or, in ideal case, a shock-free re-compression,
which leads to smaller drag coefficient and larger rear loading [44]. In practice, a shock-
free recompression is very sensitive and unstable phenomenon which due to influence of
boundary layer displacement or small surface imperfections, quickly degenerates into a
more stable state characterized by a shock wave. Thus, flow conditions around super-
critical airfoils are very sensitive and any deviation from the design flow condition is
characterized by appearance of strong shock waves. Once in off-conditions, any further
increase of Mach number or angle of attack leads to the increase of shock strength and
subsequent thickening of the boundary layer. This can result in the shock induced bo-
undary layer separation behind the shock and, ultimately, in the complete separation
from the shock position to the trailing edge.

Shape and computational grid for the NLR7301 airfoil is shown in Fig. 5.44. Com-
putational C-type grid consists of 9600 volume element and is generated by elliptical
grid generator. A far-field boundary is 40 chord lengths away from profile. The grid has
160 volumes in & direction and 60 volumes in 7 direction. Test cases and corresponding

parameters are listed in table 5.6.

Table 5.6: NLR7301 steady test cases

Test case \ Mach number \ Reynolds number \ Angle of attack ‘

7 0.299 1.1-10° 0.3966°
8 0.599 1.9-10° 0.3832°
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Figure 5.44: NLR7301; Computational grid. A far-field boundary is placed 40 chord lengths
away from profile.

Figs. 5.45 and 5.46 show experimental data and numerical result for NLR7301 airfoil
for test cases 7 and 8. Numerical result for the developed method shows moderate
agreement with the experimental data in the whole region except at upper surface near
trailing edge and at transition region, where bigger deviations are present. This could
be explained by the shape of the leading edge radius, which violates the boundary layer
flow assumptions, and greater pressure difference between upper and lower surface at
the trailing edge. This kind of airfoil is very sensitive to any disturbance from wall
boundary, that means also from boundary layer. Altogether, presented viscous-inviscid
method gives results with moderate agreement on this kind of airfoils, and also shows
very non-monotone convergence and long convergence history. The underrelaxation
factor employed in the calculation of test cases 7 and 8 was equal § = 0.001. The
number of iterations required to reach converged steady solution for test case 7 was equal
60 while for test case 8 was equal 2479. The viscous-inviscid calculation started after
reaching steady inviscid solution of constant normal force coefficient. The convergence
criterion was reached when pressure residual decreased to 1-10%. At the trailing edge
the method shows pressure oscillations on the upper surface where turbulent boundary
layer is extremely thick. This could be explained by the separation of type B described

in [45]. The reason for such separation lies in steep pressure gradient towards the trailing
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edge and this type of separation starts from the trailing edge (rear separation). The rear
separation depends strongly on the thickness and the velocity profile of the boundary
layer approaching the trailing edge and on the pressure gradient. Therefore, the B-type
separation is very sensitive to the location of the point where transition takes place.
Also, the reason for pressure oscillations at the trailing edge could be in violation of
normal boundary layer assumption (dp/0n = 0) at the trailing edge, namely pressure

gradient normal to boundary layer direction near trailing edge can be significant.
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Figure 5.45: NLR7301 steady pressure co- Figure 5.46: NLR7301 steady pressure co-
efficient distribution at Ma = 0.299, Re = efficient distribution at Ma = 0.599, Re =
1.1-10%, o = 0.3966° 1.9-10°%, o« = 0.3832°

In the table 5.7 the results for all eight steady test cases are summarized. The results
for underrelaxation factor 3, number of iterations and CPU time for each test case are
presented. It can be noticed that the number of iterations as also the CPU time grows
as the Mach number is increased. The bigger time is required for the test cases with
shock appearance. Also, it can be noticed that overall underrelaxation factor is very low
because of probably very instable mechanism of coupling by transpiration velocity. Still
smaller underrelaxation factor is required for the test case with shock appearance (test
case 3). The test cases 7 and 8 (NLR7301) show also very small underrelaxation factor
although the test cases are free of shocks. This is probably because such airfoil has big
curvature near the leading edge which is not favorable with respect to the assumptions

made in boundary layer equations.
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Table 5.7: Summarized steady test cases

Airfoil | Test case | Ma Re a B num. of iter. | CPU time
= 1 0.504 | 2.93-10° | 4.06° | 0.01 683 38.2 5
o
S 2 | 0.756 | 401-10° | —0.01° | 0.01 840 46.4 s
<
z 3 0.803 | 4.09-10° | 0.05° | 0.001 6502 321.3 s
=
2 4 0.49 | 2.52-10% | —0.01° | 0.01 71 3.8
<t
b~ 5 0.502 | 1.00-107 | —0.22° | 0.01 54 2.7
O
<Zﬁ 6 0.796 | 12.56 - 10° | —0.21° | 0.01 336 19.5 s
>
P 7 0.299 | 1.1-10° | 0.3966° | 0.001 60 2.9
ad
= 8 0.599 | 1.9-10° | 0.3832° | 0.001 2479 122.5 s
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5.4. Unsteady Results

When an airfoil performs sinusoidal oscillations around a given mean condition in
the following way:

a = oy + apcos(wt). (5.2)

The local pressure distribution, hence the lift force and the moment show also periodical

variations. The main parameter governing the unsteady flow is reduced frequency, w*,

defined as:

w* = (5.3)

where w is angular frequency, L reference length (airfoil chord) and U, free stream
velocity. This parameter is a measure for the unsteadiness of the flow.

To describe harmonic variations two quantities are needed, namely magnitude and
phase shift with respect to the motion of the airfoil (see fig. 5.47). An equivalent way of
description is in terms of a complex number. In the latter notation, the real part of a
pressure (or other variable) perturbation is in phase with the motion of the airfoil, and
the imaginary part is in quadrature with it [45].

Description in terms of a phase and magnitude has following form:

D = Pm + Po cOS(wi +
wh o) (5.4)

— P + (po co5 ) cos(wt) — (po sing) sin(wt)

where p, is magnitude of pressure perturbation, and ¢ is phase shift. Description in

terms of a complex number has following form:

P =Pm + po Re [¢“T9)]
. (5.5)
= Pm + Re [(p/ + ip”) elwt}
where p’ = pocosp is real part, and p”’ = pysing is imaginary part of pressure pertur-
bation. The member multiplied with cos(wt) in equation (5.4) is also called in-phase
component and the member multiplied with sin(wt) in the same equation is called in-

quadrature component.
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p, &

Figure 5.47: Example of unsteady variation of airfoil angle of attack and pressure

Such description of unsteady pressure or loads is only valid if the aerodynamic qu-
antities vary sinusoidally in time, or, in other words, as long as linear relationship exists
between the airfoil displacement and the unsteady airloads. This is, however, not always
true, especially not in separated flows or in regions near oscillating shock waves.

When a system can be regarded as linear (p is varying linearly with «), steady
pressure pg for the steady mean condition is identical with p,, the mean pressure during
the oscillation. Distribution of steady pressure characterizes the type of flow, which
influences the oscillatory pressures. When non-linearities are present, higher harmonics
are necessary to be incorporated in unsteady description. In general non-linear case
pressure amplitudes are not proportional to the motion amplitude and the mean pressure
Pm 18 not necessarily the same as the steady pressure ps [40]. For attached flow serious
non-linearities in pressure usually occur only at positions close to either a leading-edge,
a flap hinge-line or a shock wave. The effect of non-linearities tend to disappear when

the pressure is integrated to give forces and moments.

5.4.1. NACAO0012 Airfoil

In this subsection unsteady results of viscous-inviscid interaction code for NACA0012

airfoil compared with experimental data [40] are presented. Airfoil performs rotational
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harmonic motion about axis at quarter chord from leading edge. Results are calculated
for subsonic compressible flow with strong shock wave appearance. Free stream and

airfoil motion characteristics are given in table 5.8.

Table 5.8: NACA0012 unsteady test case

Mach number Ma | 0.755
Reynolds number Re | 5.5 - 106
Mean angle of attack a,, | 0.016°
Pitch amplitude o, | 2.51°
Reduced frequency w* | 0.1628

Rotational axis position z,/c | 0.25

In Figs. 5.48 to 5.55 are unsteady results presented, for test case given in table 5.8.
The computational grid had 160 volume elements in £ direction and 60 volume elements
in 7 direction (total 9600 volume elements). Numerical results of viscous-inviscid method
are compared with experimental data at certain phase angle ¢ in the last period of
simulation. Four periods were simulated to establish periodic lift variation. Unsteady
pressure coefficient results show overall good agreement with experimental data. Bigger
deviations from experimental data are present at smaller angles of attack unlike at
greater ones. At some greater angles of attack in part of period where angle is increasing
and strong shock waves appear, numerical results show shock wave position moved
forward with respect to experimental data. This indicates that influence of boundary
layer thickening on inviscid solver is too strong. On the other hand, in the part of period
where angle of attack is decreasing and strong shock wave still exist, numerical results
show good prediction of shock wave position and strength.

Also in Figs. 5.48 to 5.55 results from URANS code Tau are presented. Turbulence
model used in URANS simulations was two equations k-w turbulence model. Results
from the viscous-inviscid interaction match mostly with the results from URANS, rather
than with experimental data. The results from viscous-inviscid interaction code at the
shock position show less pronounced pressure peak than URANS results and experimen-
tal data. The URANS results show also shock position moved toward the front of airfoil

at some phase angles.

In Figs. 5.56 and 5.57 unsteady variation of normal force coefficient for NACA0012
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m = 0.016° a, = 2.51°, w* = 0.1628 is

presented. Force coefficient linearly follows angle of attack. In Fig. 5.56 the variation of
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normal force coefficient is presented for the developed viscous-inviscid method, the Euler

results and URANS results. Also instantaneous angle of attack in Fig. 5.56 is presented.
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A little phase lag between force coefficient and angle of attack (pitch motion) of airfoil
can be noticed. Force coefficient lag behind the angle of attack, what can be seen at
maximum points but also at the end and at the beginning of period. In Fig. 5.56 also
the results of normal force coefficient for the pure Euler are presented. The difference in
phase and magnitude between viscous-inviscid method (Euler+BL) and pure Euler can
be observed. The results for the viscous-inviscid method have very good agreement, in
phase and magnitude of normal force coefficient, with URANS results. Fig. 5.56 shows
the influence of boundary layer coupling on the normal force coefficient with respect to
the pure Euler results. In Fig. 5.57 normal force coefficient as a function of instantaneous
angle of attack is shown. Numerical results for viscous-inviscid method (Euler+BL) and
URANS method are shown as also experimental data from AGARD report [40]. Overall,
behavior of normal force coefficient for viscous-inviscid code matches URANS results,
while in comparison with experimental data both codes are more shifted at smaller

angles of attack.

10.4 0.4
a i [
———— ¢, Euler+BL {0 3 03F

———=—— ¢, Euler

H0.2 0.2F

H0.1 0.1F

i 02 -02F Euler+BL
A e URANS

- 108 03r o Experiment
0“‘0!2“‘0!4“‘0!6“‘0!8“‘1 ﬂH-IZ‘H‘-Ilwwé‘”‘i””é”“S

@2n a

Figure 5.56: Normal force coefficient and Figure 5.57: Normal force coefficient as
instantaneous angle of attack as a fun- a function of instantaneous angle of at-
ction of phase angle in one period, for tack for NACAO0012 airfoil at Ma = 0.755,
NACAO0012 airfoil at Ma = 0.755, Re = Re = 5.5- 105, oy, = 0.016°, a, = 2.51°,
5.5-10%, ay = 0.016°, a, = 2.51°, w* = w* =0.1628

0.1628. The lag between normal force co-
efficient and pitch motion of airfoil (angle
of attack) can be seen
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5.4.2. NACAG64A010 Airfoil

In this subsection unsteady results for symmetric airfoil NACA64A010 will be pre-
sented. All results are compared with experimental data from AGARD report [40].
Airfoil performs rotational harmonic motion about axis at distance x,/c = 0.239 from
leading edge. Results are calculated for subsonic compressible flow with strong shock

wave appearance. Free stream and airfoil motion characteristics are given in table 5.9.

Table 5.9: NACA64A010 unsteady test case

Mach number Ma | 0.797
Reynolds number Re | 12.4 - 10°
Mean angle of attack a,, | —0.08°
Pitch amplitude a, | 2.00°
Reduced frequency w* | 0.202
Rotational axis position z,/c | 0.239

The computational grid consists of 9600 volume elements, 160 in ¢ direction and
60 in 7 direction. In Figs. 5.58 to 5.65 unsteady pressure coefficient results for pitc-
hing motion according to parameters in table 5.9 are presented. With dashed and full
line numerical results of viscous-inviscid method for lower and upper airfoil surface are
presented respectively. With triangles pointing up and pointing down, experimental
data for upper and lower airfoil side are presented respectively. Results are presented
for phase angles ¢ = 45°, 90°, 135°, 180°, 225°, 270°, 315°, 360°, in the last period of
simulation. Four unsteady periods are simulated prior these results are captured.

The developed method shows results which are in moderately good agreement with
the experimental data in most of phase angles. At all phase angles, on front part of
airfoil and in front of shock wave position, pressure coefficient distribution shows slight
underprediction on both sides of airfoil. At the rear part of airfoil, behind the shock wave,
calculated pressure coefficient is in good agreement with experimental data. Position
of shock wave is mostly good predicted. At some phase angles, position for strong
shock waves are better predicted than for weak shocks. The intensity of shock waves,
namely peak pressures, are at several phase angles underpredicted. This underprediction
happens at the airfoil side where smaller suction exist at the position of steep pressure
coefficient distribution, as on upper side of airfoil in Fig. 5.62. In this situation the

calculated and measured position and intensity of shock wave are not in agreement.
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The calculated pressure jump across the shock wave is rather smeared in comparison
with the experimental data. It can be explained by the influence of boundary layer,
as given in the analysis of steady state results. It is observed the nearly equal shift of
pressure coefficient on upper and lower surface at the front part of airfoil which can
be a consequence of unequal parameters of experimental and numerical calculations
(non-corrected experimental data for the influence of wind tunnel walls).

Also, in Figs. 5.58 to 5.65 the calculated results by unsteady RANS method are
shown. The results from the unsteady RANS method are calculated by two equation
k — w turbulence model. Results from the developed viscous-inviscid method are in
practically perfect agreement with the unsteady RANS results. The calculated position
and intensity of shock-wave is in majority of phase angles in perfect agreement with
the unsteady RANS results. At some phase angles the shock-wave intensity of viscous-

inviscid method is slightly smeared in comparison with unsteady RANS results.
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Figure 5.59: NACA64A010 unsteady pre-
ssure coefficient distribution at phase an-
gle ¢ = 90.00° for Ma = 0.797, Re =
124 - 105, o, = —0.08°, ap = 2.00°,
w* =0.202

In Fig. 5.66 the normal force coefficient results are shown in one period. The calcula-
ted viscous-inviscid results are compared with calculated inviscid results. Also, the angle
of attack (pitch motion) is shown. The calculated results for the viscous-inviscid method

show smaller magnitude and phase delay with respect to the inviscid calculated results.
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In Fig. 5.67 unsteady normal force coefficient as a function of instantaneous angle of

attack is presented. It can be seen that calculated force coefficient deviates from experi-
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mental data. This follows from differences in pressure coefficient distribution presented

in previous figures.
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6 Conclusion

In this work the simple and accurate method for unsteady aerodynamic load pre-
diction is developed. The method is based on viscous-inviscid decomposition of the
calculation domain, where inviscid flow is governed by unsteady Euler equations and
boundary layer is treated through the von Karman integral formulation. The Fuler-
boundary layer coupling is realized by transpiration velocity (the transpiration velocity
calculated from the boundary layer equations is used as a boundary condition for the
inviscid flow). The method is focused on subsonic and transonic flows, at high Reynolds
number, with and without shock-wave appearance.

The unsteady Euler equations were solved in transformed body-fitted coordinates
using conservative form of governing equations, by control volume method on the mo-
ving structured C-type rigid grid. Space discretization is performed by the Van Leer
MUSCL scheme of second-order accuracy, while time integration was performed by ex-
plicit Euler method. The unsteady cases were performed only for airfoil pitch motion
with the undeformed grid (in rigid body rotation). The grid generator is based on solving
Poisson’s equation and satisfies the grid orthogonality condition on airfoil contour.

Model of boundary layer equations consists of two integral momentum and kinetic
energy equation closed by Drela’s additional relationships. Transition was predicted by
the e” method. The model is integrated by the fourth order Runge-Kutta method.

Prior to the method validation in selected steady cases and application in unsteady
problems, the grid convergence was analyzed in order to select grid size (in terms of dis-
tance of outer boundary from the airfoil and required number of control volumes) which

provides a grid independent solution. Grid convergence was performed on NACA0012

88
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airfoil at two angles of attack 1° and 5°, for steady and unsteady cases. It is concluded
that grids with the distance of 40 chord lengths from the airfoil to outer domain bo-
undary, with 160 control volumes along the airfoil contour and wake, and 60 volumes
across provide the grid independent solution. From the unsteady results it follows that
only two periods of numerical simulation are sufficient to achieve a periodical solution.
Steady test cases were performed for three characteristic airfoil configurations (NACA-
0012, NACAG64A010 and NLR7301) at three different Mach numbers in the range of
angle of attack in which no massively flow separation is expected, with and without
shock wave appearance. The results obtained by the developed method are compared
with experimental data from AGARD reports and RANS code results. Following is

concluded:

e Steady results for NACA0012 and NACA64A010 show good agreement with expe-

rimental data at all Mach numbers.

e For these two airfoils the position of transition is accurately predicted. In the case
without shock the transition is indicated as small jump in the distribution of the
pressure coefficient, as in the experimental data. In the cases with shock wave

transition occurs at the shock position, so it is not clearly evident.

e For the two airfoils the strength of shock wave is well predicted but its position
is slightly moved toward trailing edge with respect to experimental data. The
developed method predicts the shock wave position closer to the experimental one
than the pure inviscid method which means that accounting for the boundary layer

effects improves the result accuracy.

e The results for an airfoil NLR7301 (which represents a challenge, for viscous-
inviscid methods because of extreme big nose radius) show strong sensitivity on the
boundary layer thickening and position of transition point, what is also reported
in literature. The developed method for this airfoil shows results with moderate
agreement in pressure distribution prediction. Also, the predicted transition point
on compression side of airfoil is not positioned in right place and the method shows

pressure instabilities at the suction side of trailing edge.

Unsteady results are performed for NACA0012 and NACA64A010 airfoil test cases.
The method is not suitable for the airfoil NLR7301 due to appearance of flow separation
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at relatively small angle of attack (in the case of flow separation the boundary layer
approach is not valid). The test cases are selected from AGARD reports for Mach
numbers at which strong shock-waves appear. The obtained results are compared with
experimental data and also with the results of unsteady RANS code. Following is

concluded:

e Unsteady results for both airfoils showed moderate agreement with experimental
data.

e Position of shock was at most phase angles accurately predicted. At several phase
angles the shock position obtained by the developed method is moved toward
leading edge of airfoil relative to position in experiment (as in the steady cases).
These results are in very good agreement with the results of unsteady RANS
method.

e Intensity is at several phase angles a little decreased relative to experimental data.
The method showed at several phase angles, at smaller angles of attack, on airfoil
side with weaker shockwave, smeared pressure distribution with respect to the

distribution from experimental data.

e The pressure coefficient distribution on the both side shows a good agreement with
experimental data. In front of the shock wave there is a slight shift of calculated
pressure coefficient relative to experimental data. Since the shift is nearly equal

at lower and upper surface it has no effect on normal force magnitude.

e The calculated normal force coefficient obtained by the developed method and
by unsteady RANS method shows very close agreement. For the certain angle
of attack, the both calculated results show uniform shift relative to experimental

data.

e The calculated unsteady normal force coefficient obtained by the developed met-
hod shows decrease in magnitude and delay in phase angle with respect to the

unsteady Euler results.

According to the experience in using the developed method, it can be concluded that

the method shows oscillatory behavior of pressure coefficient in the vicinity of strong



Chapter 6. Conclusion 91

shock or at the trailing edge. These oscillations may cause the method divergence, so
certain underrelaxation and consequently a greater number of iterations are required.
The underrelaxation factor for the most unstable test cases goes down to 0.001. In
the future work a strong coupling of Euler and boundary layer equations should be
considered. In such an approach all the equations are solved simultaneously (unlike the
developed method in which the equations are solved sequentially). Such a method is
more complex, but it can be expected that strong coupling will improve the robustness

of the method.



7 Conclusion of
the Doctoral Dissertation

In this work the simple and accurate method for unsteady aerodynamic load predic-
tion is developed. The method is based on the unsteady Euler equations corrected for

boundary layer effects.

e The inclusion of boundary layer into unsteady Euler method results in more ac-

curate prediction method for unsteady aerodynamic loads.

e The hypothesis of the work is proved. The developed method is fast and gives
results of nearly same accuracy as the higher mathematical model like RANS

which are in good agreement with experimental data.

e There is a space to improve the robustness of the developed method by modifying

the way of coupling between Euler and boundary layer equations.
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Boundary condition on airfoil surface:

Derivation of Boundary
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(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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I = y; [}I (K31 (Zr¢ + Viag) + K2 (Try + Vtan) + K3 (27 + Viar))
V1) e 1)

+U_jy (= (re + Viae) + Te (Zry + Vian) }

— [% (K31 (Yre + veye) + Ko (Yry + Vi) + Kz (yrr + viyr)
+U§ (U (Yre + Viye) — Ye (Yrn + Vign))

+% (—=2y (Yre + Vrye) + T (Yrn + Vegn) }

Airfoil surface correspond to surface n = konst. and this is equal:

Dn
iy
Dt

n on on

bl . 0
ot " Vioy Ty T

LK — g+ Y — 0
7 32 Jyg Jg—

1
I= {—3 (TnYrYee — YnTrYee + JYer) — J — YnYee + 7 xnyﬁf} (Ve — 7 — Vg)

1 Vg Uy
5 (TnYrTee — YnTraee + Jrgr) + 7 YnTeg — — TnTee (Vy = Yr — Vty)

1 1
I= [_jyny& (Vz —2r) + STl (vy —yr) — yéf} (V2 — 77) — Vg

1 1
| Gt 00 = ) = Jaee 0, = 00 + ] 00y = ) = )]

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.22)
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1 1

[=- T YnYes (0 — )" + 7 nYee (vy = ¥r) (Vo — @7) = Yer (V2 — 1)
1 1
+ jyny& (U:c - xr) Utz — 31777955 (Uy - yr) Viz + YerVta
(A.23)
1 1 9
+ jynmff (V2 — 2r) (vy — Yr) — jxnxéé (vy = ¥r)" + &7 (Vy — yr)
1
- jynx& (Ve — 27) vy + jxnx& (Vy — Yr) Uty — TerUty
1
II= yg[j (K31 (Tre + Vige) + K33 (Tr7 + Vtzr))
Uy )
+7yn (Tre + Viag) — jyxn (Tre + Vtag)]
1
_xﬁ[j (K31 (?Jrg + Uty&) + K33 (yTT + UtyT))
. v
Y (Yre + Viye) — 71,% (Yre + Vige)] (A.24)

1= 0l (et — ) (o ) + T (27 + v0cr)

+U§yn (Tr¢ + Vtag) — v—;ﬂ?n (Tre + Vtag)]

5 (e = ) (s + 1) + T (9 + 00))
24 (e + Vige) = 2 (e + )] (A.25)

1
II= y{[j (xnyfx‘rf + ﬂfnyTUmg - ynx‘rmff - ynvamg + fo‘r + J,Ut$1')
Uy Uy Vy Vy
T YnTre + T Ynlte — — TyTre — — TyUiag]

1
_'rf[j (x'f]yTyTS + Tn¥YrVtye — YnTrYre — YnTrUgye + J?JTT + JvtyT)

Uy Uy v v
+7ynyT£ + 73/77%;6 - 7@;%%6 - 7yxnvty5] (A.26)
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1 1 1
1= y&[jynm% (ve — 2r) — gt (vy —yr) + JYnltat (Ve — )
1
_jxnvtzﬁ (Uy - Z/T) + Trr + Ut:rT]
1 1 1
—%[7%%5 (Ve — 7)) — jxnyff (vy —yr) + j?/nvtyf (V2 — 1)
1
_jxnvtyi (Vy = Yr) + Yrr + Viyr) (A.27)
1
IT= = lyeynore (Vo — 1) = YenTre (Vy = Yr) + YelnVeag (V2 — @7)

Yr) + TeYnUiye (Ve — 27)
Yr) + JYrrxe + Jvg 2] (A.28)

1
__['Téynyﬂf (Ux - x‘r) — TeTnYre (Uy

Y lnVta (Uy - yT) + J$rfy§ + JUthyg]
7 _

I + II (parts with z¢, 1 yer):

1
T+ Mo, ye, = FWeUnre (Vo = 1) = Yeyrg (vy = Yr) = Teynyre (Vo — 1)
—|—a:£xny75 (Uy - yT) — Yer (Uz - IT) J+ Ter (Uy - y7—> J
+y§7-'UtxJ — .Z'&-’Utyj] (A29)

T+ 1D, 4, = %[ygynxrs (Vo — &) — YeyZre (Vy — Yr) — TeYyYre (U — @)
+2eTyYre (Vy — Yr) — TeYnYer (V2 — T7) + Yelpyer (Vo — 1)
FreynTer (Vy — Yr) — YeyZer (Vy — Yr)

FLeYnYerVia — YeTnlerVte — TelnTerVey + YelnTervy]  (A.30)

1
(I+ H)x&y& = j[yfxff (yn (v — 27) — 2y (vy — yr) — @y (vy — Ys))
—ZeYre (Y (Ve — ) — 2 (Vy — Yr) + Yy (V2 — 7))

+y£xny£r (U:Jc - 137‘) + TeYnTer (Uy - yr)

FLeYnYerVia — YelnYerVia — TelnTerVey + YelnTerUny] (A.31)
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(I+1I)

1 _
verver = gletne (/73 402 T = (0, —02))
—TelYre (, [22 4+ y2 U+ Yy, (Ve — :L‘.,-)>

+y§xny§7' (Ua: - xT) + l‘gynl'&_ (Uy - yr)
+TeYnYerVie — YeTnYerVta — TeYpTerVey + YeTyTer Uy (A.32)

(I+1D), , =

TerYer

1 _
Slyeree (/73 + 03 T+ g (02— 0) =y (0 = 92) = iy (0 — 7))
—TeYre <, [22 + yr U+ Yy, (Vg — x7) — 2y (Vy — yr) + 2y (v )

+y§xnyfr (Ua: xr) + TeYnTer (Uy
+TeYnYerVia — YeTnYer Vi — TeYnTerVyy + ygl’nf%vty] (A.33)

1 / _
(I + Il)mgTygT = 7[y5x75 <2 .’L‘% + y?; U =Yy (U:c - :ET)>
—Telre (2, /22 + Y2 U+ xy (vy — yT)>

+YernYer (Vo — T7) + TeynTer (Vy — Yr)

+TeYnYerVie — YeTnYerVta — TeYpTerViy + YeTyTer Uy (A.34)

1 _
I+ II)%T% = 3[2, [22 + Y2 U (YeTre — TeYre)

—YeTreYn (Vo — Tr) — TeYrey (Vy — Yr)

FYeTnyer (Vo — Tr) + TeYnTer (vy — Yr)
FLeYnYerVtz — YeTnYer Ve — TeYnTerUy + YelnTer Uiy
FYeYnTerViz — YeYnTerViz

+TeTyYer Uiy — TeTnYer Uy (A.35)
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1 _
T+1D),, .. = 3[2, [ 02 + Y2 U (Yere — TeYre)

+Zrely (—ye (Ve — Tr — Vi) + T (0 — Y7 — Vyy))
—Yerty (=Yg (Vo — T = Via) + T (Vy = Yr — V)
FTTeYnYerVia + YelnTer ey

“YeYnTerUig

—TeTnYerViy) (A.36)

On airfoil surface, velocity v from G flux which is perpendicular to n = konst. is equal

zero and correspond to following expression in equation (A.36):

V==Y (Vy — Ty — V) + T¢ (Vy — Yr — Vgy) = 0. (A.37)

From this follows

1 _
(I+ II)%T% = 3[2, [ 22 + Y2 U (YeTre — TelYre)

FTeYnYerVia + YeTnTerVy — YeYnTerVte — TeTnYerVsy] (A.38)
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I + II (parts with zee 1 yee):

1 2
+YnYee ('Ux - l‘fr) Vte — TnlYee (Uy - yT) Vtg
2
Fyne (Vo — 27) (Uy — Yr) — Tyee (Vy — yr)

~YnTee (Vo — T7) Uiy + TyTee (Uy —Yr) Uty] T

J

(T 1D,y = %[—yiﬂfgy& (vs = 27)" + TyYyyeyee (v — 27)°
FretyynYee (Ve — 1) (vy — Yr) = Yeayyee (Vo — 27) (vy — yr)
+xeyiyee (Vo — Tr) Vio — YeylnYee (Vo — Tr) Ut

— ey Yyee (Vg — Yr) Vo + YeTyee (Vy — Yr) Via

taeyptee (Ve — a7) (v = Yr) = TyyyYeee (Vo — 2-) (vy — yy)
—xexyyyree (v — Yr)* + Yernree (vy — yr)*

—Teyitee (Ve — Tr) Uy + YelylnTee (Vo — 1) Uy

+TeTnYnTee (Vy — Yr) Vey — yfxfzx&f (vy — yr) vy

+aeyeers (v, — yr)° — Teyeers (v — yr)°

FrexnyyYee (Vo — T7) (Vy — Yr) — TeXplyYee (Vo — T7) (vy — y7)]

(A.39)

(A.40)
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(I+1I)

TeeYee
1

72 [—Teyee (y72; (vp — 377)2 — 2%y (Vo — 1) (Vy — y7) + :B,27 (vy — 97)2)
+Tyynyeyec (vr — 27)°
—Yepyee (Vo — 1) (vy — Yy)
+eyoyee (Vo — T7) Vio — YeTp¥nYee (Vo — Tr) Vpa
—TeyYnYee (Vy — Yr) Vew + Yenee (Vy — Yr) Vi
+reypree (Vo — 27) (0 = Yr) — Tyyyyeree (Vo — 27) (V) — Yr)
— 2Ty Yy (vy — yr)* + Yeraree (v, — yr)°
—TeYnTee (Vo — T7) Uiy + YenYyTee (Vp — 1) Vg
FretyYyee (Vy — Yr) Uy — Yy Tes (Vy — Yr) Ve
+reyeers (v, — yr)
—TeTpYnyee (Vo — 1) (vy —yr)] (A4D)

(I+ H)xssyss - %[_%y& (m% + yfr) w
+ LYy yeyec (vn — 27)”
— Y yee (Vo — 1) (vy — Y7)
Fxeyyee (Vo — Tr) Viw — YeTylnYee (Vo — Tr) Vg
~TeyYnYee (Vy — Yr) Va + YeyYee (Vy — Yr) Via
+aeynree (Vo — 27) (0 = Yr) — Tyyyete (Vo — 77) (vy — Yr)
—xeyyntee (v — Yr)* + Yeramee (vy — yr)?
—TeYnTee (Vo — T7) Uiy + YenYyee (Vp — 1) Vg
FretyYntee (Vy = Yr) Uy — YepTee (Vy — Yr) Vg
+reyeers (v — yr)”
—TeTpYyYee (V2 — 27) (vy — yr)
+yereeyy (v — )" — Yeweeyy (Ve — 27)°
+TYnYeTee (Vo — T7) (Uy — Yr) — TyYyYeTee (Vo — 27) (vy — Y7 )] (A.42)
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4T, = ol (2 +42) 7
+yeree (U (0n — 27)* = 220y (0; — 27) (v — yr) + 75 (v, — y7)?)
+Tyynyeyec (Ve — 27)°
—yernyee (Ve — 27) (vy — yy)
+aeyoyee (Vo — T7) Vig — YeTyUnVee (Vo — Tr) Vi
—TeyYnYee (Vy — Yr) Vo + Yepee (Vy — Yr) Via
+aeypree (Vo — 1) (v — Yr)
—eyyymee (vy — yr)*
—TeYptee (Vo — T7) Uiy + YeTylnTee (Vp — T7) Vg
Tty Yytee (Vy — Yr) Uy — Yy Tes (Vy — Yr) Ve
+reyeers (v, — yr)”
—TeTnYnYee (Vz — T7) (vy — Y7 )
—Yerecyy (vr — 7,)°
FTpynyetee (Vo — 27) (vy — yr)] (A.43)
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T+1D),,. = %[_xgygg (22 + y2) @ + yewee (22 + y2) @
+gYeYe (Ve — 1)

—Yetpyee (Vo — 1) (v — yy)

+x§y72,y£5 (Ve = @r) iz — YeTnYnYee (V2 — 1) Uiz
—TeyYnYee (Vy — Yr) Vw + YeyYee (Vy — Yr) Via
taeynres (Vo — x7) (vy — Yr)

— Ty YnTee (Uy — y7)2

—Zeyitee (Ve — L) Uy + YelyYnTee (Vo — 1) Uy
FTeTnYnTee (Vy — Yr) Vey — yﬁxfyxéf (Vy = Yr) Ve
+aeyeey (vy — yr)”

—TeTyYnYee (Vo — T7) (Uy — Yr)

—Yerecyy (Ve — 71)°

FTpYYeTee (Vo — T7) (vy — Yr)

+TeTnYnYee (Vo — Tr) Uiy — TeTnYyYee (Ve — Tr) Vgy

+I§x727y55 (vy = Yr) Vi — "EEva;y& (vy — yr) vy (A.44)
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(I+ II)%y§§ = %[(xfi + yfz) U (Yeee — Telee)

FxnYnyee (Ve — ) (Ye (V2 — 7 — Vi) — T¢ (vy — Yr — Vgy))
2y yee (v — Yr) (—Ye (02 — 7 — Vi) + 26 (V) = Yr — V)
+reynyee (Ve — Tr) Vi

—TeTnYnYee (Vy — Yr) Via

+reypree (Ve — 27) (vy — yr)

—xeyyyree (vy — yr)’

_Iﬁyzxﬁé (Ve — ) Uiy + YenYnTee (Vo — T7) Vg
eyt (Vy — Yr) Uy — Yeptee (Vy — Yr) Vey

—Yeweeyy (v — T-)°

+ T YnYeTee (Ve — 27) (vy — Yr)

—TeTYnYee (Vo — Tr7) Vg

+ e yee (Vy — Yr) Uny]

With condition in equation (A.37), it follows

(T4 I gy = %[(935 +yp) T (YeTec — Tevee)
+$§y§ygg (Vo — 21) Via

—TeTnYnYee (Vy — Yr) Via

+eynree (Ve — 1) (V) — Yr)

—TeTyYnTee (Vy — yr>2

—Tgypge (U — 1) Uy + YeyYTee (Vo — Tr) Uy
Faeryyyee (Vy — Yr) Vo — YeTpTee (Vy — Yr) vy
—ygiﬂggyz (Ux - IET)Q

+TYyYetes (Vo — T7) (Vy — Yr)

—TeXyYnYee (Ve — Tr) Vyy

_Hféxgzy&& (Vy = Yr) Uty

(A.45)

(A.46)
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(I+1I)

1
Teeyee 2 [(x + yn) @ (YeTee — TeYee)

335&?/5 (V2 = 2r) (Ve (Vo — T7 — Vi) + ¢ (Vy — Y7 — Vyy))

+TnynTee (Vy — Yr) (Ye (Ve — Tr — Vi) — ¢ (Vy — Y7
+reypyee (Vo —
—TeXyYnYee (vy —
+YeLnyntee (Vo —
—Yetyree (v, —
—TeTyYnYee (Vo —
e yee (v, —

—Yeypree (Vg —

+Yeyypree (v, —

With condition in equation (A.37), it follows

(I+1I)

— Vyy))

) (U

1
TeeYee J2[('r +y77) Q(yff’f&f—ﬂf&y&g)

+$5?JT2;?J5§ (Ve — 1) Vg

—TeTnYnYee (Vy
(

FYeyYyTee (Vp — Tr

(
—XeTnYnlYee (Ve — 27

+I§$nygg (vy — yr) 01

—Yeyrtee (Vg — Tr

yr)
)
—ygx Tee (Vy — yr) v
)
)
)

(A.47)

(A.48)
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(I + II)mgTyf.,. + (I + II)x§§y§§ + (I + II)rest:

1 _
[+11= 3[2, /x% + y% U (Yere — Telre)

+x§y77y£7'vtw + YelnTer Uty — YelUYnTer Ve — xExnyﬁTvty]
1
t5 — (@2 + ) W (Yewee — Teyee)
+eyiyee (Vo — Tr) Ut
—TenYnYee (Vy
FYelnYnTee (Um Tr
—yetiwee (Vy — Yr

yr)

)

)
—TeTnYnYee (Vo — Tr) vy
ey yee (Vy — Yr) Vry
)

—Yeyotee (Vo — Tr) Ugg

+YeTnYnTee (Vy — Yr) Vi)
1

+j[y§ynvtw§ (U:c - 1‘7_)

T YeTn Ut (UZ/ - y7’) + ‘]xTTyﬁ + Jvt:m-yg]
1
— 5 [%eynveye (v — 27)

LUty (Uy - yT) + ‘]yTT‘IE + JUtyTxg] (A49>
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gradp - n:

dp Jp
gradp - 1 = %nx + 8_yny
1 dp dp
-7 (y"as e )} 9+ ( e 2y )| o)
= 1 + 8 —Te 8p —I—m 0}9
1 8p 1 8p
( 2 ) J@f (e + Yeyn) (A.50)

According to equation (A.5) it follows:

1 _
P[j[Q\/ T2+ Y2 U (Yere — TeYre)

+TeYnYeria + YeTnTerVty — YeUnTerVta — TeTnlerVey]
le [(g +9) W (yewee — wvee)

+eyiyee (Vo — Tr) Ut

—ZeyYnYee (Vy

TYeTyYnTee (Vo — 27

_yﬁx Tee Uy — Yr

+xexyee (vy — yr) Ury

yr)
)
( )
—ZeyYnYee (Vo — T7) vy
)
) Vi

—Yeypree (Vo — 7

+YeTnynTee (Vy — Yr) Vi)
1
+j[?/§ynvmg (Um - xT)

T YelnVtag (Uy - y‘r) + Jl’rﬂ/g + Jvtx‘ryﬁ]
1
_j[xﬁynvtyi (vo — 1)

—TeTyUsye (Vy — Yr) + JYrr e + JUyrze]] =

1 8p 10p
J(? ( + yg) - jﬁ_f ($£xn + yfyn) (A.51)
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op Op
on (e +ve) = o¢ (zey + Yeyn)

+p{24/ 77 + Y3 U (YeTre — TeYre)

FTeYnYerViz + YelnTerVty — YeYnTerViz — TelnYer Uy
+§[($§ + ) @ (Yeee — Teee)

+reynyee (Vo — Tr) Vi — TeyYnYee (Vy — Yr) Vta

FYetnynTee (Ve — 1) Uy — Yy Tee (Vy — Yr) Ve

—TeXYnYee (Ve — T7) Vg + 37533727%6 (Vy = Yr) Vgy

~YelpTee (V2 — Tr) Vig + YeyYnTee (Vy — Yr) Via

FYeYnViee (Ve — 7)) — YelbnUiag (Vy — Yr) + JT7:Ye 4 JUtorYe

—LeYnVtye (Vp — ;) + LeLnUiye (vy = yr) — JYrrze — JUpyr e} (A.52)

dp dp
% (2 2) = 2 e + v

u? ]
@+ (Yeree — Teyee) + T (YeTre — Telre)
Te T Ye NERRT

+];‘r‘ry§ - yT‘rxf]

+p{J[

+x£yny€7'vtx + YeTnTer Uty — YeYnTerVix — Telnler Uty
1 2
5 lweyyee (Vo — 20) Vi — TeTyynyee (vy = Yr) Via
TYeTnYnTee (Ve — 27) Vgy — ygx%x& (Vy — Yr) Uy
—TeTpYnYee (Ve — T7) Uy + xﬁa”?yyfﬁ (vy = Yr) vy
—YeYaTee (Ve — T2) Utz + YeTyYnTee (Vy — Yr) Vta
+?J§yn"0m§ (Ux - xT) - yéxnvtxé (Uy - yT) + Jvt:m'yf
—LEYnUtye (Ve — 7) + LeLnUiye (vy —Yr) — JUtyTxé} (A.53)
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ap , 4 ) op >
o (22 +vE) = ¢ D (wewy + yeyy) + P{J[m (YeTee — TeYee)

2u

F—— (ygifrg - xfyrf) + Trrle — y‘rrwf]
A /xg + yg

+V Yy (fl’gygr — ygﬂfgr) — ULy ('735957' YeXer
1
+7[y5 (Ve — T7) Vi (TeYee — YeTee) — ToYn (Vy — Yr) Vi (TeYee — YeTee

)
)
gy (Vn = T7) Oy (TeYee — Yeee) + T (v — Yr) Uiy (TeYee — Yeee)]
Yy (V2 — T7) (YeViag — Terye) — Ty (Vy — Yr) (YeVtag — Teiye)
+J (Vo Ye — Vyre) (A.54)

dp 2 2 u’
o (2 + ve

dp
) = a_f (Texy + Yeyn) + p{J[( Yeee — Telee)

v (
g+ ¢)
20

T (?/&x‘ré - ZUgyfg) + TrrlYe — yﬂ'l'&]
\ /xg + yg

+ (TeYer — YeTer) (VielYy — ViyTy)

+

1
+j[(x§y£§ — YeTee) (%2; (Ve — @7) Viw — Tyl (Vy — Yr) Vie

+ 2y (Ve — T7) Uiy + x727 (vy = yr) Vgy)]
+ (YeViae — TeViye) (Yn (Ve — 1) — 1y (V) — Yr))
+J (Utxryf - Ut?ﬁ'xf)} (A55)
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Predgovor

Ovaj rad je izraden na Fakultetu strojarstva i brodogradnje u Zagrebu i na Institutu
za aeroelasticnost koji je dio DLR-a (Deutsches Zentrum fiir Luft- und Raumfahrt) u
Gottingenu.

Fenomen treperenja aerodinamickih povrsina zrakoplova, koji treba biti ispitan za
svaku novu konstrukciju zrakoplova ili strukturnu modifikaciju postojeéeg zrakoplova,
jos uvijek je jedan od trenutno vaznih tema istrazivanja u aeroelasticnosti, a posebno
za zrakoplove koji lete krozzvuénim brzinama.

Jedan od nacina provjere aeroelasticnog ponasanja zrakoplova su racunalne metode
koje su u mogucénosti izvesti veliki broj prora¢una prije provjera u letu, dok je drugi nacin
pomocu pokusa u zracnom tunelu. Direktna simulacija interakcije fluida i strukture
u vremenskoj domeni, koriste¢i se najpreciznijim metodama za proracun opterecenja,
zahtijeva ekstremno velike racunalne resurse.

Kako najzahtjevniji dio pripada odredivanju nestacionarnih opterecenja, razvijene
su efikasnije metode za odredivanje granice treperenja. Odredivanje optere¢enja sastoji
se od proracuna nestacionarnih opterecenja fluida na zrakoplov koji izvodi periodicka

gibanja s razlicitim elasticnim modovima i razlic¢itim frekvencijama.



vii

Zbog malih zahtjeva za racunalnim i vremenskim resursima pri analizi opterecenja,
panelna metoda s dipolima nazvana metoda resetki dipola (eng. Doublet-lattice method
- DLM) jos uvijek se mnogo koristi. Jedan od nedostataka DLM metode je nemoguc¢nost
razlucivanja jakih udarnih valova u krozzvuénom podrucju. S druge strane, simulacije
Navier-Stokesovih jednadzbi osrednjenih po Reynoldsu (RANS) daju preciznije rezul-
tate, ali zahtijevaju velike racunalne i vremenske resurse, pa zbog toga nije prvi izbor
za preliminarnu fazu konstruiranja.

Izmedu te dvije krajnosti, metode viskozno-neviskozne interakcije, poput sprege
Eulerovih jednadzbi i jednadzbi grani¢nog sloja, predstavljaju dobar kompromis. Rjesa-
vanjem Eulerovih jednadzbi moguce je razluciti udarne valove, a sprezanje s jednadzbama
grani¢nog sloja daje ravnotezu izmedu modela strujanja i rac¢unalne efikasnosti. Metode
viskozno-neviskozne interakcije daju rezultate koji su usporedivi s RANS rezultatima,
dok je racunalno vrijeme nekoliko puta manje i to im daje prednost kod analize trepe-

renja.

Zagreb, travanj 2010. Frane Maji¢, dipl. ing.



SazZetak

U ovome radu razvijena je jednostavna i precizna metoda za odredivanje nestacionarnih
aerodinamickih optre¢enja za dvodimenzionalno strujanje oko aeroprofila. Metoda ko-
risti princip sprezanja viskoznog i neviskoznog dijela strujanja. Neviskozni dio strujanja
je opisano nestacionarnim Eulerovim jednadzbama koje su rijeSene pomocu metode kon-
trolnih volumena na pomi¢noj nedeformabilnoj mrezi C-tipa. Viskozni dio strujanja je
opisan integralnim jednadzbama grani¢nog sloja za stacionarno strujanje koje su rijeSene
Runge-Kutta metodom cetvrtog reda. Eulerove jednadzbe su rijesene u konzervativnom
obliku, u transformiranim prianjaju¢im koordinatama. Sprezanje viskoznog i neviskoz-
nog dijela strujanja je izvedeno pomocu transpiracijske brzine koja je uklju¢ena u rubni
uvjet na aeroprofilu. Iz tog razloga metoda ne zahtijeva deformaciju mreze da bi se
ukljuc¢io utjecaj granicnog sloja. Polozaj tranzicije grani¢nog sloja je predviden pomocu
e" metode. Metoda viskozno-neviskoznog sprezanja je usmjerena na podzvucno i kroz-
zvucno strujanje pri velikim Reynoldsovim brojevima, s pojavom udarnog vala. IzvrSeni
su proracuni za stacionarno i nestacionarno strujanje, za tri karakteristicna aeroprofila
NACA 0012, NACA64A010 i NLR 7301. Rezultati su usporedeni s eksperimentalnim
podacima i s nestacionarnim RANS proracunima. Metoda daje rezultate koji se dobro
slazu s eksperimentalnim podacima i s proracunatim nestacionarnim RANS rezultatima.
U slucajevima strujanja s odvajanjem, metoda pokazuje probleme s konvergencijom.
Metoda je primjenjiva u procesima razvoja gdje se zahtijeva proracun nestacionarnih
opteretenja unutar prihvatljivog vremena ra¢unanja i s preciznos$éu koja je usporediva
s RANS metodama.

Kljuéne rijeci: viskozno-neviskozno sprezanje, viskozno strujanje, Eulerove
jednadzbe, transpiracijska brzina, racunalna dinamika fluida, Machov broj, aeroprofil,

udarni val, raspodjela koeficijenta tlaka na aeroprofilu

viii



Summary

In this work a simple and accurate method for two-dimensional unsteady aerodynamic
load determination is developed. The method employs viscous-inviscid coupling. The
inviscid flow is governed by the unsteady Euler equations solved by finite volume method
on moving C-type rigid grid, while viscous flow is governed by steady boundary layer
integral equations. The Euler equations are solved in conservative form, in transformed
body-fitted coordinates. The viscous-inviscid coupling is performed by transpiration
velocity incorporated in the boundary condition. Therefore, the method requires no grid
deformation for the boundary layer influence inclusion. The transition is predicted by
the €™ method. The viscous-inviscid method is focused on subsonic and transonic flows,
at high Reynolds number, with shock-wave appearance. The steady and unsteady test
cases for three characteristic airfoils are performed, namely NACA 0012, NACA64A010,
NLR 7301. The results are compared with experimental data and with unsteady RANS
calculations. The method gives results which are in good agreement with experimental
data and with calculated unsteady RANS results. Problems in convergence the method
has in the test cases with separation. The method is applicable in the design processes
where unsteady loads are required within reasonable time and with accuracy comparable
with RANS methods.

Keywords: viscous-inviscid coupling, viscous flow, Euler equations, transpiration
velocity, computational fluid dynamics, mach number, airfoil, shock-wave, airfoil

pressure coefficient distribution



Popis oznaka

Latini¢ne oznake

A, B Jakobijane Eulerovih jednadzbi . . . . . ... ... ... ... 15
c duljina tetive aeroprofila, [m] . . . . . . .. ... 40
Ch koeficijent disipacije, [1] . . . . . . . ... 28
Ct koeficijent trenja, [1] . . . . . . .. oo oo 28
a lokalni koeficijent uzgona, [1] . . . . . . ... ... 7
Cn koeficijent normalne sile, [1] . . . . . . ... ... 40
Cp koeficijent tlaka, [1] . . . . . . . . ..o 40
C; koeficijent smicanja, [1] . . . . . . . ... oo o 32
e ukupna energija po jedinici mase, [J/kg] . . .. ..o 14
F.G vektori tokova konzervativnih varijabli . . . . . ... .00 00 14
H parametar oblika,[1] . . . . .. ... o L 28
Hy kinematicki parametar oblika, [1] . . . . . . . ... ... L. 30
h ukupna entalpija po jedinici mase, [J/kg] . . . . . . ... 15
H* parametar oblika kineticke energije, [1] . . . . . . ... ... 28
H* parametar oblika gustoce, [1] . . . . . . ... o oL 28
J determinanta Jakobijeve matrice transformacije koordinata, [1] . . . 14
L referentna duljina, [m] . . . . ... Lo 74
Ma Machov broj, [1] . . . . . . . . 76
Ma, Machov broj na rubu grani¢nog sloja, [1] . . . . . . . . . . . .. .. 28
P tlak, [Pa] . . . . . .. 14
Pm srednji tlak za nestacionarne oscilacije tlaka, [Pa] . . . . . . . . . .. 74



Po
DPs
pr

Re
Reg

T

ST e S T ~ e
o 8@ a

Unorm

Utang
x? y’ z

Lo

POPIS OZNAKA  xi

iznos oscilatornog tlaka u nestacionarnom strujanju, [Pa] . . . . . . 74
tlak za srednji polozaj, u stacionarnom strujanju, [Pal . . . . . . . . 75
totalni tlak, [Pa] . . . . . ... 27
vektor konzervativnih varijabli . . . . . . . ... ... 00000 14
Reynoldsov broj sveden na duljinu tetive aeroprofila, [1] . . . . . . . 76
Reynoldsov broj sveden na debljinu koli¢ine gibanja, [1] . . . . . . . 36
entropija, [J/K| . . . . ..o 26
krivolinijska koordinata u jednadzbama grani¢nog sloja, [m] . . . . . 28
vrijeme, [s]. . ... 74
matrica lokalne rotacije za vektor protoka ¥ . . . . . ... ... 18
matrica lokalne rotacije za vektor protoka G . . . . . ... ... .. 18
x-komponenta brzine, [m/s] . . . ... o 0L 14
iznos brzine na rubu grani¢nog sloja, m/s] . . . . . ... ... 24
iznos brzine slobodnog strujanja, [m/s| . . . . ... ... 74
y-komponenta brzine, [m/s] . . .. ..o oo 14
vektor brzine fluida, [m/s] . . . . .. ..o oo o 23
vektor brzine konture aeroprofila, m/s] . . . . .. ... L. 23

iznos brzine fluida u normalnom smjeru na vanjski rub domene, [m/s] 27

vektor transpiracijske brzine graniénog sloja, [m/s] . . . . . . . ... 23
iznos brzine fluida uzduz vanjskog ruba domene, [m/s| . . . . . . . . 27
koordinate Kartezijskog koordinatnog sustava, [m] . . . . . . . . .. 14
udaljenost osi rotacije aeroprofila od prednjeg brida, [m] . . . . . . . 81

Grcke oznake

(07

6*
(5**

napadni kut, [°] . . . ... 50
srednji napadni kut, [°] . . . . ... 50
amplituda napadnog kuta, [°] . . . .. ..o 50
podrelaksacijski faktor, [1] . . . . ... ..o 0oL 10
izentropski koeficijent, [1] . . . . . . . ... 14
debljina grani¢nog sloja, [m] . . . . ... ... 28
debljina istisnucéa, [m]. . . . . . ..o 28
debljina gustoce, [1] . . . . . ... 29

dinamicka viskoznost, [Pas] . . . . ... ..o 28



& & © €

Indeksi
§

= 3

g 2 < =

Akcenti

Kratice
AIC

BL
CAP-TSD
CFD

POPIS OZNAKA  xii

krivolinijska koordinata, [m] . . . . . ... ..o 11
debljina koli¢ine gibanja, [m] . . . . . . . ... 28
debljina kineticke energije, [m] . . . . . .. ... 29
vlastita vrijednost karakteristicnog polinoma, [m/s] . . . . . . . .. 16
kinematicka viskoznost, [m?/s] . . . . .. ... 57
turbulentna kinematicka viskoznost, [m?/s] . . . . .. ... ... .. 57
krivolinijska koordinata, [m| . . . . . . ... ... 11
gustoda, [kg/m3] . . ... 14
vrijeme u racunalnoj ravnini, [s] . . . . .. ..o 0oL 11
tangencijalno naprezanje na viskoznom zidu, [Pa] . . . . . . . .. .. 28
fazni pomak, [rad] . . . . ... o o oo 74
fazni kut, [rad] . . . . ... 76
kutna frekvencija, [rad/s] . . . . . .. ..o Lo o 74
reducirana frekvencija,[1] . . . . . . . ..o 50
derivacija po & . . . . ..o 26
derivacija pom . . . . . ..o 26
donja strana aeroprofila . . . . . . . ... ..o 40
derivacija PO T . . . . . ..o 26
gornja strana aeroprofila . . . . . ... ..o Lo 40
vrijednost na viskoznom zidu. . . . . ... ..o 28
vrijednost varijable u slobodnom strujanju . . . . . . ... ... .. 76
normalizirani metricki koeficijenti . . . . . . .. ..o oL 17
transformirane varijable u krivolinijskim koordinatama . . . . . . . . 17
transformirana varijabla . . . . ... ..o 0000 26
aerodynamic influence coefficients . . . . . . . ... ..o 0L 6
boundary layer . . . . . .. ... 28

computational aeroelasticity program - transonic small disturbance . 5

computational fluid dynamics . . . . . . . ..o 4



CPU
MUSCL
RANS
RK
SDE
URANS

POPIS OZNAKA  xiii

central processing unit . . . . . ... ..o oo 72
monotone upstream-centered schemes for conservation laws . . . . . 22
Reynolds averaged Navier-Stokes . . . . . . . . .. .. .. ... ... 4
Runge-Kutta . . . . . . . ... o 34
small disturbance Euler . . . . . . . .. ... ... L. 6

unsteady Reynolds averaged Navier-Stokes . . . . . . . .. . .. .. 7



1.1

2.1

3.1
3.2
3.3
3.4
3.5
3.6
3.7

4.1
4.2

5.1
2.2
2.3

5.4

Popis slika

Krozzvuéno propadanje . . . . . . ... .o Lo
Shema direktnog sprezanja viskoznog i neviskoznog strujanja . . . . . . . . .

Prianjajuéi krivolinijski koordinatni sustav oko konture aeroprofila . . . . . .
Preslikavanje krivolinijske mreze na kartezijsku mrezu . . . . . . . . . . . ..
Kovarijantne i kontravarijantne brzine . . . . . . . . . . .. ... L.
Stranice kontrolnog volumena . . . . . . . . .. ...
Transpiracijska brzina na konturi aeroprofila . . . . . . . . . . . .. .. ...
Tlak u kontrolnom volumenu koji grani¢i s konturom aeroprofila . . . . . . .

Brzine na vanjskom rubu domene . . . . . . . . ..o,

Glavni ¢vorovi grani¢nog sloja i podintervali . . . . . . . . . .. .. ... ..

Algoritam integracije jednadzbi grani¢nog sloja . . . . . . . . . . . . .. ..

Racunalna mreza oko aeroprofila NACA0012 dobivena eliptickim generatorom
Blizi pogled na mrezu oko konture aeroprofila NACA0012 . . . . . . . .. ..
Mreza 100X30; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAO0012 pri o = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do
vanjskog ruba domene izrazen u duljinama tetiva aeroprofila . . . . . . . . .
Mreza 100X30; razlika rjeSenja za udaljenosti 10 i 40 duljina tetiva i rjesenja
za udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na

mrezu s 80 duljina tetive; aeroprofil NACAQ012 pri a = 1°, Ma = 0.77

xiv

38

42



2.5

2.6

2.7

5.8

2.9

5.10

5.11

5.12

5.13

5.14

2.15
5.16

POPIS SLIKA

Mreza 160X30; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAO0012 pri « = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do
vanjskog ruba domene izrazen u duljinama tetiva aeroprofila . . . . . . . ..
Mreza 160X30; razlika rjesenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja
za udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na
mrezu s 80 duljina tetive; aeroprofil NACA0012 pri o = 1°, Ma = 0.77

Mreza 160X60; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAO0012 pri o = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do
vanjskog ruba domene izrazen u duljinama tetiva aeroprofila . . . . . . . . .
Mreza 160X60; razlika rjeSenja za udaljenosti 10 i 40 duljina tetiva i rjesenja
za udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na
mrezu s 80 duljina tetive; aeroprofil NACAQ0012 pri a = 1°, Ma = 0.77

Mreza 240X60; test konvergencije mreze za stacionarno rjesenje za aeroprofil
NACAO0012 pri a = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do
vanjskog ruba domene izrazen u duljinama tetiva aeroprofila . . . . . . . . .
Mreza 240X60; razlika rjesenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja
za udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na
mrezu s 80 duljina tetive; aeroprofil NACA0012 pri o = 1°, Ma = 0.77

Mreza 320X60; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAO0012 pri a = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do
vanjskog ruba domene izrazen u duljinama tetiva aeroprofila . . . . . . . . .
Mreza 320X60; razlika rjeSenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja
za udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na
mrezu s 80 duljina tetive; aeroprofil NACAQ012 pri a = 1°, Ma = 0.77

Test konvergencije za udaljenost 80 duljina tetiva od aeroprofila do vanjskog
ruba domene; aeroprofil NACAO0012 pri « = 1°, Ma=0.77 . . . . . ... ..
Razlika rjeSenja za mreze napisane u legendi slike i mreze 320X60 s 80 duljina
tetive od aeroprofila do vanjskog ruba domene; aeroprofil NACA0012 pri a =
19, Ma =0.77 . . . . . e e e e e
Test konvergencije za NACA0012 aeroprofil pri « =5°, Ma=0.77 . . . . ..
Razlika izmedu rjesenja dobivenih pomoc¢u mreza navedenih u legendi slike i
mreze 320X60 s udaljenoséu 80 duljina tetiva od aeroprofila do vanjskog ruba

domene, za aeroprofil NACA0012 pri « =5°, Ma =077 . . .. ... ....

42

43

43

44

44

45

45

46



5.17

5.18

5.19

5.20

5.21

5.22

5.23

5.24

5.25

5.26

5.27

POPIS SLIKA i

Mreza 100X30; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila;
NACAO0012 aeroprofil pri Ma = 0.77, oy = 0%, o =1° . . . . . . . . .. ..
Mreza 100X30; razlika rjeSenja za udaljenosti vanjskog ruba domene od aero-
profila 10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012
aeroprofil pri Ma = 0.77, ay, = 0%, ao =1° . . . . . . ...,
Mreza 160X30; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila;
NACAO0012 aeroprofil pri Ma = 0.77, ay =0°, ao =1° . . . . . . . . .. ..
Mreza 160X30; razlika rjeSenja za udaljenosti vanjskog ruba domene od aero-
profila 10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012
aeroprofil pri Ma = 0.77, ay, = 0%, o =1° . . . . . . ...
Mreza 160X60; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila;
NACAO0012 aeroprofil pri Ma = 0.77, oy, = 0%, 0o =1° . . . . . . . ... ..
Mreza 160X60; razlika rjeSenja za udaljenosti vanjskog ruba domene od aero-
profila 10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012
aeroprofil pri Ma =0.77, a;, = 0%, ao =1° . . . . . ..o
Mreza 240X60; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila;
NACAO0012 aeroprofil pri Ma = 0.77, ay =0°, ao =1° . . . . . . . . .. ..
Mreza 240X60; razlika rjeSenja za udaljenosti vanjskog ruba domene od aero-
profila 10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012
aeroprofil pri Ma = 0.77, ay, = 0%, o =1° . . . . . . ...
Mreza 320X60; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila;
NACAO0012 aeroprofil pri Ma = 0.77, oy, = 0%, o =1° . . . . . . . ... ..
Mreza 320X60; razlika rjeSenja za udaljenosti vanjskog ruba domene od aero-
profila 10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012
aeroprofil pri Ma =0.77, a;, = 0%, ao =1° . . . . . ...
Raspodjela koeficijenta tlaka za aeroprofil NACA0012 pri Ma = 0.504, Re =
2.93-100, e =4.06° . . . ... ...

XVI



5.28

5.29

5.30

5.31

5.32

9.33

5.34

2.35

5.36

5.37

5.38

9.39

5.40

0.41

5.42

5.43

Xxvii

POPIS SLIKA

Integralne vrijednosti grani¢nog sloja za gornju stranu NACAO0012 aeroprofila
pri Ma = 0.504, Re = 2.93-10%, e =4.06° . . . ... ... ... ......
Integralne vrijednosti grani¢nog sloja za donju stranu NACA0012 aeroprofila
pri Ma = 0.504, Re =2.93-10%, o =4.06° . . . ... ... ... ......
Raspodjela koeficijenta tlaka na gornjoj strani NACAQ0012 aeroprofila za sta-
cionarno strujanje pri Ma = 0.756, Re = 4.01 - 105, oo = —0.01° . . . . . . . .
Raspodjela koeficijenta tlaka na donjoj strani NACAQ012 aeroprofila za staci-
onarno strujanje pri Ma = 0.756, Re = 4.01 - 10, o = —0.01° . . . . . . . ..
Integralne vrijednosti grani¢nog sloja za donju stranu NACA0012 aeroprofila
pri Ma = 0.756, Re = 4.01-10%, o = —0.01° . . . . . . . ... ... .....
Raspodjela koeficijenta tlaka na gornjoj strani NACAO0012 aeroprofila za sta-
cionarno strujanje pri Ma = 0.803, Re = 4.09 - 10% and « = 0.05° . . . . . . .
Raspodjela koeficijenta tlaka na donjoj strani NACAO0012 aeroprofila za staci-
onarno strujanje pri Ma = 0.803, Re = 4.09- 10 and o = 0.05° . . . . . . . .
Integralne vrijednosti grani¢nog sloja za donju stranu NACA0012 aeroprofila
pri Ma = 0.803, Re =4.09-10%, « = 0.05° . . . . ... ... ... .....
Racunalna mreza za aeroprofil NACA64A010; granica na vanjskom rubu do-
mene je udaljena 40 duljina tetiva aeroprofila od aeroprofila. . . . . . . . ..
Raspodjela koeficijenta tlaka za aeroprofil NACA64A010 za gornju stranu aero-
profila pri Ma = 0.49, Re = 2.52- 105, « = —0.01° . . . . . . ... .. ...
Raspodjela koeficijenta tlaka za aeroprofil NACA64A010 za gornju stranu aero-
profila pri Ma = 0.502, Re=1.0-10", a = —0.22° . . . . . . .. ... ...
Integralne vrijednosti grani¢nog sloja za aeroprofil NACA64A010 na gornjoj
strani aeroprofila pri Ma = 0.49, Re = 2.52-10%, a = —0.01° . . . . . . . ..
Integralne vrijednosti grani¢nog sloja za aeroprofil NACA64A010 na gornjoj
strani aeroprofila pri Ma = 0.502, Re =1.0-107, a = —0.22° . . . . ... ..
Raspodjela koeficijenta tlaka za aeroprofil NACA64A010 za gornju (lijevo) i
donju (desno) stranu aeroprofila pri Ma = 0.796, Re = 12.56 - 10%, o = —0.21°
Integralne vrijednosti grani¢nog sloja za aeroprofil NACA64A010 na gornjoj
strani aeroprofila pri Ma = 0.796, Re = 12.56 - 10, « = —0.21° . . . . . . . .
Integralne vrijednosti graniénog sloja za aeroprofil NACA64A010 na donjoj
strani aeroprofila pri Ma = 0.796, Re = 12.56 - 10, a = —0.21° . . . . . . ..



5.44

5.45

5.46

5.47

5.48

5.49

5.50

5.51

5.52

2.53

5.54

2.59

xviii

POPIS SLIKA

Racunalna mreza za aeroprofil NLR7301; vanjski rub mreze je udaljen 40 du-
ljina tetiva od aeroprfila . . . . . . . . . .. ...
Raspodjela koeficijenta tlaka za stacionarno strujanje oko aeroprofila NLR7301
pri Ma =0.299, Re = 1.1-10% o =0.3966° . . . . . . .. ... ... ....
Raspodjela koeficijenta tlaka za stacionarno strujanje oko aeroprofila NLR7301
pri Ma = 0.599, Re =1.9-10%, « = 0.3832° . . . . ... ... ... .....
Primjer nestacionarnih oscilacija napadnog kuta aeroprofila i tlaka . . . . . .
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 25.34°; Ma = 0.755, Re = 5.5 - 10%, a,, = 0.016°, ap =
2.51°, wr =0.1628 . . . . .
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACAO0012 pri kutu
unutar periode ¢ = 67.80°; Ma = 0.755, Re = 5.5 - 10%, o, = 0.016°, o =
2.51°, w* =0.1628 . . . . .
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 127.40°; Ma = 0.755, Re = 5.5 - 105, ay, = 0.016°, o =
2.51°, w* =0.1628 . . . . ..
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 168.42°; Ma = 0.755, Re = 5.5 - 10%, ay, = 0.016°, o =
2.51°, w* =0.1628 . . . . ..
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 210.29°; Ma = 0.755, Re = 5.5 - 10%, ay, = 0.016°, o =
2.51°, wr =0.1628 . . . . ..
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 255.14°; Ma = 0.755, Re = 5.5 - 10%, ayn = 0.016°, o =
2.51°, w* =0.1628 . . . . .
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 306.56°; Ma = 0.755, Re = 5.5 - 105, ay, = 0.016°, o =
2.51°, w* =0.1628 . . . . .
Raspodjela tlaka za nestacionarno strujanje za aeroprofil NACA0012 pri kutu
unutar periode ¢ = 347.20°; Ma = 0.755, Re = 5.5 - 10%, ay, = 0.016°, o =
2.51°, w* =0.1628 . . . . . L



5.56

2.57

9.58

5.59

5.60

5.61

5.62

5.63

5.64

2.65

5.66

POPIS SLIKA  xix

Koeficijent normalne sile i trenutni napadni kut kao funkcija faznog kuta unutar
periode, za aeroprofil NACA0012 pri Ma = 0.755, Re = 5.5- 105, ay, = 0.016°,
Qo =2.51° w* =0.1628. . . . . .. 80
Koeficijent normalne sile kao funkcija trenutnog napadnog kuta za aeroprofil
NACAOQ012 pri Ma = 0.755, Re = 5.5 - 10%, oy, = 0.016°, o, = 2.51°, w* =
0.1628 . . . . 80
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 45.00° pri Ma = 0.797, Re = 12.4 - 105, oy, = —0.08°,
o =2.00°, w* =0.202 . . . .. e 83
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 90.00° pri Ma = 0.797, Re = 12.4 - 105, a,, = —0.08°,
o =2.00° w*=0.202 . . . . .. e 83
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 135.00° pri Ma = 0.797, Re = 12.4 - 10%, a,, = —0.08°,
Qo =2.00° w*=0.202 . . . . .. e 83
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 180.00° pri Ma = 0.797, Re = 12.4 - 10°, a,, = —0.08°,
o =2.00°% w*=0.202 . . ... 83
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 225.00° pri Ma = 0.797, Re = 12.4 - 105, a,, = —0.08°,
o =2.00° w* =0.202 . . . ..o e e 84
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 270.00° pri Ma = 0.797, Re = 12.4 - 105, a,, = —0.08°,
o =2.00° w*=0.202 . . . . . e 84
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 315.00° pri Ma = 0.797, Re = 12.4 - 10%, a,, = —0.08°,
Qo =2.00° w*=0.202 . . . . .. e 84
Raspodjela koeficijenta tlaka za nestacionarno strujanje oko aeroprofila NACA64A010
na faznom kutu ¢ = 360.00° pri Ma = 0.797, Re = 12.4 - 10%, a,, = —0.08°,
0o =2.00°% w*=0.202 . . ... 84
Koeficijent normalne sile i trenutni napadni kut kao funkcija faznog kuta u
jednom periodu za aeroprofil NACA64A010 pri Ma = 0.797, Re = 12.4 - 106,
om = —0.08°, ap = 2.00%, w* = 0.202 . . . . ..o 85



POPIS SLIKA  xx

5.67 Koeficijent normalne sile kao funkcija trenutnog napadnog kuta za aeroprofil
NACA64A010 pri Ma = 0.797, Re = 12.4 - 10%, a,, = —0.08°, a, = 2.00°,
wW*=0.202 . .. 85



Popis tablica

Testirane racunalne mreze . . . . . . . . . . ... ..o 39
Converged normal force coefficient results for steady cases . . . . . . . . . .. 49
Rezultati koeficijenta normalne sile za nestacionarno strujanje . . . . . . . . . 56
Stacionarni probni sluc¢ajevi za aeroprofil NACA0012 . . . . . . . . ... .. 58
Stacionarni probni sluc¢ajevi za aeroprofil NACA64A010 . . . . . . . . . . .. 65
Stacionarni probni slu¢ajevi za aeroprofil NLR7301 . . . . . . . .. ... .. 71
Sazeti popis stacionarnih probnih slu¢ajeva . . . . . . . . . . ... .. ... 73
Nestacionarni probni sluc¢aj za aeroprofil NACA0012 . . . . . . .. ... .. 76
Nestacionarni probni sluc¢aj za aeroprofil NACA64A010 . . . . . . . ... .. 81

XXi



1 Uvod

1.1. Motivacija

Fenomen treperenja (eng. flutter) aerodinamickih povrsina zrakoplova, koji treba
biti ispitan za svaku novu konstrukciju zrakoplova ili strukturnu modifikaciju postojeceg
zrakoplova, jos uvijek je jedan od trenutno vaznih tema istrazivanja u aeroelasti¢nosti,
a posebno za zrakoplove koji lete krozzvuénim brzinama. Taj fenomen spada u pro-
blem aeroelasti¢nosti, koji je odreden interakcijom elasti¢nih, prigusnih i inercijskih sila
strukture i nestacionarnih aerodinamickih sila uzrokovanih periodickim gibanjem same
strukture. Takvo periodicko gibanje moze dovesti do progresivnog povec¢anja ampli-
tude vibracija zavrsavajuéi lomom strukture. Za odredenu strukturu zrakoplova nesta-
cionarne aerodinamicke sile se brzo povec¢avaju s brzinom leta, dok elasti¢ne, prigusne i
inercijske sile ostaju nepromijenjene. Iz tog razloga postoji kriticna brzina leta (brzina
treperenja) iznad koje se pojavljuje treperenjel.

Zapravo, svaki zrakoplov s ljudskom posadom mora proc¢i neku vrstu analize aero-
elasti¢nosti prije leta, posto se treperenje i ostali aeroelasticni fenomeni unutar enve-
lope leta zrakoplova moraju izbjeé¢i bez izuzetaka. Tri nacina su moguca za provjeru
aeroelasticnog ponasanja zrakoplova: ispitivanje u letu, ispitivanje u zracnom tunelu, i
analiza racunalnim metodama. Ispitivanja u letu i u zra¢nom tunelu mogu se izvoditi
najranije u kasnoj fazi procesa konstruiranja zrakoplova, jer su ta ispitivanja vrlo skupa.
Osim toga, zbog potrebe ispitivanja vise razlicitih konfiguracija zrakoplova ili samo aero-

dinamickih povrs§ina, izrada razli¢itih modela za ispitivanje u zra¢nom tunelu i razli¢itih

!Samoinducirane oscilacije spregnutog aeroelasti¢nog sustava zbog medusobne interakcije izmedu
strukturnih sila (elasti¢ne, inercijske i prigusne sile) i nestacionarnih aerodinamickih sila.
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prototipova zrakoplova za ispitivanje u letu bila bi preveliki vremenski i financijski teret
u ispitivanju zrakoplova. Stoga, mnogo jeftinije rjeSenje su racunalne metode s kojima
se mogu napraviti veliki broj ispitinih slucajeva prije ispitivanja u letu ili u zracnom
tunelu.

Pri brzinama u krozzvuénom podrucju, analiza aeroelasti¢nosti postaje znacajno
kompliciranija. Pri takvim uvjetima, udarni valovi se mogu pojavljivati i nestajati pod
okolnostima kada zrakoplov vrsi nestacionarno, fleksibilno gibanje strukture. Jacanjem
i slabljenjem tih udarnih valova, takoder se mogu pojavljivati i nestajati podruc¢ja odvo-
jenog strujanja. To su vrlo nelinearni fenomeni koji mogu imati znacajni utjecaj na
aeroelasticno ponasanje zrakoplova. Pojavljivanje udarnih valova na aerodinamickim
povrSinama zrakoplova moze uzrokovati daljnje propadanje granice treperenja u po-
dru¢ju krozzvucénih brzina u odnosu na granicu treperenja zbog linearnih efekata u
kompresibilnom strujanju. To propadanje granice treperenja naziva se krozzvucno pro-
padanje (eng. transonic dip). Vazna karakteristika krozzvuénog propadanja je dno
krivulje treperenja u krozzvucénom podruéju (slika 1.1), koje definira minimalnu brzinu
pri kojoj se treperenje moze pojaviti, u podrucju envelope leta zrakoplova. Brzina tre-
perenja predstavlja kriticnu brzinu pri kojoj struktura odrzava oscilacije uzrokovane
nekim inicijalnim poremecajem. Ispod te brzine oscilacije su prigusene, dok iznad te
brzine jedam od modova oscilacija postaje negativno prigusen i pojavljuju se nestabilne
oscilacije osim ako neki oblik nelinearnosti ne ogranici takvo gibanje [1].

Linearna analiza obi¢no adekvatno predvida granicu treperenja pri podzvucénim i
nadzvucnim brzinama, dok u podrucju krozzvuénih brzina predvida visu brzinu trepe-
renja nego u eksperimentu [2]. Granica treperenja se moze izracunati pomoéu nevi-
skozne nestacionarne aerodinamicke analize, npr. rjesavajuci nestacionarno krozzvucno
potencijalno strujanje za male poremecaje, potpuno potencijalno strujanje, ili Eule-
rove jednadzbe. Iako su te metode u mogucnosti opisivati udarne valove i krozzvuéno
propadanje, one izraCunavaju znacajno nizu brzinu treperenja na mjestu krozzvucnog
propadanja jer nemaju ukljucene viskozne efekte u proracunu. Viskozni efekti koji dje-
luju u obliku znacajnijeg zadebljanja grani¢nog sloja i odvajanja strujanja zbog udarnog
vala su odgovorni za bolje predvidnje dna krozzvuénog propadanja.

Pri analizi treperenja ne koristi se tako ¢esto neko proizvoljno gibanje aeroprofila,
nego je veci interes da se zada harmonijsko gibanje za jednu frekvenciju oscilacija. Cilj

takve analize je da se odrede uvjeti leta koji odgovaraju granici treperenja (granica
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stabilnosti), za koju jedan od modova gibanja ima jednostavno vremenski harmonijsko
ponasanje [3]. U linearnoj analizi treperenja je pretpostavljeno da rjesenje ukljucuje
jednostavno harmonijsko gibanje a takoder i pobudna sila i moment imaju harmonijsko
ponasanje. S tom pretpostavkom jednadzbe gibanja su prevedene u problem vlastitih
vrijednosti u frevencijskoj domeni i rijesene za kompleksne vlastite vrijednosti. Iz tih
vlastitih vrijednosti moze se zakljuciti o stabilnim ili nestabilnim oscilacijama aeropro-
fila. Klasicna analiza treperenja ne moze dati neku kona¢nu mjeru o stabilnosti trepere-
nja osim pozicije granice stabilnosti. Usprkos tom nedostatku metode, njezina primarna
snaga je u tome Sto treba samo nestacionarna opterecenja za jednostavno harmonijsko
gibanje aeroprofila.

Direktna simulacija interakcije fluid-struktura u vremenskoj domeni, koriste¢i naj-
preciznije modele za racunanje aerodinamickih optereéenja od fluida, zahtijeva eks-
tremno visoke racunalne resurse. Kako je glavnina prorac¢una potrebna za dio koji racuna
nestacionarna aerodinamicka opterecenja, razvijene su efikasnije metode za predvidanje
granice treperenja, koja je definirana kao stanje ravnoteze izmedu dinamickih sila struk-
ture i aerodinamickih sila na strukturu. Aerodinamicki dio rjesenja se stoga sastoji
od proracuna nestacionarnog aerodinamickog strujanja oko strukture zrakoplova koja

izvodi oscilatorna gibanja u razlic¢itim zadanim elasti¢nim modovima i s razli¢itim frek-
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vencijama.

U tu svrhu, josi danas, za analizu konstrukcija prisutna je panelna metoda s dipolima
(eng. doublet-lattice method - DLM) zbog malih zahtjeva za rac¢unalne i vremenske re-
surse, i jednostavne procedure za postavljanje racunalnog problema. Jedan od nedosta-
taka metode je nemogucnost detektiranja jakih udarnih valova u krozzvucénom podrucju.
Simulacije Navier-Stokes-ovih jednadzbi osrednjenih po Reynolds-u (eng. Reynolds ave-
raged Navier-Stokes - RANS) za analizu treperenja daju tocnije rezultate, ali isto tako
zahtijevaju velike racunalne i vremenske resurse, i stoga nisu prvi izbor za preliminarnu
fazu konstruiranja. K tome, RANS zahtijeva velike racunalne mreze s visokom rezolu-
cijom, a i postavljanje problema je mnogo zahtjevnije. RANS je takoder ogranicen s
nesigurnoséu modeliranja turbulencije, potesko¢ama s izradom mreza visoke kvalitete i
poteskocama s algoritmima za deformaciju mreze u nestacionarnim strujanjima [4].

U preliminarnom procesu konstruiranja, inzinjeri koji se bave analizom aeroelasti¢no-
sti a nisu eksperti u ra¢unalnoj mehanici fluida (eng. Computational fluid dynamics
- CFD) ve¢ u drugim podrué¢jima kao Sto je analiza ¢vrstoée kona¢nim elementima
ili upravljanje i regulacija leta zrakoplova, trebaju biti takoder u moguénosti koristiti
CFD metode. To zahtijeva da racunalne metode budu robusnije i automatiziranije
nego $to su trenutni RANS kodovi. Izmedu tih ekstrema, metode viskozno-neviskozne
interakcije kao sto je Euler s grani¢nim slojem, su dobar kompromis. Metode koje
rjesavaju Eulerove jednadzbe su u moguénosi razluciti jake udarne valove, a spregnute
zajedno s jednadzbama grani¢nog sloja predstavljaju dobru ravnotezu izmedu opisa
modela strujanja i racunalne efikasnosti. Metode viskozno-neviskozne interakcije daju
rezultate koji su usporedivi s RANS rezultatima ali je vrijeme racunanja nekoliko puta
manje i to im daje znacajnu prednost za brzu analizu treperenja u procesu konstruiranja.

Ovaj rad je posvecen poboljsanju takve metode u kojoj je neviskozno podrucje opi-
sano nestacionarnim FEulerovim jednadzbama a viskozni sloj jednadzbama grani¢nog

sloja u integralnom obliku, s medusobnom interakcijom pomocu transpiracijske brzine.

1.2. Pregled dosadasnjih istrazivanja

Najraniji radovi u podrucju nestacionarne aerodinamike, povezano s analizom tre-
perenja, su napravljeni tridesetih i ¢etrdesetih godina proslog stolje¢a. Teorija isjecaka

(eng. Strip theory) je dugo vremena bila najvise koristen aerodinamicki alat za odrediva-
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nje nestacionarnih aerodinamickih optereéenja [5]. U toj aproksimacijskoj teoriji svaki
segment po rasponu aerodinamicke povrsine razmatra se kao dio krila beskona¢nog ras-
pona s konstantnim karakteristikama.

Tijekom Sezdesetih godina proslog stolje¢a razvijen je izvrstan alat za nestacionarnu
aerodinamiku, metoda dipolnih panela (eng. Doublet-lattice method - DLM) [6]. Ta me-
toda razvijena je do razine da omogucava upotrebu zakrivljenih aerodinamickih povrsina
i trupa zrakoplova [7]. Ta metoda je stvorila vazan doprinos analizi treperenja, aero-
dinamicke utjecajne koeficijente (eng. Aerodynamic influence coefficients - AIC). AIC
koreliraju silu uzgona na svakom elementu aerodinamickih povrsina prema pomacima
(rotacija i translacija) i takoder dinamickom tlaku. Nedavno, Rodden [8] je nastavio
poboljsavati DLM metodu. Ta poboljSanja su bila zamjena aproksimacije brojnika in-
krementalne jezgre (eng. Incremental kernels) i poboljsana aproksimacija integrala u
jezgri. DLM metoda je u upotrebi ve¢ preko 30 godina i postala je standard za analizu
treperenja u procesu proizvodnje. Postoje odredene karakteristike koje su odgovorne
za dugi zivot DLM metode. Prvo, metoda je dovoljno to¢na za rutinske analize trepe-
renja u proizvodnji, osim u podruc¢ju krozzvuénih brzina leta i kada postoji odvajanje
strujanja. Drugo, metoda zahtjeva malo vremena za racunanje i kreira AIC-ove. Trece,
metoda ima moguénost modeliranja prilicno kompleksnih geometrija i nema potrebu za
generiranjem mreze. Metoda ima uzgonske povrsine koje su jednostavno diskretizirane
serijom panela. Sve to daje kona¢nu vaznu karakteristiku, a to je pristupacan kod za
krajnjeg korisnika.

Medu metodama zasnovanim na razli¢itim oblicima jednadzbe potencijalnog stru-
janja s korekcijom granicnog sloja, koje su pokazale dobre rezultate za nestacionarne
proracune, a ne zahtijevaju velike racunalne resurse i mnogo radnih sati u postavljanju
problema, CAP-TSD metoda (eng. Computational Aeroelasticity Program - Transo-
nic Small Disturbance) je u Sirokoj upotrebi [9]. Taj kod ima mnogo prednosti pred
RANS kodom: jednostavnost u generiranju mreze, nema potrebe za pomicanjem mreze
i manji zahtjevi za racunalnim resursima. Unato¢ koriStenju korekcija za vrtloznost
i entropiju, pretpostavke u CAP-TSD metodi ogranicavaju njegovu primjenjivost na
nevrtlozno strujanje s slabim udarnim valovima.

Posto su metode koje rjesavaju Eulerove jednadzbe u moguénosti to¢no razluciti jake
udarne valove i transport vrtloznosti, mnogi istrazivaci su ispitivali metode interakcije

granicnog sloja koriste¢i Eulerove jednadzbe za neviskozni dio strujanja [10, 11]. Mnogi
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istrazivaci usredotocili su se na stacionarne prorac¢une. Drela [12] je koristio Eulerove jed-
nadzbe za neviskozno podrucje i integralne jednadzbe grani¢nog sloja za tanko viskozno
podrucje u blizini aeroprofila. Odredivanje tranzicije je temeljeno na formulaciji Orr-

N metoda) i integrirano u dvojednadZbeni, integralni zapis grani¢nog

Sommerfeld-a (e
sloja s mogucnoséu laminarnog i turbulentnog strujanja. Viskozna formulacija je pot-
puno spregnuta s neviskoznim strujanjem koje je opisano Eulerovim jednadzbama na
mrezi oblika strujnica. Citavi nelinearni spregnuti sustav jednadzbi je rijesen Newton-
ovom metodom.

Nedavno je Zhang [13] pokazao efikasnu Eulerovu metodu s korekcijom granicnog
sloja pogodnu za anlizu treperenja krila. Debljina krila kao i njegovo gibanje s malim
amplitudama je simulirano aproksimacijskim rubnim uvjetom primjenjenom na staci-
onarnoj ravnini tetive krila. Stoga je koristena stacionarna kartezijska mreza za nesta-
cionarne simulacije krila zrakoplova.

U aeroelasti¢cnim primjenama gdje je potrebno ispitati veliki broj parametara kao
Sto su razlic¢iti prirodni nacini gibanja, napadni kutevi, Machovi brojevi, frekvencija
itd., pogodne su takoder metode koje rjesavaju problem nestacionarne aerodinamike u
frekventnoj domeni. Te metode su posebno prikladne za simulacije pri niskim reduci-
ranim frekvencijama. Iste simulacije u vremenskoj domeni zahtijevaju mnogo vremena
jer je potrebno postic¢i periodicki ustaljen slucaj koji se postize tek nakon nekoliko cik-
lusa. Nedavno je demonstrirana jedna takva numericka metoda [14] koja je temeljena na
takvom pristupu, Eulerovih jednadzbi uz pretpostavku malih poremecaja (eng. Small
disturbance Euler equations - SDE). Pretpostavivsi harmonijsko ponaSanje nestacionar-
nih fizikalnih veli¢ina, Eulerove jednadzbe daju skup linearnih jednadzbi s varijabilnim
koeficijentima u kojima su nepoznate kompleksne vrijednosti fizikalnih veli¢ina. Nes-
tacionaran problem je sveden na stacionarni problem za nepoznati harmonijski osci-
lirajuc¢i dio. Fizika nelinearnog strujanja je sadrzana u stacionarnom rjeSenju koje je
potrebno za proracun lineariziranog rjesenja. Takva nestacionarna rjesenja se mogu di-
rektno izracunati i Kkoristiti unutar standardne modalne analize treperenja. Opcenito
metoda daje dobre rezultate, no u strujanjima s udarnim valom, raspodjela tlaka po-
kazuje znacajne razlike u usporedbi s nelinearnim Eulerovim rjesenjem. Pechloff [15]
je napravio istu linearizaciju s Navier-Stokes jednadzbama. U tom radu takoder je
napravljena linearizacija jednojednadzbenog Spalart-Almaras modela turbulencije.

Nedavno su izdani radovi koji analiziraju sprezanje RANS jednadzbi s grani¢nim
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slojem [16, 17, 18]. U tim radovima je prikazano odredivanje tranzicije grani¢nog sloja

u svrhu konstruiranja laminarnih aeroprofila i smanjenja otpora.

1.3. Cilj i hipoteza istrazivanja

Pristup efektivnog pomaka povrsine aeroprofila opisuje koncept viskozno-neviskozne
interakcije. Taj pristup se moze primjeniti u strujanjima s visokim Reynoldsovim bro-
jem kod kojih su viskozni efekti smjesteni unutar tankog grani¢nog sloja. Kako se u
nestacionarnom strujanju mijenja debljina grani¢nog sloja, potrebno je poslije svake
viskozno-neviskozne interakcije generirati novu mrezu za neviskozno rjesenje. Metoda
koja izbjegava tu poteskotu je metoda ekvivalentnih izvora (eng. equivalent sources)
predlozena od Lighthill-a [19]. Promjena debljine istisnu¢a grani¢nog sloja se koristi
kao ekvivalent izvorima odnosno ponorima na povrsini aeroprofila. Efekt upuhavanja ili
isisavanja strujanja oponasa zadebljanje grani¢nog sloja i djelovanje grani¢nog sloja na
vanjsko neviskozno strujanje. U ovome radu napraviti ¢e se ugradnja utjecaja koli¢ine
gibanja upuhanog strujanja na interakciju s Eulerovim jednadzbama. Rjesiti ¢e se jed-
nadzba koli¢ine gibanja u smjeru okomitom na povrsinu aeroprofila s ugradenim utje-
cajem efekta upuhivanja grani¢nog sloja na neviskozno strujanje. Svi proracuni ¢e se
napraviti na krivolinijskoj mrezi s uvjetom okomitosti na povrsini aeroprofila.

U ovome radu ¢e se koristiti pristup u kojem se vanjsko neviskozno strujanje i stru-
janje u grani¢nom sloju povezuju tako da se u jednadzbi kolicine gibanja za vanjsko
strujanje za rubni uvjet na povrsini aeroprofila uzima normalna komponenta koli¢ine
gibanja dobivena iz jednadzbi grani¢nog sloja. Cilj i hipoteza ovog rada je pokazati
da ¢e takav pristup dati rezultate koji su usporedivi s danas raspolozivim kodovima
temeljenim na visoj razini matematickog modela. Metoda bi trebala biti dovoljno to¢na
da bude korisna kao aerodinamicki alat u rutinskim provjerama analize aeroelasti¢nosti,
i takoder bi trebala dati dobre rezultate u podrucju krozzvuénih brzina leta gdje se

pojavljuju udarni valovi.



2 | Sprezanje viskoznog i
neviskoznog strujanja

Pri strujanjima s velikim Reynoldsovim brojevima, pri ¢emu su inercijske sile znacajni-
je od viskoznih sila, Prandtl [20] je pokazao kako se Navier-Stokesove jednadzbe mogu
pojednostaviti da se dobije priblizno rjesenje. U takvim sluc¢ajevima strujanja, viskozni
efekti su ograniceni na tanko podrucje blizu viskoznog zida koji se naziva granicni sloj.
Stoga se takva strujanja mogu razdvojiti na dva podruéja. Prvo podruéje je dalje od vi-
skoznog zida, gdje se viskozni efekti pri velikom Reynoldsovom broju mogu zanemariti.

Drugo podrucje je tanki granicni sloj gdje su prisutni viskozni efekti.

2.1. Metoda sprezanja viskoznog i neviskoznog stru-
janja

U ovom radu napravljeno je sprezanje viskoznog i neviskoznog strujanja, tj. inte-
gralnih jednadzbi grani¢nog sloja i Eulerovih jednadzbi pomocéu koncepta transpiracij-
ske brzine. Transpiracijska brzina mijenja nagib ukupne brzine na viskoznom zidu i
na taj nacin predstavlja debljinu istisnué¢a grani¢nog sloja i utjecaj grani¢nog sloja na
neviskozno strujanje izvan grani¢nog sloja. Koncept transpiracijske brzine je predlozio
Lighthill u [19] kao koncept ekvivalentnih izvora. Integracijom jednadzbe kontinuiteta

za nekompresibilno strujanje, od povrsine zida do vanjskog brida grani¢nog sloja d(z),

5@) 9y 5@) 9y
_ _ U 2.1
! /0 dy W /0 Ox dy 21)

x 1y su koordinate uzduz odnosno okomito na zid, a u i v su pripadaju¢e komponente

slijedi:
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brzine. Kada se u drugi integral uvede brzina u, na rubu grani¢nog sloja (y = d(x)),

tada se dobije sljededi izraz za brzinu v:

due d [@
Cdg dz 0

Prvi ¢lan u (2.2) predstavlja nevrtlozno strujanje oko tijela, a drugi ¢élan je dodatna

V=

(ue — u)dy (2.2)

brzina zbog postojanja grani¢nog sloja. Drugi ¢lan, koji predstavlja transpiracijsku

brzinu, moze se preurediti tako da sadrzi debljinu istisnuca:

e [T (1 - 3) dy = L (46 . (2.3)

T dx 0 Ue dx

U ovom radu je sprezanje viskoznog i neviskoznog strujanja napravljeno na direktan
nacin. Postoje i drugi nacini sprezanja, kao sto su inverzni, poluinverzni, simultani i kva-
zisimultani. U metodi direktnog sprezanja, izlaz iz rjeSavaca neviskoznog strujanja kao
Sto su brzina ili tlak na rubu grani¢nog sloja, koristeni su kao ulaz u rjesavac¢ viskoznog
strujanja u grani¢nom sloju. Izlaz iz rjeSavaca viskoznog strujanja je debljina istisnuca,
ili transpiracijska brzina koja je izvedena iz debljine istisnuca, koja je zatim koristena
kao ulaz u rjesavac neviskoznog strujanja kako bi se dopunio rubni uvjet u neviskoznom
strujanju. Na slici 2.1 prikazana je koristena shema direktnog sprezanja. Prednost takve
metode sprezanja je u njenoj brzini i jednostavnosti u primjeni. Nedostatak direktne
metode je nemoguénost simuliranja strujanja s odvajanjem zbog pojave singulariteta u
jednadzbama grani¢nog sloja sto se naziva Goldsteinov singularitet [21].

U inverznoj metodi jednadzbe viskoznog i neviskoznog strujanja su rijesene na obr-
nuti nacin. Iz jednadzbi granic¢nog sloja izracunat je nepoznati tlak za zadanu debljinu
istisnuca, dok su Eulerove jednadzbe rijesene za potrebnu debljinu istisnu¢a prema ras-
podjeli tlaka iz grani¢nog sloja. Izracunata debljina istisnuca sluzi ponovo kao ulaz u
rjesavac jednadzbi granic¢nog sloja.

Kompromis izmedu direktne i inverzne metode je poluinverzna metoda. U toj me-
todi Eulerove jednadzbe su rijesene na direktan nacin, dok su jednadzbe grani¢nog sloja
rijeSene na inverzan nacin. Oba podruéja, viskozno i neviskozno, su rijeSena za nepoz-
natu raspodjelu brzina na rubu grani¢nog sloja iz poznate debljine istisnuca. Te dvije
raspodjele brzina su usporedene i prema razlici izmedu njih, iterativnim postupkom je
odredena nova raspodjela debljine istisnu¢a. Konvergencija s relaksacijom je nastavljena

sve dok se ne usklade raspodjele brzina iz dva podrucja strujanja.
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Slika 2.1: Shema direktnog sprezanja viskoznog i neviskoznog strujanja

U simultanoj metodi Eulerove jednadzbe su rijeSene istovremeno s jednadzbama
granic¢nog sloja. Oba skupa jednadzbi su zapisani zajedno i rijeSeni kao jedan sustav
jednadzbi.

Metoda sprezanja pomocu transpiracijske brzine pokazala je jake oscilacije rjesenja
u slucajevima strujanja bliskim odvojenom strujanju i na polozaju naglog zadebljanja
grani¢nog sloja. Kako bi se smanjilo takvo oscilatorno ponaSanje rjesenja i postiglo
monotono konvergirano rjesenje, koriStena je metoda podrelaksacije. Podrelaksacija je

izvedena na transpiracijskoj brzini prema sljede¢em izrazu:

vy = vy + B (v — 7). (2.4)

Gornji indeksi o i n predstavljaju staro odnosno novo rjesenje iznosa transpiracijske
brzine u postupku iteracije sprezanja viskoznog i neviskoznog strujanja. (3 predstavlja
podrelaksacijski faktor koji je manji od jedinice. U poc¢etnom koraku racunanja kada
se transpiracijska brzina racuna prvi put, staro rjeSenje je jednako nuli. Lijeva strana
jednadzbe (2.4) je rezultirajuéi iznos transpiracijske brzine i on sluzi kao staro rjesenje

u sljedecoj iteraciji.



3 | Model neviskoznog
strujanja

U ovome poglavlju prikazati ¢e se jednadzbe koje opisuju dinamiku stlacivog fluida,
Sto obuhvaca podrucje ovog rada. Biti ¢e opisana metoda rjesavanja tih jednadzbi
i takoder transformacija krivolinijskih (fizickih) koordinata u Kartezijske (racunalne)
koordinate mreze. Biti ¢e pokazan rubni uvjet na vanjskom rubu domene kao i rubni
uvjet na konturi aeroprofila. Takoder, u ovome poglavlju biti ¢e pokazano ukljucivanje

utjecaja grani¢nog sloja preko transpiracijske brzine u rubni uvjet na konturi aeroprofila.

3.1. Transformacija koordinata

U strujanjima oko oblih tijela kao Sto je poprecni presjek krila odnosno aeroprofil,
mogu se koristiti prianjajuci krivolinijski koordinatni sustavi (eng. body-fitted coordinate
system). Na slici 3.1 prikazan je prianjajuéi koordinatni sustav na dvodimenzionalnoj
mrezi oko aeroprofila s osima £ i 7.

Strukturirana mreza u takvom koordinatnom sustavu moze se vrlo lako preslikati u
kartezijski koordinatni sustav s kartezijskom mrezom koji olakSava numericke proracune
primjenom metode kontrolnih volumena. Funkcijski oblik preslikavanja iz kartezijskog
sustava (z,y,t) u krivolinijski koordinatni sustav s prianjajué¢im koordinatama (£, 7, 7)

moze se izraziti u slijede¢em obliku:

5 :g(l‘,y,t)
n= n(x7y7t) (31>

11
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Slika 3.1: Prianjajuéi krivolinijski koordinatni sustav oko konture aeroprofila

Na slici 3.2 prikazane su karakteristi¢ne tocke (od A do F) na krivolinijskoj struk-
turnoj mrezi oko aeroprofila. Tocka A se nalazi na izlaznom bridu na donjoj strani
aeroprofila, a tocka F se nalazi na izlaznom bridu na gornjoj strani aeroprofila. Na istoj
slici te tocke su prikazane u fizickoj ravnini (dolje lijevo) i iste te tocke u preslikanoj
(racunalnoj) ravnini (dolje desno). Gornjaka i donjaka aeroprofila je u preslikanoj rav-
nini prikazana linijom izmedu toc¢aka A i F, a u preslikanoj ravnini prikazana je punom
podebljanom linijom izmedu tocaka A i F. Funkcije preslikavanja izmedu tih dviju mreza
dane su izrazima u jednadzbama (3.1).

Transformacijom Eulerovih jednadzbi iz Kartezijskog u krivolinijski koordinatni sus-
tav potrebno je izrac¢unti metricke koeficijente koji se pojavljuju u transformaciji mreze.
Iz funkcijskih ovisnosti (3.1) mogu se izraziti derivacije u ovisnosti o Kartezijskih ko-
ordinata i vremena, koje se pojavljuju u jednadzbi (3.5), pomoc¢u lan¢anog pravila na
slijede¢i nacin:

0 0 0 0

e :£x3_§+nw3_7] +TZE

ﬁ—fg_’_ 2_‘_ 2
oy~ ~voe Moy T Vor
o 9 0

2—5__‘_ — 47—
ot~ Stoe " Man T Tar
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Slika 3.2: Preslikavanje krivolinijske mreze na kartezijsku mrezu

Indeksi u izrazu (3.2) i narednim izrazima oznacavaju parcijalnu derivaciju po varijabli

u indeksu. Metrika transformacije (preslikavanja) je dana slijedeé¢im izrazima:

fzc = J_lyn Ne = _J_lyﬁ Ty = 0
& =—J 'z, ny = J xe 7, =0 (3.3)
& =0 =20 =1

gdje je J determinanta Jakobijeve matrice jednaka:



Poglavlje 3. Model neviskoznog strujanja 14

9 (x.y.1) re Ye O
J: I — = — . 34
|8(§7n77> n Y ’ e Jetn ( )

Ty yr 1

3.2. Eulerove jednadzbe

Pri strujanjima oko aeroprofila s velikim Reynoldsovim brojevima, viskozni efekti
su znacajni samo u uskom podru¢ju oko aeroprofila, u grani¢cnom sloju. U takvim
strujanjima, polje strujanja oko aeroprofila (osim tankog podrucja u blizini aeroprofila
gdje viskozni efekti nisu zanemarivi) moguée je rijesiti pomoéu Eulerovih jednadzbi.
Eulerove jednadzbe opisuju nestacionarno, neviskozno, stlac¢ivo, neizentropsko i vrtlozno
strujanje. Takav oblik jednadzbi predstavlja nelinearni hiperbolicki konzervativni oblik
u kojima su efekti masenih sila, viskoznih naprezanja i tokova topline zanemareni. Za
takav oblik jednadzbi, Riemannovi rjesavaci i uzvodne metode (eng. upwind methods)
su direktno primjenjivi.

Postoje razliciti zapisi Eulerovih jednadzbi. Eulerove jednadzbe mogu se napisati
u konzervativnoj diferencijalnoj formi, u dvodimenzijskom Kartezijskom koordinatnom

sustavu na slijede¢i nacin:

0Q , OF(Q) , 9G(Q)

=0 3.5
ot ox dy (3:5)
gdje su vektori Q, F i G jednaki
p pU pu
2
+
Q= |™ |7 TP a-=| " (3.6)
pU pUv pv* +p
pe puh pvh

U vektorima (3.6), e je specificna ukupna energija (po jedinici mase)

1 p 1,, 9
L 3.7
e 7_1p—|—2(u+v) (3.7)

a h je specificna ukupna entalpija (po jedinici mase)
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Dy 5 (2407, (38)

3.3. Dijeljenje vektora protoka

Sheme temeljene na centralnoj shemi diskretizacije po prostoru, koje se odnose na
clanove protoka u podzvuénom strujanju, imaju simetriju u odnosu na promjenu predz-
naka vlastitih vrijednosti (karakterisicnih brzina) koja ne radi razliku izmedu nizstrujnog
i uzstrujnog utjecaja. Zbog toga fizicko prostiranje perturbacija uzduz karakteristika, sto
je tipi¢no za hiperbolicke jednadzbe, nije uzeto u obzir u definiciji takvog numerickog
modela. Da bi se to izbjeglo, u implementaciji numerickog modela u ovome radu je
koristena metoda dijeljenja vektora protoka (eng. wvector fluzx splitting). Ova metoda
pripada skupini uzstrujnih metoda (eng. upwind methods) koje uzimaju u obzir smjer
prostiranja perturbacija. Vise o metodi dijeljenja vektora protoka moze se naci u iz-
vjestajima Stegera i Warminga [22].

Sustav jednadzbi (3.5) moze se napisati u matricnom obliku na slijede¢i nacin:

0Q 0Q 0Q _
o TAQ g+ B(Q)a—y =0 (3.9)
gdje su
OF oG
AQ -5 B@-=gg (3.10)

Koeficijenti u matricama A i B su funkcije vektora Q, pa je stoga sustav jednadzbi (3.9)

nelinearan. Matrice A i B nazivaju se Jakobijeve matrice (Jakobijane) i imaju slijedeéi

oblik:

afl/aQ1 afl/aQQ 8fl/aqa af1/6q4
AQ) = OF _ |0f2/0q1 0f2/9¢s 0f2/0gs Of2/0q (3.11)
0Q 3f3/8q1 3f3/aQ2 8f3/8q3 6f3/aQ4

af4/(9C11 af4/é’QQ 8f4/@q3 af4/3Q4
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991/0q 9g1/0q2 9g1/045 9g1/9qu
_3G_ 092/0q1 0g2/0qz 0g2/0q3  0g2/0qu

B(Q) =—= = (3.12)
0Q 893/ 93/dqs Dgs/Dqs g3/
091/0aq1  091/0q>  0ga/Dqs  0g4/0qu
gdje su f;, g; i ¢; komponente vektora F, GiQ, zai=1,2,3,4.
Vlastite vrijednosti \; matrice A su rjesenja karakteristicnog polinoma
|A — M| = det(A — A\I) =0 (3.13)

gdje je I jedini¢na matrica. Analogno vrijedi i za matricu B. Fizikalno, vlastite vrijed-
nosti predstavljaju brzine Sirenja poremecaja. Sustav jednadzbi hiperbolickog tipa ima
sve realne vlastite vrijednosti.

U algoritmu dijeljenja protoka, vektori protoka F i G se dijele na pozitivne F*, G

i negativne doprinose F~, G™:

F=F"+F"
G=G"+G".
Vektori protoka su podijeljeni tako da matrice Jakobijane OF"/0Q, 0G*/0Q imaju

samo pozitivne, a matrice Jakobijane 0F~ /0Q, 0G~ /0Q samo negativne vlastite vri-

(3.14)

jednosti. Prema takvom dijeljenu, jednadzba (3.9) ima slijedeéi oblik u Kartezijskim

koordinatama:
0Q | 9FT0Q 0P~ 0Q  9GT0Q  0G~0Q _
ot 0Q Jdr  0Q O 0Q 0y oQ dy

Zbog takvog dijeljenja, racunanje prostornih derivacija od F™ i GT mora se provesti

0. (3.15)

s diferenciranjem unazad, dok se prostorna derivacija od F~ i G~ mora provesti s
diferenciranjem unaprijed.

Dijeljenje je napravljeno u odnosu na jednodimenzionalni Mach-ov broj M, = u/a i
M, = v/a. Za podzvucno strujanje, gdje su |M, < 1| za F i |M, < 1] za G, dijeljenje
protoka F i G je napravljeno prema Van Leer-u [23] kako slijedi:
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i%ﬂ1ng2
a
— (v =M, £2] fi
o (3.16)
it
2
202 -1 fi 27t
[ i%ﬂ1iMw2 ]
ugy
:t: a
G Sl =DM =26 |- (3.17)
2
v (9) _|_U_2gi
| 2(2-1) gf 270

[ predstavlja prvi, a f3 drugi ¢lan vektora F*, dok gi predstavlja prvi, a g5 drugi
¢lan vektora G*.

Za supersonicno strujanje, gdje su [M, > 1| za F i M, > 1| za G, slijedi:

Ff=F, F =0 za M, > +1

(3.18)
Ft=0, F=F za M,<-1

G"=G, G =0 =za M, >+1
(3.19)

G"=0, G =G za M,<-1
Kako su numericki prora”c uni u ovome radu provedeni u krivolinijskim koordina-
tama, potrebno je transformirati Euler-ove jednadzbe iz kartezijskih koordinata (z,y,t)
u krivolinijske koordinate (§,7,7). Kad se Euler-ove jednadzbe u kartezijskim koor-
dinatama (z,y,t) transformiraju u prianjajuéi koordinatni sustav (£,7,7), tada iste

jednadzbe u konzervativnom obliku imaju slijedeé¢i oblik:

0Q  OF oG _

— 2
5t et =0 (3.20)
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gdje su Q, F i G transformirani vektor konzervativnih varijabli i vektori protoka:

Q=JQ

F = (—yyz, + 2,9-) Q + y,F — 2,G (3.21)

G = (~weyr + yerr) Q + yeF — 2¢G.
U jednadzbama (3.21) i slijede¢im jednadzbama u ovome radu, indeksi &, n i 7 predstav-
ljaju derivacije fizickih koordinata prema krivolinijskim koordinatama (&,n,7). J je Ja-
kobijana transformacije. Jednadzba (3.20) nema jednaku strukturu kao jednadzba (3.5)
i nije prikladna za primjenu opisanog dijeljenja vektora. Korektno dijeljenje transfor-
miranih vektora protoka je napravljeno tako da se vektori protoka F i G napisu kao
umnozak lokalne matrice rotacije i izmijenjenog vektora protoka sto je opisano u [24].
Na taj nacin izmjenjeni vektori protoka imaju isti oblik kao vektori protoka u karte-
zijskim koordinatama, ali sadrze transformirane umjesto kartezijskih brzina. Vektori

protoka napisani u tom obliku jednaki su:

F(Q) = /22 + y2TrF(Q)
o - (3.22)
G(Q) = /7 + ¥{TcG(Q)

gdje sada tokovi imaju oblik kao i u kartezijskim koordinatama, ali s transformiranim

brzinama:

—_

gl

(3.23)

Ol
I
S

2|

|

(3.24)

M|
[
>
= |
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Ql
I
S
S
[

dok su u vektoru G jednake

U= Ze(u—x:)+ ge(v —yr)

U= —9Ye(u—2x;) + Te(v —ysr).

(3.25)

(3.26)

(3.27)

Brzina @ u vektoru protoka F predstavlja ukupnu brzinu okomitu na koordinatnu os

¢ = konst., a brzina v predstavlja ukupnu brzinu u smjeru koordinatne osi ¢ = konst., tj.

to su kovarijantne odnosno kontravarijantne komponente brzine na stranici kontrolnog

volumena ¢ = konst.. U vektoru protoka G brzina @ predstavlja ukupnu brzinu u

smjeru koordinatne osi n = konst., a brzina v predstavlja ukupnu brzinu okomito na

koordinatnu os n = konst., tj. kontravarijantnu i kovarijantnu komponentu brzine na

stranici kontrolnog volumena 7 = konst.. Te brzine su prikazane na slici 3.3.

Metricki koeficijenti &, §,, Z¢ 1 ¢ su normalizirani na sljedec¢i nacin:

R Ty
:L‘n - 2 2
xﬁ + yﬁ
. Yn
yn - 2 2
3377 + yﬁ
. Te
A Y
\/ Te T Ye
. Ye

Ve ==
\/Te T Ve

(3.28)

Transformirana ukupna energija € i ukupna entalpija h su jednakog oblika kao u karte-

zijskim koordinatama, ali imaju u sebi transformirane brzine:
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1 0 0
T, Un Ty
Ty = . X
Yr _xn yr]
a4y A
L T y’!]xT xnyT xnxT + ynyr
[ 1 0 0
T Tr ii‘g —:l)g
¢ Yr Ue Te
w2 +y? X R X
| T Tetr Uy Beyr — Jets

o O O

o o O

1

(3.29)

(3.30)

(3.31)

(3.32)

Sada se dijeljenje izmijenjenih vektora protoka F i G moze izvesti na isti na¢in kao

dijeljenje protoka F i G u jednadzbama (3.16) i (3.17):
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-4 —t
F = /22 +y2TpF (3.33)
~ S—
G = /7 +y{TcG (3.34)

gdje se vektori FiG" racunaju na isti nacin kao i podijeljeni vektori u kartezijskim
koordinatama napisani u izrazima (3.16) i (3.17), ali umjesto Mach-ovih brojeva Ma,
i Ma, dolaze Mach-ovi brojevi Ma¢ i Ma,, koji su izracunati pomocu transformiranih

brzina:

Mag =
(3.35)

ISERS RSN

Ma,, =

3.4. Metoda rjesavanja Eulerovih jednadzbi

Euler-ove jednadzbe u pranjaju¢im koordinatama, s podijeljenim vektorima toka,

sada imaju slijedeé¢i oblik:

0Q  OF" OF G  0G
or 0 9E - In O

Jednadzba (3.36) je diskretizirana i rijeSena na eksplicitni nacin:

—0. (3.36)

Rt . =+ ,
i) = Q') — Ar | & <Z+1/27J>A—£F (i —1/2,5)

+]§‘ (1+1/2,5) —F (i—1/2,j)
Ag

+G+(@',j +1/2) =G (i, —1/2)
An

— ~ n

LG (1j+1/2) =G (i,j—1/2)
An

(3.37)

gdje indeksi (4, 7) predstavljaju centar razmatranog kontrolnog volumena. Indeksi (i +
1/2,7) 1 (i — 1/2,j) predstavljaju dvije stranice kontrolnog volumena na linijama § =
konst., a indeksi (i, j+1/2) i (i, j —1/2) predstavljaju dvije stranice kontrolnog volumena

na linijama n = const. (vidi sliku 3.4). Gornji indeksi n i n+1 predstavljaju stari odnosno
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novi vremenski trenutak. Razlika izmedu dviju susjednih linija mreze u prianjajué¢im
koordinatama (A i An) je proizvoljno odabrana i jednaka A{ = Anp = 1m. Prostorne
derivacije su aproksimirane pomoéu MUSCL sheme (MUSCL - Monotone Upstream-
centered Schemes for Conservation Laws), pri cemu su protoci na stranicama kontrolnog
volumena racunati neposredno ekstrapolacijom rjesenja vektora Q pomocu formule za
unaprijed odnosno unazad ovisno o tome da li se radi o pozitivnom ili negativnom

doprinosu vectora protoka. Opcenito, formula za racunanje podijeljenih tokova slijedi:

(i+1/2, ]

®(.j)

G, j-1/2)

Fi-1/20) = F (Q7, m )
i—35,] 3
Fi+1/2,)=F (QF
(Z+ / 7]) = <Qi+%7]~7mi+%,j>
-1 .t (3.38)
G (i,j—1/2)=G (Qﬁj_lami,jf%)
(2,7 )

gdje ¢lan m predstavlja sve geometrijske ¢lanove ukljucene u transformaciju prianjajucih
koordinata, tj. metricke koeficijente. Podindeksi i —1/2, i+ 1/2, j—1/21j+1/2u
izrazima (3.38) predstavljaju stranice kontrolnog volumena kao §to je ranije napisano.
Ekstrapolirane vrijednosti vektora rjesenja Q su odredene pomocu formula drugog reda

tocnosti (ovdje prikazane samo za £ smjer):
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Q;%,j = ng + 0'5(Qi,j - Qi—l,j)
QL%J = Qi+1,j + 0'5(Qi+1,j - Qz’+2,j)

gdje ponovno podindeksi 7 — 1, 7, ¢ + 1, ¢ + 2 predstavljaju indekse centara kontrolnih

(3.39)

volumena, a podindeks i+% predstavlja desnu stranicu kontrolnog volumena s indeksom

i. Analogno tome vrijedi i za 7 koordinatnu os.

3.5. Rubni uvjetii odredivanje tlaka na konturi aero-
profila

Rubni uvjet na konturi aeroprofila je postavljen u neviskoznom rjesavacu strujanja.
Na povrsini aeroprofila, rubni uvjet je zadan nepostojanjem protoka kroz povrsinu aero-
profila, odnosno postojanjem samo tangentne brzine na konturi. Matematicki, taj rubni

uvjet se moze napisati na sljedeéi nacin:

(=t —0,) =0 (3.40)

gdje je ¥ brzina fluida, @, propisana brzina gibanja granice (konture aeroprofila), v,
je transpiracijska brzina proizasla iz postojanja grani¢nog sloja i 7 je jedini¢ni vektor
normale na konturi aeroprofila. Transpiracijska brzina predstavlja efekt zadebljanja
grani¢nog sloja, i pomocu iste brzine je model grani¢nog sloja spregnut s neviskoznim
modelom strujanja. Model transpiracijske brzine je izveden u [19] za nestlacivo strujanje
pod nazivom ekvivalentni izvori. Na isti na¢in moze se izvesti izraz za transpiracijsku

brzinu za stlacivo strujanje:

d (peued™)
ds

gdje v; predstavlja iznos transpiracijske brzine u smjeru okomitom na konturu aeropro-

(3.41)

Pelt =

fila, 0* je debljina istisnuéa (definirana u jednadzbi (4.3)), a s je krivolinijska koordinata
koja ide uzduz konture aeroprofila od zaustavne tocke prema izlaznom bridu. u, i pe su
iznos brzine i gustoce na rubu grani¢nog sloja. Jednadzba (3.41) predstavlja intenzitet
(maseni protok po jedini¢noj povrsini) dodatnog istrujavanja zbog postojanja grani¢nog

sloja. Transpiracijska brzina je posebno racunata za gornju i donju stranu aeropro-
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fila od zaustavne tocke do izlaznog brida aeroprofila. Na slici 3.5 pokazani su vektori

transpiracijske brzine koji su u smjeru okomitom na gornju stranu aeroprofila.

Stagnation
point

X

Slika 3.5: Transpiracijska brzina na konturi aeroprofila

Rubni uvjet (3.40) se moze preurediti deriviranjem tog izraza Sto daje sljededi izraz:

Dv D (v, + % Dn
U.ﬁ_(”b—w.ﬁJr(g_@_qyt i

i D ) D =

Prvi ¢lan u jednadzbi (3.42) predstavlja lijevu stranu jednadzbe koli¢ine gibanja u smjeru

0. (3.42)

jedini¢ne normale 7i:

D
Dt
Kada se jednadzba (3.43) uvrsti u jednadzbu (3.42), dobije se novi oblik jednadzbe

koli¢ine gibanja u smjeru jedini¢ne normale na konturu aeroprofila:

1
-1 = ——gradp - 1. (3.43)
p

Dn D(9 Uy
p{D—Z-(U—ﬁb—ﬁt)—(vbD—;wt)~ﬁ}:gradp-ﬁ. (3.44)
U jednadzbi (3.44) utjecaj grani¢nog sloja je spregnut s neviskoznim rjesavacem pomocu
transpiracijske brzine. Jednadzba (3.44) se moze izraziti na konturi aeroprofila kako bi

se izracunao gradijent tlaka u smjeru normale. Odredivanjem gradijenta tlaka na konturi
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aeroprofila, moguce je to¢no izracunati tlak na konturi iz tlaka u kontrolnom volumenu

koji granic¢i s konturom aeroprofila. Tlak na konturi p; moze se izracunati pomocu:

A .
P1 = P2 — 777 gradp - ni (3.45)

gdje je ps tlak u centru prvog kontrolnog volumen koji granici s konturom aeroprofila, a
jedna polovica (1/2) je proizasla iz ¢injenice da je duljina kontrolnog volumena u smjeru
n koordinatne osi jednaka An = 1m (visi sliku (3.6)). Isto vrijedi i za £ koordinatnu os
gdje je A = 1m.

X

Slika 3.6: Tlak u kontrolnom volumenu koji granici s konturom aeroprofila

Jednadzba (3.44) se treba transformirati u pripadajuéi koordinatni sustav. Cijeli
proracun neviskoznog strujanja je napravljen u krivolinijskim koordinatama (&, n,7). T
je transformirano vrijeme koje je jednako stvarnom fizikalnom vremenu t. Mreza oko
aeroprofila je mreza C-tipa generirana pomoc¢u uvjeta da su koordinatne linije & = konst.
(vidi sliku 3.1) okomite na konturu aeroprofila. Takoder, linija n = konst. poklapa se
s konturom aeroprofila. Sukladno s tim uvjetima, transformacija jednadzbe (3.44) u
sustav krivolinijskih koordinata daje sljedecu jednadzbu (cijelu izvod rubnog uvjeta je

pokazan u dodatku A.):
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ap 2 2 ap
an (% + yg) = o€ (zewy + Yeyn) +
u? 2u
P8 Ty Weee — Teyee) + ——= (YeTre — TeYre) + Trrle — YrrTe |+
(a8 +v¢) R (3.46)

+ (YeVtae — TeViye) (Y (Vo — ) — Ly (vy = yr)) + J (VtarYe — Viyre) }

U jednadzbi (3.46) brzina @ je kovarijantna brzina na stranici kontrolnog volumena
n = konst. i definirana je prema izrazu (3.27), a J je Jakobijana definirana u izrazu (3.4).
Metricki koeficijenti x¢, ye, @y, Yn, Tee, Yee su konstante mreze gdje indeksi predstav-
ljaju derivaciju po varijabli u indeksu. Brzina mreze je prikazana ¢lanovima x, i y,.
Zadnji ¢lan i jednadzbi (3.46) uzima u obzir nestacionarnost mehanizma sprezanja kroz
vremensku derivaciju komponenata transpiracijske brzine vy 1 vyy. Iz jednadzbe (3.46)
moze se direktno izracunati gradijent tlaka u smjeru okomitom na konturu aeroprofila
Op/on.

Na vanjskim rubovima domene, koristeni su karakteristi¢ni rubni uvjeti. Pri tome
se problem promatra kao lokalno jednodimenzionalan, odnosno derivacije uzduz granice
se mogu zanemariti (0( )/0¢ — 0). Iz generaliziranih Riemman-ovih invarijanti [25] za

hiperbolicki sustav jednadzbi, dolazi se do izraza koji vrijede uzduz smjera prostiranja

poremecaja:
ﬁ =0 along Cc . d_x = Uporm
dt dt 347
A (3.47)

dvnorm 1 dp +
+ ——=0 1 c*: —
dt pa di aons T

gdje je S entropija, a lokalna brzina zvuka, a vyo, lokalna brzina okomito na vanj-

= Unorm +Ta

sku granicu domene. C° i C* predstavljaju tri karakteristike prostiranja poremeéaja
na vanjskoj granici domene. Uz pretpostavku da je stujanje izentropsko, posljednja
jednadzba u (3.47) prelazi u sljedeéi oblik:

d d
a(Ri) =0 uzduz d—f = Vporm = @ (3.48)

gdje su R* Riemman-ove invarijante

2a
-1

R* = Uporm + (3.49)
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Karakteristicne jednadzbe (3.49) se koriste za izra¢un varijabli na granici u novom vre-
menskom koraku. Za dvodimenzionalni slu¢aj broj varijabli iznosi ¢etiri (p,u,v,p). Stoga
je potrebno imati i Cetiri nezavisne jednadzbe. Za podzvucno ustrujavanje na vanjskom

rubu domene, gdje je vyorm < 0, vrijede slijededi izrazi:

R* = R (o0)

R~ =R (F)
(3.50)

Vtang = Utang(oo)

pr = pr(00).
U jednadzbi (3.50) simboli oo i F' predstavljaju vrijednosti za slobodnu strujanje odnosno
vrijednosti za polje strujanja unutar racunalne domene. wian, je brzina fluida uzduz
vanjskog ruba domene, a pr je totalni tlak. Na slici 3.7 prikazane su komponente brzine
fluida na vanjskoj granici domene. Isto tako za podzvuéno istrujavanje na vanjskom

rubu domene, gdje je vpom > 0, vrijede sljedeéi izrazi:

R* = R (F)
R™ = R (c0)
(3.51)
Vtang = Utang(F)
pr = pr(F).
Oznaka F oznacava da su karakteristicne varijable ekstrapolirane lokalno iz unutrasnjosti

domene, a oznaka co da su varijable izracunate iz vrijednosti slobodne struje.

Y [m]

Slika 3.7: Brzine na vanjskom rubu domene
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U ovome poglavlju, opisane su integralne jednadzbe grani¢nog sloja za stlacivo stru-
janje, koje su koristene pri viskozno-neviskoznom sprezanju. Uz osnovne jednadzbe koje
opisuju strujanje u grani¢nom sloju, prikazane su i jednadzbe koje predstavljaju dopun-
ske relacije. Postoji nekoliko opisa jednadzbi grani¢nog sloja primijenjeni u literaturi
kao sto su integralne jednadzbe i diferencijalne jednadzbe granicnog sloja.U ovome radu

je primijenjen integralni model grani¢nog sloja prema Drelai i Gilesu [12].

4.1. Integralne jednadzbe grani¢nog sloja za stlacivo
strujanje prema Drelai

Jednadzbe grani¢nog sloja i dodatne relacije koristene u metodi viskozno-neviskoznog
sprezanja u ovom radu su preuzete iz rada Marka Drelae [10], koji je postigao izvrsne
rezultate za stacionarno krozzvucno strujanje. Integralne jednadzbe grani¢nog sloja
koristene u ovome radu su Von Karman-ove integralne jednadzbe koje predstavljaju

jednadzba koli¢ine gibanja:

do  C% o\ 0 due
—=——(H+2-Ma) — 4.1
ds 2 ( + ae) Ue ds (4.1)
i jednadzba kineticke energije, takoder znana kao jednadzba parametra oblika
dA* 2Cp H*C; 2H* H* du,
=— — —— — 1—-H . 4.2
ds 0 0 2 ( Hx * ) ue ds (42)

Varijabla s predstavlja jednodimenzionalnu krivolinijsku koordinatu uzduz konture aero-

profila, a indeks e predstavlja vrijednost varijabli na rubu grani¢nog sloja. Koordinata

28
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s pocinje od zaustavne tocke i ide odvojeno na gornjoj i donjoj strani aeroprofila prema
izlaznom bridu. U jednadzbama (4.1) i (4.2) varijabla s je uvedena iz razloga jer koor-
dinate s i ¢ imaju razlicito ishodiste i razli¢itu duljinu na konturi aeroprofila. Varijabla
s je fizicka koordinata, dok koordinata ¢ nije. Jednadzbe grani¢nog sloja (4.1) i (4.2)
vrijede za stacionarno strujanje, i kao takve su koristene u metodi viskozno-neviskoznog
sprezanja razvijenoj u ovom radu.

Integralne varijable u jednadzbama (4.1) i (4.2) definirane su sljede¢im izrazima:

5* :/(1 . ;’5) dn (4.3)

e debljina istisnuca

debljina kolic¢ine gibanja

e koeficijent trenja
2Ty
Cr = PR (4.5)
e debljina kineticke energije
r u\*\ pu
e*:/ 1—(—) Py (4.6)
/ Ue Plle
e debljina gustoce
5 = / ( - ﬁ) L (4.7)
J Pe) Ue
e koeficijent disipacije
1 ou
Cp = —dn. 4.8
P ez ) Ton™ (48)

0
Takoder, parametri oblika definirani su na sljedec¢i nacin:
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Jednadzba kolicine gibanja (4.1) i jednadzba parametra oblika (4.2) vrijede za la-
minarno i za turbulentno strujanje u grani¢nom sloju, kao i za strujanje u slobodnom
tragu aeroprofila. Te jednadzbe sadrze vise od dvije nezavisne varijable i stoga ¢e biti
potrebno napraviti neke pretpostavke zbog dodatnih nepoznanica. Dodatne nepoznate
varijable su: Cf, Cp, H* i H**. Sve dodatne jednadzbe su izmedu ostalog izrazene i
preko kinematickog parametra oblika Hy koji je definiran s konstantnom gusto¢om kroz
grani¢ni sloj. Profili brzina za stlac¢ivo i nestlac¢ivo strujanje imaju priblizno iste oblike
sto sugerira da dodatne relacije u stla¢ivom strujanju trebaju biti temeljene na kine-
matickom parametru oblika koji ovisi samo o profilu brzina. Whitfield [26] je razvio
empirijski izraz za Hy u ovisnosti o konvencionalnom parametru oblika i Machovom

broju na vanjskom rubu grani¢nog sloja:

_ H—0.29Ma;
140113 Ma2’

Ovakav oblik kinematickog parametra oblika koristi se i za laminarna i za turbulentna

L (4.10)

strujanja.

Za laminarna strujanja, dodatne jednadzbe su definirane kao u [10]:

e Parametar oblika kineticke energije

e — i +0.028 Ma? (4.11)
14 0.014 Ma? '

gdje je
Hy —4)?
1.515 + 0.076 % . Hy <4
Hf = k 4.12
L515+0.04 =—2—=,  Hy >4
k

e Koeficijent trenja (Koeficijent smicanja na zidu)

7.4 — Hy)?
0,067 + 0.01977 (A= H)” . Hy<T74
C’f Hk —1
RGQ? = 1 4 2 (413)
—0.067 + 0.022 <1 - 6> . Hc>74
-
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e Koeficijent disipacije

0.207 + 0.00205 (4 — H)*® , Hy < 4
Rep oD — (4= 8 ‘ (4.14)

Hr 0.207 — 0.003 (Hy —4)° ,  Hy >4

e Parametar oblika debljine gustoce

0.064
H™ = ——— +0.251 | Ma2. 4.15
(Hk —08 " ) % (4.15)

Izraz (4.15), za parametar oblika debljine gustoce, ¢e se koristiti u proracunima za
laminarna i turbulentna strujanja.

Za turbulentno strujanje, dodatne jednadzbe su izvedene na ¢injenici postojanja
dvoslojne strukture turbulentnog grani¢nog sloja. Dodatne jednadzbe za turbulentno

strujanje su definirane kao u [10]:

e Koeficijent trenja (koeficijent smicanja na zidu)

0 3671.33Hk

| Reg 1.74+0.31 Hy
OglO FC

Fch:

Hy
) 11 |tanh [ 4 — —1 4.1
1 0.000 [an( 0'875) ] (4.16)

gdje je
F. = (1+0.2Ma2)"” (4.17)

e Parametar oblika kineticke energije

_ Hp+0.028Ma; (4.18)
~ 140.014 Ma? '

*

gdje su



Poglavlje 4. Grani¢ni sloj 32

( 4 1.6 \ (Hy— Hp)"*®
1.505 + — + ( 0.165 — , H. < H
Reg ( ¢Re;) Hy, S
Hi =
4 0.04 In (R
1505 + =— + (Hi — Ho)* | 7= +0.007 n 69)4 |, He> H,
€0 k
H,— Hy+ ————
\ ( T (Reg))
(4.19)
i
400
Hy=3+—. 4.20
0 + Reg ( )
e Koeficijent disipacije
20p  C; [ 4 1 2
2= 1) 4+ = 1— 4.21
o _¢ (Hk )3+H*a< 0) (421)

gdje je koeficijent smicanja izracunat iz jednadzbe zaostajanja (eng. lag equation):

5 dCT _ 0.5 0.5
& a =1 (C o ) (4.22)

a izraz za debljinu granicnog sloja ¢ je jednak

1.72 .
5_9(3.15+Hk_1)+5. (4.23)

Koeficijent smicanja C; je bezdimenzijska veli¢ina definirana kao
(_W) max
CT = u—g (424)
gdje je —u/v' Reynoldsovo naprezanje. Bezdimenzijska smi¢na brzina Uy i ravnotezni

koeficijent smi¢nog naprezanja C7,, u jednadzbi 4.18 su definirani kao
H* (4
Us = — =1 4.25
5 (1) (4.25

_H* 003 (H—1)\°
T2 1-U\ He )

(4.26)
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4.2. Postupak rjesavanja jednadzbi grani¢nog sloja

Jednadzbe grani¢nog sloja (4.1) i (4.2), koriStene u ovom radu, rijesene su Runge-
Kutta metodom ¢etvrtog reda. Te dvije jednadzbe sadrze dvije zavisne varijable 6, H* i
dodatne cetiri nepoznate varijable C;, H, C'p and H**. Te nepoznate varijable racunate
su pomoc¢u dodatnih relacija. Dodatne relacije, koje su koristene da se zatvori sustav
jednadzbi, napisane su u potpoglavlju 4.1..

Ulazne vrijednosti u jednadzbama grani¢nog sloja su raspodjela brzine fluida u,(s)
i Machovog broja Ma,(s) po rubu grani¢nog sloja, koji su funkcija udaljenosti od zaus-
tavne tocke uzduz konture aeroprofila. Te raspodjele su izlaz iz rjeSavaca neviskoznog
dijela strujanja na poziciji konture aeroprofila.

Integracija jednadzbi grani¢nog sloja poc¢inje od pocetnog zadanog rjesenja za ravnu
plo¢u u laminarnom strujanju. Vrijednosti varijabli grani¢nog sloja za pocetno rjeSenje

su dobivene iz Blasiusovog [27] rjesenja:

e Debljina grani¢nog sloja

Vs
0=>5,]— 4.27
= (427
e Debljina istisnuca
Vs
0" =1.7208, / — 4.28
- (1.25)
e Debljina kolic¢ine gibanja
Vs
0 =0.664,/ — 4.29
= (129)
e Koeficijent trenja A
0.66
Cr = 4.30
! Reg ( )

gdje je Res; Reynoldsov broj s referentnom duljinom s mjerenom od zaustavne tocke u
blizini napadnog brida do odredene tocke uzduz ploce.

Glavni ¢vorovi prostorne integracije jednadzbi grani¢nog sloja uzduz s-koordinate
poklapaju se s polozajem centara stranica kontrolnih volumena na povrsini aeroprofila
(vidi sliku 4.1). U tim ¢vorovima (¢vorovi @ i i 4+ 1 na slici 4.1) preuzete su vrijed-
nosti varijabli u. i Ma, iz neviskoznog strujanja na povrsini aeroprofila. Zbog tocnije
integracije je udaljenost izmedu dva glavna ¢vora podijeljena na dvadeset podintervala

(nisu svi prikazani na slici 4.1). Postupak integracije za podintervale je jednak kao i za
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glavne ¢vorove, a poznate vrijednosti iz neviskoznog strujanja su interpolirane iz glavnih
¢vorova na ¢vorove podintervala.

Integracija granicnog sloja pocinje na 5% tetive aeroprofila da se izbjegne zaustavna
tocka i velika zakrivljenost (mali radijus) u blizini napadnog brida. Rjesenje grani¢nog
sloja na toj duljini do 5% tetive je jednako Blasiusovom rjesenju za ravnu plocu. Nakon

tog polozaja pocinje rjeSavanje modela grani¢nog sloja prema Drelai.

Y [m]

X [m]

Slika 4.1: Glavni ¢vorovi grani¢nog sloja i podintervali

Na slici 4.2 prikazan je algoritam integracije jednadzbi grani¢nog sloja. Taj algoritam
prikazuje integraciju Runge-Kutta metodom cetvrtog reda izmedu dva ¢évora (podinter-
vala) u grani¢nom sloju. Algoritam zapoc¢inje poznatim vrijednostima za 6, H i C; na
lijevom kraju podintervala. Takoder, vrijednosti iz neviskoznog rjeSavaca za lijevi i desni
kraj podintervala su poznate, odnosno vrijednosti na rubu grani¢nog sloja Mae, e, pe 1
due/ds. U drugom i narednim koracima Runge-Kutta metode varijabla H* je poznata
vrijednost umjesto H. To je zbog poznate derivacije dH*/ds, pomoc¢u koje je dobiven
inkrement od H* na sredinama intervala (drugi i treé¢i korak RK metode) i na desnom
kraju intervala (Cetvrti korak RK metode). Kako je Hy potreban za ostale dodatne
relacije, ta varijabla mora se izraCunati iz izraza (4.12) i (4.19) za laminarno odnosno
turbulentno strujanje. Posto se varijabla H) ne moze eksplicitno izraziti, potrebno je

provesti iterativni postupak za odredivanje Hy iz (4.12) i (4.19). Ovdje je taj pos-
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tupak proveden metodom bisekcije. Nakon jednog rijesenog podintervala Runge-Kuta
metodom, dobivena je vrijednost varijabli grani¢nog sloja na pocetnom ¢voru sljedeceg
podintervala.

U cijelom postupku integracije upotrebljena je e™ metoda tranzicije. Ta metoda
odreduje polozaj tranzicije i sukladno tom plozaju upotrijebljene su pripadajuce relacije
za laminarno odnosno turbulentno strujanje. Metoda tranzicije je opisana u potpoglav-
lju 4.3..

1.RK | 0,H,C,,Ma,,u,,p,,du,/ds
2. RK 0,H",C,,Ma,,u,,p.,du/ds
3.RK 0,H",C,,Ma,,u,,p,,du,/ds [
4. RK 0,H",C,,Ma,,u,,p,,du/ds [
¢ -
Yy +
ITERACIJA <
H, 1z H; g
(BISEKCIJOM) ¥
Y v =
@ dH" dCT NE
ds’ ds ’ ds
DA
VRIJEDNOSTI NA
SLIJEDECEM CVORU

0,H",C,,H

Slika 4.2: Algoritam integracije jednadzbi grani¢nog sloja

4.3. Tranzicija

Metoda za odredivanje pocetka tranzicije je izvedena iz teorije prostornog pojacanja
temeljena na jednadzbi Orr-Somerfelda [28]. Ta metoda je takoder poznata kao e"

metoda. Orr-Somerfelova jednadzba opisuje rast i smanjenje poremecaja u viskoznim
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slojevima. Rast tih poremecaja je odgovoran za pocetak tranzicije u granicnom sloju.
Metoda odreduje amplitudu poremecaja integracijom brzine rasta poremecaja od tocke
pojave nestabilnosti. Tranzicija se pojavljuje kada amplituda poremecaja naraste za
faktor veéi od e = €, u odnosu na amplitudu pri pojavi nestabilnosti. Eksponent n
moze se razlikovati od 9, odnosno moze se mijenjati izmedu 7 i 11, u ovisnosti uglavnom
o intenzitetu turbulencije slobodne struje i hrapavosti povrsine [10].

U Drelai [10] je izvedena jednadzba za fakor pojacanja n:

dn dn m(H) +1 1
—(H,0) = H I(H)— 4.31
L,0) = (o) "L ) (431
gdje su
dn 2
=0.014/{2.4H — 3. 2.5tanh [1.5 (H — 3.1 2 4.32
TR = 00 VA 3.7 + 2.5tanh [1.5 (H — 3.1)]} + 0.25 (4.32)
s du, (H —4)? 1
1) = 2% _ 10058 "2 _0.068] —— 4.
m(H) = = [0058 " 0068] T (4.33)
U0 AbH — 14.
(H) = Pete” _ 045 o7 (4.34)

HheS H?
Faktor pojacanja n je funkcija od s, pa se jednadzba (4.31) moze integrirati nizstrujno

od polozaja pocetka nestabilnosti s,:

“d
n(s) = / s, (4.35)

Na polozaju pocetka nestabilnosti s., Reynoldsov broj sveden na debljinu koli¢ine giba-
nja Rep je jednak svojoj kri¢noj vrijednosti Reg = Reg,. Ta kriticna vrijednost se moze

izracunati iz sljedeceg izraza:

1.415 20 3.295
logyoReq, = (m - O.489) tanh (ﬁ - 12.9) o 0440, (436)

Integracija jednadzbe (4.31) je zavrsena kada faktor pojacanja postigne vrijednost
n = 9 i tada jednadzbe grani¢nog sloja prelaze s laminarne na turbulentnu formulaciju
dodatnih relacija. U ovome radu je prelazak na turbulentnu formulaciju trenutni, bez
postupnog prelaska. Nacin prelaska s laminarnih na turbulentne dodatne relacije ima

mali utjecaj na ukupni razvoj grani¢nog sloja [10].



5 Rezultati

U ovome poglavlju ¢e biti prikazani rezultati razvijene numericke metode. Glavni
cilj prikazanih slucajeva je pokazati da odredivanje tlaka po konturi aeroprofila pomoc¢u
uklju¢ivanja transpiracijske brzine u jednadzbu koli¢ine gibanja radi i daje rezultate koji
su usporedivi s eksperimentalnim podacima i prorac¢unatim RANS rezultatima. Razvi-
jena metoda viskozno-neviskoznog sprezanja daje rezultate za stacionarno i za nesta-
cionarno strujanje. Svi prorac¢unati sluc¢ajevi su izvedeni na racunalu s dva procesora,
svaki je na taktu od 2.4 GHz, i velicinom radne memorije od 4 GB. Cijeli racunalni
kod je napisan u programskom jeziku Fortran 95. Najprije ¢e biti opisana racunalna
mreza, a takoder ¢e biti pokazana konvergencija racunalne mreze za slucaj aeroprofila
NACAO0012. Pretpostavka je da ¢e se postiéi slicni rezultati konvergencije za aeroprofile
NLR7301 i NACA64A010, koji su takoder koristeni za evaluaciju razvijene metode u
ovome radu.

Stacionarni rezultati su proracunati za tri vrste aeroprofila, i to NACA0012, NACA-
64A010 and NLR7301. Ti aeroprofili imaju razli¢iti karakter raspodjele tlaka i inten-
ziteta udarnog vala, i to predstavlja izazov za razvijenu numericku metodu viskozno-
neviskoznog sprezanja. Stacionarni probni sluc¢ajevi su izabrani iz baze eksperimentalnih
podataka tako da pokrivaju krozzvucno i podzvucno stlacivo strujanje. Probni slucajevi
bez pojave jakog udarnog vala su koristeni da pokazu dobro rac¢unanje polozaja tran-
zicije pomoc¢u metode za predvidanje tranzicije. Nestacionarni rezultati su proracunati
za dva tipa aeroprofila, NACA0012 i NACAG64A010. Nestacionarni probni sluc¢ajevi su

izabrani iz baze eksperimentalnih podataka tako da imaju pojavu jakog udarnog vala.

37
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5.1. Racunalna mreza

Za sve numericke proracune neviskoznog modela koristene su strukturirane mreze
C-tipa. Sve mreze su generirane pomoc¢u racunalnog koda koji je razvijen u Institutu
za aeroelasticnost u Gottingenu, koji je dio DLR-a (Deutsches Zentrum fiir Luft- und
Raumfahrt). Generiranje mreze postize se rjeSsavanjem Poissonove jednadzbe prema
metodi Stegera i Sorensona [29]. Pojedinosti funkcioniranja ovog eliptickog generatora
mreze moze se nac¢i u [30] i [31]. Mreza je generirana uz uvjet okomitosti na konturu
aeroprofila kao i na vanjski rub domene. Taj uvjet u izvodu jednadzbi rubnog uvjeta
na aeroprofilu pojednostavljuje te izraze i olakSava numericki proracun. Medu mnogim
parametrima koji su korsteni za generaciju racunalne mreze, veli¢ina visine prvog kon-
trolnog voluma u smjeru n osi jednaka 0.5% duljine tetive, a visina zadnjeg kontrolnog
volumena u smjeru 7 osi je jednaka 70% duljine tetive aeroprofila. Takve postavke su
koriStene za sve koriStene racunalne mreze.

Primjer 2D mreze C-tipa za aeroprofil NACA0012, koja je generirana eliptickim

generatorom mreze, prikazan je na slici 5.1, dok je blizi pogled oko konture aeroprofila

prikazan na slici 5.2.

0.6
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Slika 5.1: Racunalna mreza oko aeropro- Slika 5.2: Blizi pogled na mrezu oko kon-

fila NACAO0012 dobivena eliptickim gene- ture aeroprofila NACA0012
ratorom
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5.2. Konvergencija Mreze

U ovome poglavlju u¢injeno je se niz testova konvergencije racunalne mreze za sta-
cionarne i nestacionarne slucajeve. Probe konvergencije mreze su napravljene na ne-
viskoznom rjesavacu za razlicite gusto¢e mreze i za razlicite udaljenosti vanjskog ruba
domene od aeroprofila. Na osnovu tih testova odabrana je gusto¢a mreze kao i udalje-
nost vanjskog ruba domene od aeroprofila tako da se dobije rjesenje koje je prakticno
neovisno o daljnjem povec¢anju kvalitete mreze uzimajuci pri tome u obzir potrebnu ra-
zinu toc¢nosti metode. Tako odabrana kvaliteta mreze koriStena je za racunanje ostalih
probnih slucajeva. Test konvergencije mreze je proveden na pet razina gusto¢a mreze i

tri razine udaljenosti vanjskog ruba domene od aeroprofila, prema slijedecoj tablici:

Tablica 5.1: Testirane racunalne mreze

UDALJENOST AEROPROFILA
DO VANJSKOG RUBA DOMENE

BROJ KONTROLNIH VOLUMENA

MREZA 100X30;
100 kontrolnih volumena u &£ smjeru
30 kontrolnih volumena u 1 smjeru

10 tetiva aeroprofila

40 tetiva aeroprofila

80 tetiva aeroprofila

MREZA 160X30;
160 kontrolnih volumena u £ smjeru
30 kontrolnih volumena u 7 smjeru

10 tetiva aeroprofila

40 tetiva aeroprofila

80 tetiva aeroprofila

MREZA 160X60;
160 kontrolnih volumena u &£ smjeru
60 kontrolnih volumena u 7 smjeru

10 tetiva aeroprofila

40 tetiva aeroprofila

80 tetiva aeroprofila

MREZA 240X60;
240 kontrolnih volumena u £ smjeru
60 kontrolnih volumena u 7 smjeru

10 tetiva aeroprofila

40 tetiva aeroprofila

80 tetiva aeroprofila

MREZA 320X60;
320 kontrolnih volumena u & smjeru
60 kontrolnih volumena u 7 smjeru

10 tetiva aeroprofila

40 tetiva aeroprofila

80 tetiva aeroprofila

Na slikama 5.3, 5.5, 5.7, 5.9 1 5.11 prikazane su probe konvergencije koeficijenta nor-
malne sile za stacionarno rjesenje strujanja oko aeroprofila NACA0012. Proracuni su
napravljeni za Machov broj Ma = 0.77 pri napadnom kutu a = 1°, za mreze i udalje-
nosti vanjskog ruba domene prema tablici 5.1. Stacionarno rjesenje je dobiveno pomocéu

nestacionarnog prora¢una na miruju¢em aeroprofilu s vremenom simulacije od devet
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perioda. Koeficijent normalne sile je dobiven integracijom tlaka po konturi aeropro-
fila, i predstavlja silu od tlaka okomitu na tetivu aeroprofila. Koeficijent normalne sile

izracunat je prema slijedec¢em izrazu:

en = /01 (Cop — Cov)d (%) (5.1)

gdje su Cyy, koeficijent tlaka na donjaci, Cpy koeficijent tlaka na gornjaci aeroprofila,
¢ tetiva aeroprofila i z je lokalna koordinata koja ide od prednjeg brida uzduz tetive
aeroprofila.

Na slikama 5.4, 5.6, 5.8, 5.10 1 5.12 prikazana je relativna greska rjeSenja, za mreze s
udaljenoséu 10 i 40 duljina tetiva od aeroprofila do vanjske granice domene. Ta relativna
greska je razlika izmedu rjesenja za mreze veli¢ine 10 i 40 duljina tetiva od aeroprofila do
vanjske granice domene, i mreze s udaljnosé¢u 80 duljina tetiva od aeroprofila do vanjske
granice domene. Svaka slika predstavlja razlicite gustoée mreze prema tablici 5.1. Na
tim slikama razlika je predstavljena kao postotak u odnosu na mrezu s udaljenoséu 80
duljina tetive od aeroprofila do vanjskog ruba domene.

Na slikama 5.3 - 5.12 se vidi da rjeSenje i greska rjeSenja za mrezu s udaljenoséu 10
duljina tetive pokazuje slicno ponasanje neovisno od gusto¢e mreze, kako kvalitativno
tako i kvantitativno. Stacionarno rjeSenje koeficijenta normalne sile, za mreze koje
imaju vanjski rub domene na 10 duljina tetiva od aeroprofila i sve gusto¢e mreze, ima
odstupanje od oko 10% u odnosu na rjeSenja za mreze koje imaju udaljeniji vanjski
rub domene (na 40 odnosno 80 duljina tetive). Rjesenje za udaljenost 40 duljina tetive
pokazuje malo odstupanje (manje od 3 %) za gustoée mreze 100X30 i 160X30. Za
mreze gusto¢e 160X60, 240X60 i 320X60 i iste udaljenosti od 40 duljina tetive, rjeSenje
pokazuje zanemarivu razliku manju od 1 %. Promjena gustoée racunalne mreze daje
priblizno jednaku vrijednost koeficijenta normalne sile u stacionarnom strujanju, za
jednaku udaljenost vanjskog ruba domene. Veci utjecaj na stacionarno rjeSenje ima
broj kontrolnih volumena u smjeru koordinatne osi 7.

Iz slika 5.3 - 5.12 moze se zakljuciti da su stacionarni numericki proracuni neovisni
o daljnjem poboljsanju kvalitete mreze za mreze koje imaju vanjski rub na udaljnosti
40 duljina tetiva od aeroprofila i vise. Iz istih slika moze se zakljuciti da stacionarno
rjeSenje postize svoju konstantnu vrijednost s mrezama koje imaju 60 i vise kontrolnih
volumena u smjeru koordinatne osi 1. Uzimajuéi u obzir da razvijena metoda treba dati

rjeSenja koja su usporediva s metodama visoke tocnosti i istovremeno dati to rjesenje u
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razumnom vremenu, izabrana mreza za stacionarne proracune ima 160 kontrolnih volu-
mena u smjeru ¢ koordinate, 60 kontrolnih volumena u smjeru 7 koordinate i udaljenost

od 40 duljina tetiva od aeroprofila do vanjskog ruba domene.
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Slika 5.3: Mreza 100X30; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAOQ0012 pri @ = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do vanjskog
ruba domene izrazen u duljinama tetiva aeroprofila
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Slika 5.4: Mreza 100X30; razlika rjesenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja za
udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na mrezu s 80 duljina
tetive; aeroprofil NACA0012 pri o = 1°, Ma = 0.77
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Slika. 5.5: Mreza 160X30; test konvergencije mreze za stacionarno rjeSenje za aeroprofil

NACAQ012 pri @ = 1°, Ma =

ruba domene izrazen u duljinama tetiva aeroprofila

0.77; 10, 40, 80 su udaljenosti od aeroprofila do vanjskog
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Slika 5.6: Mreza 160X30; razlika rjeSenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja za
udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na mrezu s 80 duljina
tetive; aeroprofil NACAQ0012 pri o = 1°, Ma = 0.77
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Slika. 5.7: Mreza 160X60; test konvergencije mreZe za stacionarno rjeSenje za aeroprofil
NACAQ012 pri @ = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do vanjskog
ruba domene izrazen u duljinama tetiva aeroprofila
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Slika 5.8: Mreza 160X60; razlika rjeSenja za udaljenosti 10 i 40 duljina tetiva i rjesenja za
udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na mrezu s 80 duljina
tetive; aeroprofil NACAO0012 pri = 1°, Ma = 0.77
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Slika 5.9: Mreza 240X60; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAQ012 pri @ = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do vanjskog
ruba domene izrazen u duljinama tetiva aeroprofila
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Slika 5.10: Mreza 240X60; razlika rjesenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja za
udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na mrezu s 80 duljina
tetive; aeroprofil NACA0012 pri o = 1°, Ma = 0.77
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Slika 5.11: Mreza 320X60; test konvergencije mreze za stacionarno rjeSenje za aeroprofil
NACAOQ012 pri a = 1°, Ma = 0.77; 10, 40, 80 su udaljenosti od aeroprofila do vanjskog ruba
domene izrazen u duljinama tetiva aeroprofila
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Slika 5.12: Mreza 320X60; razlika rjesenja za udaljenosti 10 i 40 duljina tetiva i rjeSenja za
udaljenost 80 duljina tetiva; razlika je izrazena u postocima u odnosu na mrezu s 80 duljina
tetive; aeroprofil NACAQ0012 pri o = 1°, Ma = 0.77
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Slika 5.13: Test konvergencije za udaljenost 80 duljina tetiva od aeroprofila do vanjskog ruba
domene; aeroprofil NACA0012 pri a = 1°, Ma = 0.77
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Slika 5.14: Razlika rjeSenja za mreze napisane u legendi slike i mreze 320X60 s 80 duljina
tetive od aeroprofila do vanjskog ruba domene; aeroprofil NACA0012 pri a = 1°, Ma = 0.77

1.2 i
1; WEoNNEYeXe et L bl L S A g |
i :’,3,:,&4’5"-’&“
| 6}9
: o
@
0.8 B g{@
- §
s 0.6 B ig
| @
0.4
L &
T 160X30: 80
0217 — — - — - 160X60: 40
7 ——o——- 160X60: 80
ofs . | 320X60: 80
Period

Slika 5.15: Test konvergencije za NACA0012 aeroprofil pri o = 5°, Ma = 0.77
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Slika 5.16: Razlika izmedu rjesenja dobivenih pomoéu mreza navedenih u legendi slike i mreze
320X60 s udaljenoséu 80 duljina tetiva od aeroprofila do vanjskog ruba domene, za aeroprofil
NACAO0012 pri o = 5°, Ma = 0.77

U tablici 5.2 dan je sazeti prikaz rjeSenja za stacionarno strujanje prema slikama 5.3
- 5.12. Dani su rezultati za koeficijent normalne sile za mreze s razli¢itim brojem kon-
trolnih volumena i razlicitim udaljenostima od aeroprofila do vanjskog ruba domene.
Numericke vrijednosti koeficijenta normalne sile, za jednaku udaljenost do vanjskog
ruba domene i za razglicite gusto¢e mreze, su priblizno jednake i maksimalna relativna
razlika iznosi 1.7% (dobivena za mrezu s 40 duljina tetiva do vanjskog ruba domene). Iz
razloga usporedbe rezultata moze se pretpostaviti da su prikazane numericke vrijednosti
najtocnije za mrezu s najudaljenijim vanjskim rubom domene za istu gusto¢u mreze. Po-
kazano je da se tocnost rezultata ne mijenja znacajno s promjenom gustoce racunalnih
mreza, pri jednakoj udaljenosti do vanjskog ruba domene. Iz tog razloga su usporedene
vrijednosti koeficijenta normalne sile za mrezu s najve¢om udaljenos¢u do vanjskog ruba
domene. Relativna razlika koeficijenta normalne sile, za mreze s 40 i 80 duljina tetiva
aeroprofila do vanjskog ruba domene, iznosi 3.1%. Ista relativna razlika izmedu rjesenja
za mreze s 10 1 80 duljina tetiva aeroprofila do vanjskog ruba domene iznosi 15.3%. Iz

rezultata koeficijenta normalne sile u neviskoznom strujanju moze se izvuéi zakljucak da
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Tablica 5.2: Converged normal force coefficient results for steady cases

Grid size | Distance to outer domain boundary c,
10 chord lengths 0.204
100X30 40 chord lengths 0.227
80 chord lengths 0.232
10 chord lengths 0.203
160X30 40 chord lengths 0.228
80 chord lengths 0.234
10 chord lengths 0.205
160X60 40 chord lengths 0.230
80 chord lengths 0.231
10 chord lengths 0.204
240X60 40 chord lengths 0.231
80 chord lengths 0.232
10 chord lengths 0.204
320X60 40 chord lengths 0.231
80 chord lengths 0.232
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gusto¢a mreze nema veliki utjecaj, no udaljenost do vanjskog ruba domene ima. Uda-

ljenost od 40 tetiva aeroprofila do vanjskog ruba domene je dovoljna za zadovoljavajuce

rjesenje. lako rezultati koeficijenta normalne sile u neviskoznom strujanju nisu pokazali

bitan utjecaj gustote mreze, ista je vazna za tocno odredivanje polozaja i intenziteta

udarnog vala.

Na slikama od 5.17 do 5.26 prikazana su rjeSenja za nestacionarno strujanje za ko-

eficijent normalne sile. Svi sluc¢ajevi su racunati za neviskozno strujanje pri Machovom

broju Ma = 0.77, srednjem napadnom kutu a,, = 0°, amplitudi napadnog kuta a, = 1°

i reduciranoj frekvenciji w* = 0.1.

Moze se primjetiti da rjesenje koeficijenta normalne sile za nestacionarno strujanje
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poprima harmonijski tijek ve¢ nakon druge periode. Vrijednost koeficijenta normalne
sile se razlikuje za razlicite udaljenosti vanjskog ruba domene. RjeSenje za udaljenost
10 duljina tetive od aeroprofila do vanjskog ruba domene razlikuje se od rjesenja za 40 i
80 duljina tetive u maksimalnoj vrijednosti, dok poslijednja dva slucaja imaju jednake
vrijednosti koeficijenta normalne sile. Promatrajuéi nestacionarni tijek koeficijenta nor-
malne sile za razlicite gustote mreze na slikama 5.17 do 5.26, moze se primjetiti da
nema znacajnije razlike osim manjeg odstupanja u maksimalnoj vrijednosti. RjeSenje
za najmanju domenu odstupa od rjesenja za domene s udaljenostima 40 i 80 duljina
tetiva aeroprofila. Uzimajuéi u obzir konvergenciju stacionarnih rezultata, moze se za-
kljuciti da mreza velicine 160X60 daje zadovoljavajuce rezultate i prikladna je za daljnje
proracune. Takoder se moze zakljuciti da rjesenje simulacije u nestacionarnom strujanju

postaje periodi¢no nakon druge periode.
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Slika 5.17: Mreza 100X30; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila; NACA0012
aeroprofil pri Ma = 0.77, ap, = 0°, ap = 1°

U tablici 5.3 dana su rjeSenja za nestacionarno strujanje prikazana na slikama 5.17
do 5.26. Koeficijent normalne sile za nestacionarno strujanje je prikazan u obliku kom-
pleksnog broja, realnog i imaginarnog dijela prema jednadzbi (5.5), koja je ekvivalentno

primjenjiva za koeficijent normalne sile. u tom obliku opisa realni i imaginarni dijelovi
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Slika 5.18: Mreza 100X30; razlika rjesenja za udaljenosti vanjskog ruba domene od aeroprofila
10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012 aeroprofil pri
Ma = 0.77, ayy = 0°, ap = 1°

nisu normirani s amplitudom napadnog kuta. Realni dio koeficijenta normalne sile za
nestacionarno strujanje pokazuje maksimalnu relativnu razliku od 6%, za sve razlicite
gustoce mreze i razlicite udaljenosti od aeroprofila do vanjskog ruba domene. Realni dio
nema jasni trend rasta ili pada vrijednosti u odnosu na povecanje ili smanjenje broja
kontrolnih volumena ili udaljenosti aeroprofila do vanjskog ruba domene. Imaginarni
dio koeficijenta normalne sile za nestacionarno strujanje pokazuje maksimalnu relativnu
razliku od 11% izmedu svih promjena gustoée mreze i udaljenosti od aeroprofila do
vanjskog ruba domene. Imaginarni dio za istu udaljenost do vanjskog ruba domene i
za razlicite gusto¢e mreze pokazuje manju relativnu razliku, ¢iji maksimalni iznos je 5.7
%. Kai i realni dio, imaginarni dio takoder ne pokazuje jasan trend rasta i pada vrijed-
nosti u odnosu na povecanje ili smanjenje broja kontrolnih volumena ili udaljenosti do

vanjskog ruba domene.
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Slika 5.19: Mreza 160X30; konvergencija nestacionarnog rjeSenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila; NACA0012
aeroprofil pri Ma = 0.77, oy = 0°, o = 1°
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Slika 5.20: Mreza 160X30; razlika rjesenja za udaljenosti vanjskog ruba domene od aeroprofila
10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012 aeroprofil pri

Ma =0.77, apy = 0°, g = 1°
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Slika 5.21: Mreza 160X60; konvergencija nestacionarnog rjeSenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila; NACA0012
aeroprofil pri Ma = 0.77, ay = 0°, ap = 1°
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Slika 5.22: Mreza 160X60; razlika rjesenja za udaljenosti vanjskog ruba domene od aeroprofila
10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012 aeroprofil pri
Ma = 0.77, ay, =0°, ap = 1°
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Slika 5.23: Mreza 240X60; konvergencija nestacionarnog rjesenja; 10, 40 i 80 predstavljaju
udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila; NACA0012
aeroprofil pri Ma = 0.77, oy = 0°, o = 1°
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Slika 5.24: Mreza 240X60; razlika rjesenja za udaljenosti vanjskog ruba domene od aeroprofila
10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012 aeroprofil pri
Ma =0.77, apy = 0°, g = 1°
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Slika 5.25: Mreza 320X60; konvergencija nestacionarnog rjeSenja; 10, 40 i 80 predstavljaju

udaljenosti aeroprofila od vanjskog ruba domene u duljinama tetiva aeroprofila; NACA0012
aeroprofil pri Ma = 0.77, ay = 0°, ap = 1°
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Slika 5.26: Mreza 320X60; razlika rjesenja za udaljenosti vanjskog ruba domene od aeroprofila
10 i 40 duljina tetiva i rjeSenja za udaljenost 80 duljina tetiva; NACA0012 aeroprofil pri
Ma = 0.77, ay, =0°, ap = 1°
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Tablica 5.3: Rezultati koeficijenta normalne sile za nestacionarno strujanje

Veli¢ina mreze | Udaljenost do vanjskog ruba domene | Real (¢,) | Imag (c,)
10 duljina tetiva 0.1668 | -0.06602

100X30 40 duljina tetiva 0.1547 | -0.07123
80 duljina tetiva 0.1541 -0.06652

10 duljina tetiva 0.1637 -0.06408

160X30 40 duljina tetiva 0.1517 | -0.06862
80 duljina tetiva 0.1513 -0.06414

10 duljina tetiva 0.1657 | -0.06606

160X60 40 duljina tetiva 0.1491 -0.06943
80 duljina tetiva 0.1563 -0.06648

10 duljina tetiva 0.1645 -0.06459

240X60 40 duljina tetiva 0.1479 | -0.06791
80 duljina tetiva 0.1550 | -0.06518

10 duljina tetiva 0.1612 -0.06779

320X60 40 duljina tetiva 0.1474 | -0.06738
80 duljina tetiva 0.1535 -0.06419
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5.3. Rezultati za stacionarno strujanje

Stacionarni rezultati su izvedeni za slijedeca tri tipa aeroprofila: NACA0012, NACA-
64A010 i NLR7301. Ta tri aeroprofila imaju tri razli¢ite i karakteristicne raspodjele
tlaka, a takoder postoje i dostupni su eksperimentalni podaci za te aeroprofile. Nu-
mericki rezultati viskozno-neviskozne metode su usporedeni s probnim slucajevima iz
AGARD izvjestaja [32] i [33], a takoder i s rezultatima RANS koda. RANS kod koji je
koristen u ovome radu je Tau kod [34] razvijen u DLR-u (Deutsches Zentrum fuer Luft-
und Raumfahrt). Tau kod koristi metodu kontrolnih volumena rjesavajuéi Eulerove i
Navier-Stokesove jednadzbe, na hibridnoj nestrukturiranoj mrezi oko slozenih geome-
trija, za strujanja od niskog podzvuénog do hiperzvuénog strujanja. Svi prora¢uni u Tau
kodu su izvedeni s dvojednadzbenim k-w modelom turbulencije. U RANS kodu je svako
strujanje racunato kao potpuno turbulentno, bez ogranicavanja produkcije turbulencije
u laminarnom djelu grani¢nog sloja. Pocetna vrijednost odnosa turbulentne i laminarne
kinematicke viskoznosti je propisana za cijelo polje strujanja kao i za rub domene i bila
je jednaka vrijednosti koja je mnogo manja od jedinice (v;/v << 1). Probni sluc¢ajevi su
izabrani na nacin da pokriju Machove brojeve od donje granice kompresibilnog strujanja

do krozzvuénog podrucja.

5.3.1. NACAO0012 aeroprofil

NACAQ0012 je simetrican aeroprofil s 12% debljine (u odnosu na duljinu tetive aero-
profila). Za taj aeroprofil postoje mnoge baze eksperimentalnih podataka za stacionarno
i za nestacionarno strujanje [32] i zbog toga je vrlo ¢est u provjerama numerickih ko-
dova. Druga prednost tog aeroprofila je svojstvo simetri¢nosti. Eksperimentalni podaci
uzgona za simetri¢ni aeroprofil pod nultim napadnim kutom nisu pod utjecajem zidova
zra¢nog tunela.

U tablici 5.4 prikazani su izabrani probni slucajevi za NACA(0012 aeroprofil iz eks-
perimentalnih podataka u AGARD izvjestaju [32]. Izabrana su tri probna slucaja pri
razlicitim Machovim brojevima koji pokrivaju podzvucno kompresibilno strujanje s i
bez pojave udarnih valova.

Probni slu¢aj 1: NACA0012, Ma = 0.504, Re = 2.93 - 105, a = 4.06°

Na slici 5.27 prikazani su stacionarni rezultati za aeroprofil NACAO0012, pri Mac-

hovom broju Ma = 0.504, Reynoldsovom broju Re = 2.93 - 10% i napadnim kutem
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Tablica 5.4: Stacionarni probni slucajevi za aeroprofil NACA0012

Probni slucaj ‘ Ma ‘ Re ‘ o ‘
1 0.504 | 2.93-10° | 4.06°
2 0.756 | 4.01-10° | —0.01°
3 0.803 | 4.09-10° | 0.05°

a = 4.06°. Taj probni slucaj spada u kompresibilno strujanje bez pojave udarnog
vala. Eksperimentalni podaci su prikazani pomoc¢u trokuta okrenutih prema gore za
gornju stranu i trokutima okrenutih prema dolje za donju stranu aeroprofila. Rezul-
tati metode viskozno-neviskozne interakcije su pokazani punom crvenom linijom, dok
su RANS rezultati pokazani crtkanom linijom. Podrucje tranzicije na gornjoj i donjoj
strani aeroprofila, izra¢unato pomoc¢u metode granicnog sloja, pokazuje dobro slaga-
nje s eksperimentalnim podacima. Lagani skok tlaka u podrucju tranzicije na gornjoj
strani aeroprofila slijedi istu pojavu u eksperimentalnim podacima. Ta pojava se ne
moze vidjeti u RANS rezultatima iz razloga $to u RANS rjesavacu je cijelo podrucje
strujanja racunato kao turbulentno. Raspodjela koeficijenta tlaka sveukupno ima do-
bro slaganje s eksperimentom, osim na prednjem dijelu aeroprofila gdje koeficijent tlaka
ima podbacaj a to rezultira u manjem koeficijentu normalne sile i koeficijentu uzgona.
Ukupna raspodjela izracunatog koeficijenta tlaka pokazuje lagani pomak koji odgovara
eksperimentalnim podacima za malo smanjen napadni kut. To bi mogao biti razlog la-
ganog neslaganja, jer eksperimentalni podaci nisu korigirani za utjecaj zidova. Kriterij
konvergencije rjesenja je da maksimalni iznos reziduala tlaka, u svakoj tocki aeroprofila,
bude smanjen vise od ¢etiri reda velicine. Metoda sprezanja pomocu transpiracijeske br-
zine pokazala je vrlo nestabilno ponasanje, posebno u pisustvu jakih udarnih valova. Iz
tog razloga je koristena metoda podrelaksacije rjesenja, kako bi se smanjila nestabilnost
rjeSenja. Faktor podrelaksacije je podesavan rucéno, i u vecini slucajeva s nemonoto-
nom konvergencijom je namjeSten na vrijednosti 0.1 > g > 0.001. To je uglavnom
uzrokovano fizikom strujanja, postojanjem mjehura separacije i velikim skokom tlaka na
izlaznom bridu.

Na slikama 5.28 i 5.29 prikazana su rjesenja jednadzbi grani¢nog sloja za gornju i
donju stranu aeroprofila, integralne veli¢ine debljina istisnuca 6*, debljina koli¢ine giba-

nja 6 i koeficijent trenja Ct. Debljina istisnuca i debljina kolic¢ine gibanja rastu prema
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Slika 5.28: Integralne vrijednosti grani¢nog sloja za gornju stranu NACA0012 aeroprofila pri

Ma = 0.504, Re = 2.93 - 10%, o = 4.06°
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Slika 5.29: Integralne vrijednosti grani¢nog sloja za donju stranu NACAO0012 aeroprofila pri
Ma = 0.504, Re = 2.93 - 10%, o = 4.06°

izlaznom bridu sto predstavlja zadebljanje grani¢nog sloja i gubitak koli¢ine gibanja.
Obje krivulje pokazuju nagli skok na poziciji tranzicije udarnog vala. Ti skokovi od-
govaraju skoku u raspodjeli koeficijenta tlaka na slici 5.27. Rast debljine istisnuca i
debljine koli¢ine gibanja je visi u podrucju turbulentnog granic¢nog sloja. Koeficijent
trenja pokazuje isti skok u podruc¢ju tranzicije s vrlo malom vrijednosti prije tranzicije,
sto odgovara vrlo strmom profilu brzine u grani¢nom sloju (blizu separacije).
Probni sluéaj 2: NACAO0012, Ma = 0.756, Re = 4.01 - 10%, « = —0.01°

Na slikama 5.30 i 5.31 prikazani su izracunati i eksperimentalni podaci za staci-
onarno strujanje oko aeroprofila NACA0012 za gornjaku i donjaku. Prikazani rezultati
su dani za Machov broj Ma = 0.756, Reynoldsov broj Re = 4.01 - 10° i napadni kut
a = —0.01°. Prakti¢no, taj slucaj se moze promatrati kao simetrican. Rezultati po-
kazuju dobro slaganje s podacima iz eksperimenta. Mogu se primjetiti dva mala skoka
koeficijenta tlaka na gornjaci i na donjaci. Prvi je zbog slabog udarnog vala, a drugi je
zbog postojanja podrucja tranzicije granicnog sloja. Mala odstupanja RANS rezultata
od eksperimentalnih podataka mogu se primjetiti na poziciji slabog udarnog vala, dok

metoda viskozno-neviskozne interakcije daje dobre rezultate na toj poziciji. Metoda
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Slika 5.30: Raspodjela koeficijenta tlaka na gornjoj strani NACA0012 aeroprofila za staci-
onarno strujanje pri Ma = 0.756, Re = 4.01 - 10%, e = —0.01°
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Slika 5.31: Raspodjela koeficijenta tlaka na donjoj strani NACA0012 aeroprofila za staci-
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onarno strujanje pri Ma = 0.756, Re = 4.01 - 10, o = —0.01°
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viskozno-neviskozne interakcije pokazuje malo odstupanje na izlaznom bridu aeropro-
fila. Pokazano je da metoda tranzicije (™ metoda) toéno procjenjuje polozaj tranzicije
grani¢nog sloja. Na slikama 5.30 and 5.31 prikazani su i RANS rezultati za usporedbu,
kao metoda viseg reda tocnosti. RANS rezultati pokazuju jac¢i udarni val na mjestima
slabog udarnog vala u odnosu na eksperimentalne podatke. Cini se i iz ostalih rezul-
tata da RANS rezultati, izracunati s turbulentnim strujanjem za cijelo podrucje, daju
previse jak udarni val u odnosu na eksperimentalne podatke. Razlog za to bi mogao
biti u strmijem rastu debljine istisnu¢a u turbulentnom grani¢cnom sloju nego sto je
to u laminarnom grani¢nom sloju. To dovodi do kompresije u vanjskom neviskoznom

strujanju sto uzrokuje raniju pojavu udarnog vala.
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Slika 5.32: Integralne vrijednosti grani¢nog sloja za donju stranu NACAO0012 aeroprofila pri
Ma = 0.756, Re = 4.01 - 106, o = —0.01°

Na slici 5.32 prikazana su rjesenja debljine istisnuca 0*, debljine kolic¢ine gibanja 6 i
koeficijenta trenja C; grani¢nog sloja, za slu¢aj NACAO0012 aeroprofila pri Ma = 0.756,
Re = 4.01 -10° i o = —0.01°. Te varijable pokazuju skok u podruéju tranzicije na
donjoj strani aeroprofila, na 30% duljine tetive od prednjeg brida. Isto vrijedi za gornju
stranu aeroprofila koja nije pokazana zbog prakticki nultog napadnog kuta i simetri¢nosti

aeroprofila. Koeficijent trenja ponovo pokazuje isto ponasanje smanjujuci se prema nuli
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(prije separacije) u laminarnom dijelu strujanja, a potom dozivljava pozitivni skok u
turbulentnom strujanju. Debljina istisnuc¢a pokazuje nagli pad u podruc¢ju tranzicije,
a nakon tog podruc¢ja naglo raste u turbulentnom strujanju. Debljina koli¢ine gibanja
pokazuje stalan rast s viSom brzinom rasta u turbulentnom strujanju.

Probni sluéaj 3: NACA0012, Ma = 0.803, Re = 4.09 - 10%, a = 0.05°
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Slika 5.33: Raspodjela koeficijenta tlaka na gornjoj strani NACAQ0012 aeroprofila za staci-
onarno strujanje pri Ma = 0.803, Re = 4.09 - 10° and o = 0.05°

Na slikama 5.33 i 5.34 prikazani su stacionarni rezultati za aeroprofil NACA0012 na
gornjaci i donjaci. Rezultati su prikazanai za Machov broj Ma = 0.803, Reynoldsov broj
Re = 4.09 - 10® i napadni kut o = 0.05°. Ovaj slucaj prikazuje strujanje s jakim udar-
nim valom i prakti¢no se moze promatrati kao simetri¢no optjecanje. Rezultati pokazuju
postojanje jakog udarnog vala na udaljenosti 45% duljine tetive od prednjeg brida, $to
se dobro slaze s eksperimentalnim podacima. Efekti viskoznosti pomicu poziciju udar-
nog vala prema prednjem bridu aeroprofila, dok rezultati Cisto neviskoznog strujanja
daju polozaj jakog udarnog vala prema zadnjem bridu aeroprofila u odnosu na viskozno
strujanje. Taj slucaj, prikazan na slikama 5.33 i 5.34, i slicni slucajevi s jakim udar-
nim valom pokazuju problem s nestabilnoséu za metodu viskozno-neviskozne interakcije.

Teskoca se pojavljuje kao spora brzina konvergencije i nemonotona konvergencija. Da
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Slika 5.34: Raspodjela koeficijenta tlaka na donjoj strani NACA0012 aeroprofila za staci-
onarno strujanje pri Ma = 0.803, Re = 4.09 - 10° and o = 0.05°
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Slika 5.35: Integralne vrijednosti grani¢nog sloja za donju stranu NACA0012 aeroprofila pri
Ma = 0.803, Re = 4.09 - 10%, o = 0.05°
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bi se stabilizirala konvergencija, u probnom slucaju 3 je koristen faktor podrelakssacije
# = 0.001. Broj iteracija potreban da se postigne konvergirano stacionarno rjesenje je
iznosio 6502. Uvjet konvergencije je postavljen na iznos tlaka na povrsini aeroprofila,
i zadovoljen je kada je relativna promjena tlaka manja od 1-1072. U raspodjeli koefi-
cijenti tlaka problem stabilnosti se moze primjetiti iza udarnog vala, kao raspodjela u
obliku zuba pile. Moguci razlog za tu nestabilnost je sprezanje grani¢nog sloja pomocu
transpiracijske brzine i direktnog rjesavanja jednadzbi grani¢nog sloja. Takoder, ovaj

slucaj je blizu pojave balona separacije gdje rjesenje jednadzbi postaje singularno.

5.3.2. NACAG64A010 aeroprofil

U ovome potpoglavlju biti ¢e pokazani stacionarni rezultati za aeroprofil NACA64A010,
za tri probna slucaja. NACAG64A010 je simetrican aeroprofil s maksimalnom debljinom
10% na poziciji oko 40% duljine tetive aeroprofila od napadnog brida, s radijusom na-
padnog brida 0.68 % od duljine tetive i kutem izlaznog brida 12.6°. Oblik aeroprofila i
koriStena racunalna mreza su pokazani na slici 5.36. Ta strukturirana mreza je koriStena
za proracune svih stacionarnih slucajeva NACA64A010 aeroprofila. Mreza se sastoji od
9600 kontrolnih volumena, i to 160 volumena u smjeru ¢ koordinate i 60 volumena u
smjeru 7 koordinate.

U tablici 5.5 su prikazani probni slucajevi za aeroprofil NACA64A010, izabrani iz
baze eksperimentalnih podataka u AGARD izvjestaju [33]. Izabrana su tri probna
sluc¢aja pri razlicitim Machovim brojevima, koji obuhvacaju podzvuéno stlacivo strujanje

s i bez pojave udarnih valova.

Tablica 5.5: Stacionarni probni slucajevi za aeroprofil NACA64A010

Probni slucaj ‘ Ma ‘ Re ‘ a ‘
4 0.49 | 2.52-10% | —0.01°
5 0.502 | 1.00-107 | —0.22°
6 0.796 | 12.56 - 10% | —0.21°

Na slikama 5.37, 5.38 1 5.41 prikazani su stacionarni sluc¢ajevi pri tri razli¢ita Machova
broja, Ma = 0.49, Ma = 0.502 i Ma = 0.796. Za prva dva slucaja je prikazana raspodjela
koeficijenta tlaka samo za jednu stranu aeroprofila zbog simetri¢nosti, napadnog kuta

bliskom nuli i neizrazenog udarnog vala, osim za probni slucaj 6. Svi slucajevi su
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Slika 5.36: Racunalna mreza za aeroprofil NACA64A010; granica na vanjskom rubu domene
je udaljena 40 duljina tetiva aeroprofila od aeroprofila.

usporedeni s eksperimentalnim podacima dobivenim u AGARD izvjestaju broj 702 [33].

Probni sluéaj 4: NACA64A010, Ma = 0.49, Re = 2.52-10%, a = —0.01°

Na slici 5.37 prikazana je raspodjela koeficijenta tlaka za stacionarno strujanje na
gornjoj strani aeroprofila za probni sluéaj 4 pri Ma = 0.49, Re = 2.52-10° i o = —0.01°.
Numericki rezultat pokazuje odlicno slaganje s eksperimentalnim podacima, osim u po-
druc¢ju tranzicije gdje rezultat pokazuje pretjerani pad koeficijenta tlaka u usporedbi
s eksperimentalnim podacima. Ta pojava dolazi od rjesenja jednadzbi grani¢nog sloja
i metode za predvidanje tranzicije. Sa slike 5.39, koja pokazuje integralne vrijednosti
grani¢nog sloja za isti probni slucaj, moze se vidjeti da debljina istisnu¢a grani¢nog
sloja u laminarnom strujanju ima veliku izracunatu vrijednost zbog malog Reynoldso-
vog broja a zatim ima jaki negativni skok ulaskom u turbulentno strujanje. Taj skok je

takoder razlog za pretjerani skok koeficijenta tlaka u podruéju tranzicije na slici 5.37.

Probni sluéaj 5: NACA64A010, Ma = 0.502, Re = 1.0 - 107, oo = —0.22°
Na slici 5.38 pokazana je raspodjela koeficijenta tlaka za stacionarno strujanje na

gornjoj strani aeroprofila za probni slu¢aj 5 pri Ma = 0.502, Re = 1.0-107 i «a =
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Slika 5.39: Integralne vrijednosti grani¢nog
sloja za aeroprofil NACA64A010 na gornjoj
strani aeroprofila pri Ma = 0.49, Re = 2.52 -
108, a = —0.01°

Slika 5.40: Integralne vrijednosti grani¢nog
sloja za aeroprofil NACA64A010 na gornjoj
strani aeroprofila pri Ma = 0.502, Re = 1.0 -
107, o = —0.22°

—0.22°. Izracunati rezultat pokazuje dobro slaganje, ali u ovome slucaju pokazuje i
dobro predvidanje podrucja tranzicije. Raspodjela koeficijenta tlaka na prednjem dijelu

aeroprofila prije tocke minimalnog tlaka na slici 5.38, pokazuje malo podbacivanje u
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odnosu na eksperimentalne podatke. To se ne pojavljuje na straznjem dijelu aeroprofila
iza tocke minimalnog tlaka. Izrac¢unati rezultati grani¢nog sloja za slucaj 5 su prikazani
na slici 5.40 i pokazuju slicno ponasanje kao i u probnom slucaju 4, no zbog vecéeg
Reynoldsovog broja debljina istisnu¢a granicnog sloja ne postize velike vrijednosti i
stoga nema jaci skok u podrucju tranzicije. Slabiji skok debljine istisnu¢a ima utjecaj

na odgovarajuce predvidanje skoka koeficijenta tlaka u podrucju tranzicije na slici 5.38.

Probni sluéaj 6: NACA64A010, Ma = 0.796, Re = 12.56 - 105, a = —0.21°
Na slici 5.41 pokazani su izracunati rezultati i eksperimentalni podaci za Ma = 0.796,
Re = 12.56-10° i « = —0.21°. Pri tom Machovom broju, polje strujanja sadrzi nad-
zvucno podrucje s slabim udarnim valom. Izracunati rezultat za gornju stranu aeropro-
fila pokazuje dobro slaganje osim na poziciji udarnog vala gdje je vrh koeficijenta tlaka
podbacen. Na poziciji udarnog vala za gornju i za donju stranu aeroprofila, izracunati
rezultati pokazuju izgladivanje u odnosu na eksperimentalne podatke. To moze ukazivati
na prejak utjecaj grani¢nog sloja na intenzitet udarnog vala. Zbog prisustva zadebljanja
granicnog sloja u dnu udarnog vala, pojavljuje se kompresijski udarni val lambda oblika.
Kao posljedica toga, intenzitet udarnog vala je izgladen i to se moze vidjeti u raspodjeli
koeficijenta tlaka na aeroprofilu [35, 36]. Na prednjem dijelu donje strane aeroprofila

izracunato rjesenje pokazuje znacajno odstupanje od eksperimentalnih podataka.
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Slika 5.41: Raspodjela koeficijenta tlaka za aeroprofil NACA64A010 za gornju (lijevo) i donju
(desno) stranu aeroprofila pri Ma = 0.796, Re = 12.56 - 10%, a = —0.21°

Na slikama 5.42 i 5.43 prikazani su rezultati za debljinu istisnuca, debljinu koli¢ine
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gibanja i koeficijent trenja gornje i donje strane aeroprofila za probni slucaj 6. Rezultati
debljine stisnuca i debljine koli¢ine gibanja pokazuju rast s malim skokom u podruc¢ju
tranzicije. Koeficijent trenja smanjuje se do malih pozitivnih vrijednosti u podrucju
tranzicije, a zatim dozivljava pozitivni skok. Nakon toga monotono se smanjuje vrijed-

nost koeficijenta trenja do izlaznog brida aeroprofila.
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Slika 5.42: Integralne vrijednosti granicnog  Slika 5.43: Integralne vrijednosti grani¢nog
sloja za aeroprofil NACA64A010 na gornjoj sloja za aeroprofil NACA64A010 na donjoj
strani aeroprofila pri Ma = 0.796, Re = strani aeroprofila pri Ma = 0.796, Re =
12.56 - 105, o = —0.21° 12.56 - 105, o = —0.21°

5.3.3. NLR7301 aeroprofil

Aeroprofil NLR7301 je najdeblji superkriti¢ni aeroprofil s debljinom 16.5% (u odnosu
na duljinu tetive aeroprofila). Polozaj maksimalne debljine je na udaljenosti oko 35%
duljine tetive aeroprofila mjereno od napadnog brida, zakrivljenost iznosi 1.66% duljine
tetive, radijus napadnog brida iznosi 4.72% duljine tetive, a kut izlaznog brida je jednak
5.175°. Zbog prilicno velikog radijusa napadnog brida, ovaj aeroprofil predstavlja vjero-
jatno vrlo problematican slucaj za metode interakcije viskoznog i neviskoznog strujanja.
U odnosu na konvencionalne aeroprofile, superkriticni aeroprofil NLR7301 ima smanjenu
zakrivljenost, povecan radijus napadnog brida, malu zakrivljenost konture na podtlacnoj
strani aeroprofila i konkavnost konture na zadnjem dijelu pretlacne strane aeroprofila.

Pri konstrukcijskim uvjetima strujanja taj i slicni superkriticni aeroprofili uobic¢ajeno



Poglavlje 5. Rezultati 70

razvijaju ve¢e nadzvuéno podrucje ubuhvaceno slabim udarnim valom ili, u idealnom
sluc¢aju, rekompresiju bez udarnog vala koja vodi manjem koeficijentu tlaka i ve¢em op-
tere¢enju na straznjem dijelu aeroprofila [37]. U praksi, rekompresija bez udarnog vala
je vrlo osjetljiv i nestabilan fenomen koji zbog utjecaja debljine istisnuca grani¢nog sloja
ili malih neravnina povrsine aeroprofila brzo prelazi u stabilnije stanje karakterizirano
udarnim valom. Iz tog razloga su strujanja oko superkriticnih aeroprofila vrlo osjetljiva
tako da je i najmanje odstupanje od konstrukcijskih uvjeta strujanja karakterizirano
pojavom jakih udarnih valova. Kad se jedanput ode izvan konstrukcijskih uvjeta stru-
janja, daljnje povecanje Machovog broja ili napadnog kuta vodi povec¢anju intenziteta
udarnog vala i daljnje povecanje debljine grani¢nog sloja. To moze rezultirati separaci-
jom granicnog sloja uzrokovanom udarnim valom koja se dogada iza udarnog vala i na
kraju potpunom separacijom od polozaja udarnog vala do izlaznog brida aeroprofila.

Oblik i racunalna mreza aeroprofila NLR7301 su pokazani na slici 5.44. Racunalna
mreza tipa C sastoji se od 9600 kontrolnih volumena i generirana je pomocu eliptickog
generatora mreze. Vanjski rub ra¢unalne domene je udaljen 40 duljina tetiva od aero-
profila. Mreza ima 160 kontrolnih volumena u smjeru ¢ koordinate i 60 kontrolnih
volumena u smjeru 7 koordinate. Probni sluc¢ajevi i pripadaju¢i parametri strujanja su
dani u tablici 5.6.
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Slika 5.44: Racunalna mreza za aeroprofil NLR7301; vanjski rub mreze je udaljen 40 duljina
tetiva od aeroprfila
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Tablica 5.6: Stacionarni probni slucajevi za aeroprofil NLR7301

Probni slucaj ‘ Ma ‘ Re o
7 0.299 | 1.1-10° | 0.3966°
8 0.599 | 1.9-10° | 0.3832°

Slike 5.45 i 5.46 prikazuju eksperimentalne podatke i izracunate rezultate za aero-
profil NLR7301, za probne sluc¢ajeve 7 i 8. Izracunati rezultat za razvijenu metodu
pokazuje umjereno slaganje s eksperimentalnim podacima u cijelom podruc¢ju duljine
tetive osim na gornjoj strani aeroprofila u blizini izlaznog brida i mjestu podrucja tran-
zicije, gdje su prisutna vec¢a odstupanja. To se moze objasniti oblikom prednjeg brida
koji krsi pretpostavke strujanja u jednadzbama granic¢nog sloja, a takoder i ve¢om raz-
likom tlaka izmedu gornje i donje strane aeroprofila na izlaznom bridu. Ova vrsta
aeroprofila je vrlo osjetljiva na bilo kakav poremecaj s konture aeroprofila, sto znaci i
od grani¢nog sloja. Sveukupno, predstavljena metoda interakcije viskoznog i neviskoz-
nog strujanja daje rezultate s umjerenim slaganjem na ovoj vrsti aeroprofila, a takoder
pokazuje vrlo nemonotonu i dugotrajnu konvergenciju. Podrelaksacijski faktor koji se
koristio u proracunima probnih sluc¢ajeva 7 i 8 je jednak = 0.001. Broj iteracija po-
treban za postizanje konvergiranog stacionarnog rjesenja za slucaj 7 iznosio je 60, dok
je za slucaj 8 iznosio 2479. Proracun interakcije stacionarnog i nestacionarnog strujanja
zapocet je nakon postizanja stacionarnog rjeSenja za neviskozno strujanje, s konstant-
nim koeficijentom normalne sile. Kriterij konvergencije je bio zadovoljen kad je rezidual
tlaka u svakoj tocki aeroprofil bio smanjen ispod vrijednosti 1 -10%. Na izlaznom bridu
razvijena metoda pokazuje oscilacije tlaka na gornjoj strani aeroprofila gdje je turbu-
lentni granicni sloj ekstremno debeli. To se moze objasniti separacijom tipa B opisanoj
u [38]. Razlog takvoj separaciji lezi u strmom gradijentu tlaka prema izlaznom bridu,
i taj tip separacije zapocinje s izlaznog brida (straznja separacija). Straznja separacija
ovisi snazno o debljini i profilu brzine grani¢nog sloja s priblizavanjem izlaznom bridu, a
takoder i o gradijentu tlaka. Iz tog razloga je separacija tipa B vrlo osjetljiva na polozaj
tranzicije. Takoder, razlog za oscilacije tlaka na izlaznom bridu bi mogao biti u krsenju
pretpostavke o gradijentu tlaka u smjeru normale na konturu (dp/0dn = 0) oko izlaznog
brida, tj. gradijent tlaka u okomitom smjeru na dominantni smjer strujanja u granicnom

sloju, u blizini izlaznog brida, moze biti znacajan.
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Slika, 5.46: Raspodjela koeficijenta tlaka

za stacionarno strujanje oko aeroprofila
NLR7301 pri Ma = 0.599, Re = 1.9 - 10,
a = 0.3832°

U tablici 5.7 skupljeni su rezultati za svih osam probnih slucajeva. Prikazani su

rezultati za faktor podrelaksacije 3, broj iteracija i procesorsko (CPU) vrijeme za svaki

probni slucaj. Moze se primjetiti da broj iteracija kao i procesorsko vrijeme raste s

povec¢anjem Machovog broja. Vece vrijeme je potrebno za slucajeve s pojavom udarnog

vala. Takoder, moze se primjetiti da je podrelaksacijski faktor vrlo nizak za sve slucajeve,

najvjerojatnije iz razloga vrlo nestabilnog mehanizma sprezanja pomocu transpiracijske

brzine. Jo$ manji podrelaksacijski faktor je potreban za slucajeve s pojavom udarnog

vala (sluc¢aj 3). Probni slucajevi 71 8 (NLR7301) pokazuju takoder vrlo mali podrelak-

sacijski faktor iako su ti slucajevi bez pojave udarnog vala. To je vjerojatno zbog toga

Sto taj aeroprofil ima veliku zakrivljenost u blizini napadnog brida S$to je nepovoljno

obzirom na pretpostavke napravljene u jednadzbama grani¢nog sloja.
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Tablica 5.7: Sazeti popis stacionarnih probnih slucajeva

Aeroprofil | Slucaj | Ma Re a B br. iter. | CPU vrijeme
g 1 0.504 | 2.93-10° | 4.06° | 0.01 683 38.2's
S
5 2 0.756 | 4.01-10° | —0.01° | 0.01 840 46.4 s
<
7 3 0.803 | 4.09-10°% | 0.05° | 0.001 6502 321.3 s
=
<Oﬂ 4 0.49 | 2.52-10% | —0.01° | 0.01 71 3.8s
<
g 5 0502 | 1.00-107 | —0.22° | 0.01 54 2.7
@)
<ZC 6 0.796 | 12.56 - 10° | —0.21° | 0.01 336 19.5 s
3
0 7 0.299 | 1.1-10% | 0.3966° | 0.001 60 29s
o
E 8 0.599 | 1.9-10% | 0.3832° | 0.001 2479 122.5's
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5.4. Rezultati za nestacionarno strujanje

Kada aeroprofil izvodi oscilatorno gibanje po sinusoidi oko zadanog srednjeg polozaja

na slijede¢i nacin:

a = oy + apcos(wt), (5.2)

koeficijent tlaka u nekoj tocki na aeroprofilu, a stoga i sila uzgona i moment pokazuju
takoder oscilatornu promjenu. Glavni parametar koji opisuje nestacionarno strujanje je

reducirana frekvencija w* definirana kao:

W= (5.3)

gdje je w kutna frekvencija, L referentna duljina (obi¢no tetiva aeroprofila) i Uy
brzina slobodne struje. Ovaj parametar je mjera za nestacionarnost strujanja.

Kako bi se opisalo harmonicke oscilacije potrebne su dvije veli¢ine, iznos i fazni
pomak u odnosu na gibanje aeroprofila (vidjeti sliku 5.47). Ekvivalentan nacin opisa je
pomoc¢u kompleksnog broja. U posljednjem opisu realni dio poremeéaja tlaka (ili neke
druge varijable) je u fazi s gibanjem aeroprofila, dok je imaginarni dio pomaknut za 90°
u odnosu na gibanje aeroprofila [38].

Opis u obliku iznosa i faze ima slijedec¢i zapis:

P = Pm + Po cos(wt + ) (5.4)

= pm + (po cOs ) cos(wt) — (p, sing) sin(wt)
gdje je p, iznos oscilatornog tlaka, a ¢ fazni pomak. Opis u obliku kompleksnog broja
ima slijedeci zapis:
P =pm + po Re [¢“T9)]
: (5.5)
= Pm + Re [(pl +1p//) elwt]

gdje je p' = pocosy realni dio, a p” = pesing je imaginarni dio oscilacija tlaka. Clan
pomnozen s cos(wt) u jednadzbi (5.4) se takoder naziva komponenta u fazi (eng. in-
phase), a ¢lan pomnozen s sin(wt) u istoj jednadzbi se naziva komponenta u kvadraturi

(eng. in-quadrature).
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p, &

Slika 5.47: Primjer nestacionarnih oscilacija napadnog kuta aeroprofila i tlaka

Takav opis nestacionarnog tlaka ili opterec¢enja je valjan samo ako se aerodinamicke
veli¢ine mijenjaju po sinusoidi u vremenu, ili drugim rije¢ima, sve dok postoji line-
arna ovisnost izmedu pomaka aeroprofila i nestacionarnih opterec¢enja. Medutim, to
nije uvijek istina, pogotovo ne u strujanjima sa separacijom ili u podrucjima u blizini
osciliraju¢ih udarnih valova.

Kada se sustav moze promatrati kao linearan (p se mijenja linearno s «), tlak ps za
srednji polozaj za staconarno strujanje je jednak kao p,,, srednji tlak tijekom oscilacija.
Raspodjela stacionarnog tlaka karakterizira tip strujanja, koja utjece na oscilatorni tlak.
Kada su prisutne nelinearnosti, potrebno je ukljuciti i vise harmonike u opisu nestaci-
onarnosti. U op¢em nelinearnom slucaju amplituda tlaka nije proporcionalna amplitudi
gibanja, a srednji tlak p,, nije obavezno isti kao stacionarni tlak ps [33]. Za strujanje
bez separacije ozbiljne nelinearnosti tlaka obic¢no se epojavljuju samo na polozaju blizu

napadnog brida, osi okretanja zakrilaca ili udarnog vala.

5.4.1. NACAO0012 aeroprofil

U ovome poglavlju prikazani su nestacionarni rezultati racunalnog koda viskozno-
neviskozne interakcije za aeroprofil NACAO0012 i usporedeni s eksperimentalnim poda-

cima [33] i RANS rezultatima. Aeroprofil izvodi harmonijsko gibanje rotacije oko tocke
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na cetvrtini tetive od prednjeg brida. Rezultati su ispitani za podzvucno stlacivo struja-
nje uz pojavu jakih udarnih valova. Karakteristike slobodne struje i gibanja aeroprofila

su dane u tablici 5.8.

Tablica 5.8: Nestacionarni probni slucaj za aeroprofil NACA0012

Mach number Ma | 0.755
Reynolds number Re | 5.5 - 10°
Mean angle of attack ay, | 0.016°
Pitch amplitude «, | 2.51°
Reduced frequency w* | 0.1628

Rotational axis position z,/c | 0.25

Na slikama od 5.48 do 5.55 prikazani su rezultati za nestacionarno strujanje, za
probni slu¢aj dan u tablici 5.8. Rac¢unalna mreza imala je 160 kontrolnih volumena
u smjeru ¢ koordinate i 60 kontrolnih volumenau smjeru n koordinate (ukupno 9600
kontrolnih volumena). Izra¢unati rezultati metode interakcije viskoznog i neviskoznog
strujanja su usporedeni s eksperimentalnim podacima i nestacionarnim RANS rezulta-
tima pri odredenom faznom kutu ¢ u zadnjoj periodi simulacije. Simulirane su ¢etiri
periode da se postigne periodi¢a promjena uzgona. Rezultati nestacionarnog koeficijenta
tlaka pokazuju sveukupno dobro slaganje s eksperimentalnim podacima. Veca odstupa-
nja u odnosu na eksperimentalne podatke su prisutna pri manjim napadnim kutevima,
dok su bolja slaganja pri ve¢im napadnim kutevima. Pri pojedinim ve¢im napadnim
kutevima u dijelu periode gdje se napadni kut povecava i pojavljuje se udarni val,
izracunati rezultati pokazuju polozaj udarnog vala pomaknut prema naprijed u odnosu
na eksperimentalne podatke. To pokazuje prejak utjecaj zadebljanja grani¢nog sloja na
neviskozno strujanje. S druge strane, u dijelu periode gdje se napadni kut smanjuje i
pojavljuje se jaki udarni val, izracunati rezultati pokazuju dobro predvidanje pozicije i
intenziteta udarnog vala.

Takoder, na slikama od 5.48 do 5.55 prikazani su nestacionarni RANS rezultati
iz Tau racunalnog programa. U RANS simulacijama koriSten je dvojednadzbeni mo-
del turbulencije k-w. Rezultati metode interakcije viskoznog i neviskoznog strujanja
uglavnom se poklapaju s rezultatima nestacionarnog RANS-a, bolje nego s eksperimen-

talnim podacima. Rezultati interakcije viskoznog i neviskoznog strujanja na polozaju
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udarnog vala pokazuju slabije naglasen njegov vrh, nego sto to pokazuju nestacionarni
RANS rezultati i eksperimentalni podaci. Nestacionarni RANS rezultati takoder poka-
zuju polozaj udarnog vala pomaknut prema prdnjem dijelu aeroprofila pri odredenim

faznim kutevima.
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Slika 5.48: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012
pri kutu unutar periode ¢ = 25.34°; Ma =
0.755, Re = 5.5 - 10°, ay, = 0.016°, oy =
2.51°, w* =0.1628

Slika 5.49: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012
pri kutu unutar periode ¢ = 67.80°; Ma =
0.755, Re = 5.5 - 10, ay, = 0.016°, ap =
2.51°, w* =0.1628

Na slikama 5.56 i 5.57 prikazani su rezultati koeficijenta normalne sile za nestaci-
onarne oscilacije, za probni slu¢aj NACA0012 aeroprofila pri Ma = 0.755, Re = 5.5-10°,
am = 0.016°, a, = 2.51°, w* = 0.1628. Koeficijent normalne sile linearno prati promjenu
napadnog kuta. Na slici 5.56 prikazani su rezultati promjene koeficijenta normalne sile
za razvijenu metodu interakcije viskoznog i neviskoznog strujanja, za rjesavac nestaci-
onarnog neviskoznog strujanja (Euler) i za rjesavac nestacionarnog RANS strujanja. Na
slici 5.56 takoder je prikazan trenutni napadni kut aeroprofila. Moze se primjetiti mali
fazni kut izmedu koeficijenta normalne sile i napadnog kuta aeroprofila. Koeficijent nor-
malne sile zaostaje iza napadnog kuta, Sto se moze vidjeti u maksimumima, ali takoder i
na krajevima i po¢ecima perioda. Na slici 5.57 prikazan je koeficijent normalne sile kao
funkcija trenutnog napadnog kuta. Prikazani su rezultati za metodu interakcije viskoz-
nog i neviskoznog strujanja (Euler+BL) i metodu nestacionarnog RANS strujanja, kao

i eksperimentalni podaci iz AGARD izvjestaja [33]. Sveukupno, koeficijent normalne
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Slika 5.50: Raspodjela tlaka za nestaci-
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Slika 5.52: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012
pri kutu unutar periode ¢ = 210.29°;
Ma = 0.755, Re = 5.5 - 10%, ay, = 0.016°,
ay = 2.51°, w* = 0.1628
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Slika 5.51: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012
pri kutu unutar periode ¢ = 168.42°;
Ma = 0.755, Re = 5.5 - 10%, o, = 0.016°,
o = 2.51°, w* =0.1628
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Slika 5.53: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012
pri kutu unutar periode ¢ = 255.14°;
Ma = 0.755, Re = 5.5 - 10%, ay, = 0.016°,
ap = 2.51°, w* = 0.1628
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Slika, 5.54: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012
pri kutu unutar periode ¢ = 306.56°;
Ma = 0.755, Re = 5.5 - 10%, o, = 0.016°,
Qo = 2.51°, w* = 0.1628
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Slika 5.55: Raspodjela tlaka za nestaci-
onarno strujanje za aeroprofil NACA0012

pri kutu unutar

periode ¢ = 347.20°;

Ma = 0.755, Re = 5.5 - 10%, v, = 0.016°,
a, = 2.51°, w* = 0.1628

sile za razvijenu metodu poklapa se s rezultatina nestacionarnog RANS-a, dok u uspo-

redbi s eksperimentalnim podacima obje metode daju rjesenje koje je vise zamaknuto

pri manjim napadnim kutevima. Na slici 5.56 takoder je pokazano rjesenje za koefici-

jent normalne sile za rjesavac neviskoznog strujanja. Moze se primjetiti razlika u fazi i

iznosu rjeSenja izmedu razvijene metode i metode za neviskozno strujanje. Rezultati za

razvijenu metodu imaju vrlo dobro slaganje, u fazi i iznosu koeficijenta normalne sile,

s rezultatima rjesavaca nestacionarnog RANS-a. Slika 5.56 pokazuje utjecaj sprezanja

grani¢nog sloja na koeficijent normalne sile u odnosu na rezultate rjesavaca neviskoznog

strujanja.
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Slika 5.56: Koeficijent normalne sile i
trenutni napadni kut kao funkcija faz-
nog kuta unutar periode, za aeroprofil
NACA0012 pri Ma = 0.755, Re = 5.5-10°,
om = 0.016°, ap = 2.51°, w* = 0.1628.
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5.4.2. NACAG64A010 aeroprofil

U ovome potpoglavlju prikazani su rezultati za simetri¢ni aeroprofil NACA64A010,
za nestacionarno strujanje. Svi rezultati su usporedeni s eksperimentalnim podacima iz
AGARD izvjestaja [33] i rezultatima rjesavaca nestacionarnog RANS (URANS) struja-
nja. Aeroprofil izvodi harmonijsko gibanje s rotacijom oko osi na udaljenosti z,/c =
0.239 od napadnog brida. Rezultati su izracunati za podzvucno stlacivo strujanje s po-
javom jakog udarnog vala. Karakteristike slobodne struje i gibanja aeroprofila su dane
u tablici 5.9.

Tablica 5.9: Nestacionarni probni slucaj za aeroprofil NACA64A010

Machov broj Ma | 0.797
Reynoldsov broj Re | 12.4 - 10°
srednji napadni kut oy, | —0.08°
Amplituda napadnog kuta «, | 2.00°
Reducirana frekvencija w* | 0.202
Polozaj osi rotacije x4 /c | 0.239

Racunalna mreza sastoji se od 9600 kontrolnih volumena, 160 kontrolnih volumena u
smjeru £ koordinate i 60 kontrolnih volumena u smjeru n koordinate. Na slikama od 5.58
do 5.65 prikazani su rezultati koeficijenta tlaka za nestacionarno strujanje i gibanje
aeroprofila prema parametrima u tablici 5.9. S crtkanim i punim linijama prikazani su
izracunati rezultati s razvijenom metodom interakcije viskoznog i neviskoznog strujanja
za gornju i donju stranu aeroprofila. S trokutima okrenutim prema gore i dolje prikazani
su eksperimentalni podaci za gornju i donju stranu aeroprofila. Rezultati su dani za
slijedece fazne kuteve u zadnjem periodu simulacije: ¢ = 45°, 90°, 135°, 180°, 225°,
270°, 315°, 360°. Simulirane su cetiri periode nestacionarnog strujanja prije nego su
zapisani rezultati za zadnji period.

Razvijena metoda pokazuje rezultate koji se umjereno slazu s eksperimentalnim po-
dacima u veéini faznih kuteva zadnjeg perioda. Raspodjela koeficijenta tlaka pokazuje
malo podbacivanje na obje strane aeroprofila, na dijelu ispred udarnog vala, pri svim faz-
nim kutevima. Izrqéunati koeficijent tlaka se dobro slaze s eksperimentalnim podacima
na straznjem dijelu aeroprofila i iza udarnog vala. Polozaj udarnog vala je u vecini faznih
kuteva dobro predviden. Pri pojedinim faznim kutevima polozaj jakog udarnog vala je

bolje predviden nego za slabi udarni val. Intenzitet udarnog vala, tj. vrh iznosa koefici-
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jenta tlaka na udarnom valu, je na pojedinim faznim kutevima podbacen. Taj podbacaj
se dogada na strani aeroprofila gdje postoji manji podtlak, na polozaju strme raspodjele
koeficijenta tlaka, kao $to je na gornjoj strani aeroprofila na slici 5.62. U takvom slucaju
polozaj i intenzitet udarnog vala dobiveni razvijenom metodom i eksperimentom se ne
slazu. Izracunati skok koeficijenta tlaka kroz udarni val dobiven razvijenom metodom
je prilicno blazi u odnosu na eksperimentalne podatke. To se moze objasniti prejakim
utjecajem grani¢nog sloja na neviskozno strujanje, kao sto je pokazano i u stacionarnom
strujanju. Moze se primjetiti gotovo jednaka razlika koeficijenta tlaka, koji je dobiven
razvijenom metodom, u odnosu na eksperimentalne podatke na prednjem dijelu gornje
i donje strane aeroprofila Sto moze biti posljedica razli¢itih parametara eksperimenta i
racunalne simulacije (zbog nekorigiranih eksperimentalnih podataka za utjecaj zidova
zracnog tunela).

Na slikama od 5.58 do 5.65 su takoder prikazani rezultati izracunati RANS metodom
za nestacionarno strujanje. Rezultati RANS metode su izracunati za dvojednadzbenim
k — w modelom turbulencije. Rezultati dobiveni metodom interakcije viskoznog i nevi-
skoznog strujanja se gotovo odli¢no slazu s rezultatima izracunatim RANS metodom.
Polozaj i intenzitet udarnog vala dobiven razvijenom metodom u veéini faznih kuteva
jednog perioda se dobro slazu s rezultatima RANS metode. Pri pojedinim faznim kute-
vima intenzitet udarnog vala dobiven razvijenom metodom je malo polozeniji u odnosu
na RANS metodu za nestacionarno strujanje.

Na slici 5.66 prikazan je rezultat za koeficijent normalne sile u jednom periodu.
Rezultati izra¢unati metodom interakcije viskoznog i neviskoznog strujanja usporedeni
su s rezultatima za neviskozno strujanje. Na istoj slici prikazana je i promjena napadnog
kuta u jednom periodu. Rezultati izracunati razvijenom metodom pokazuju manji iznos
i fazni pomak u odnosu na rezultate za neviskozno strujanje.

Na slici 5.67 prikazani su rezultati koeficijenta normalne sile u ovisnosti o trenutnom
napadnom kutu za nestacionarno strujanje. Iz te slike se moze vidjeti da izracunati
koeficijent normalne sile odstupa od eksperimentalnih podataka.Uzrok tome lezi u razlici

raspodjele koeficijenta tlaka prikazan na prethodnim slikama.
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Slika 5.58: Raspodjela koeficijenta tlaka
za nestacionarno strujanje oko aeroprofila
NACA64A010 na faznom kutu ¢ = 45.00°
pri Ma = 0.797, Re = 124 - 10%, ay, =
—0.08°, ap = 2.00°, w* = 0.202

I @=135.00°
-1 B ﬁAAﬁmA (a= 1.330)
I Y el
05k
i
o O | A
L A %
M4 Euler+BL donja
ok Euler+BL gornja |
~T v Eksperiment donja
i A Eksperiment gornja
| v URANS donja
1F a URANS gornja
N 1
0 0.2 0.4 0.6 0.8 1
x/c

Slika 5.60: Raspodjela koeficijenta tlaka
za, nestacionarno strujanje oko aeropro-
fila. NACA64A010 na faznom kutu ¢ =
135.00° pri Ma = 0.797, Re = 12.4 - 10,
am = —0.08°; a, = 2.00°, w* = 0.202

Slika 5.59: Raspodjela koeficijenta tlaka
za nestacionarno strujanje oko aeroprofila
NACA64A010 na faznom kutu ¢ = 90.00°
pri Ma = 0.797, Re = 12.4 - 10%, ay, =
—0.08°, ap = 2.00°, w* = 0.202
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Slika 5.61: Raspodjela koeficijenta tlaka
za nestacionarno strujanje oko aeropro-
fila NACA64A010 na faznom kutu ¢ =
180.00° pri Ma = 0.797, Re = 12.4 - 109,
am = —0.08°; a, = 2.00°, w* = 0.202
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Slika 5.62: Raspodjela koeficijenta tlaka
za nestacionarno strujanje oko aeropro-
fila NACA64A010 na faznom kutu ¢ =
225.00° pri Ma = 0.797, Re = 12.4 - 106,
am = —0.08°; a, = 2.00°, w* = 0.202

[ . ¢@=315.00°
-1 ? vavv (G = '1490)
05k
= oL
I Euler+BL donja
osbi " Euler+BL gornja
~T v Eksperiment donja
i A Eksperiment gornja
| v URANS donja
1 j; A URANS gornja
N T
0 0.2 0.4 e 0.6 0.8 1

Slika 5.64: Raspodjela koeficijenta tlaka
za, nestacionarno strujanje oko aeropro-
fila. NACA64A010 na faznom kutu ¢ =
315.00° pri Ma = 0.797, Re = 12.4 - 105,
am = —0.08°; a, = 2.00°, w* = 0.202
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Slika 5.63: Raspodjela koeficijenta tlaka
za nestacionarno strujanje oko aeropro-
fila NACAG64A010 na faznom kutu ¢ =
270.00° pri Ma = 0.797, Re = 12.4 - 106,
am = —0.08°; a, = 2.00°, w* = 0.202

L ¢=360.00°
; v, (a =-0.08°%)
osf
= oL
L0 Euler+BL donja
o5k P --—---- Euler+BL gornja
SR v Eksperiment donja
B a Eksperiment gornja
L X v URANS donja
1 f a URANS gornja
T T NI N N N N N T -
0 0.2 0.4 0.6 0.8 1
x/c

Slika 5.65: Raspodjela koeficijenta tlaka
za nestacionarno strujanje oko aeropro-
fila NACA64A010 na faznom kutu ¢ =
360.00° pri Ma = 0.797, Re = 12.4 - 106,
am = —0.08°; a, = 2.00°, w* = 0.202
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Slika 5.66: Koeficijent normalne sile i
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Slika 5.67: Koeficijent normalne sile kao
funkcija trenutnog napadnog kuta za aero-
profil NACA64A010 pri Ma = 0.797, Re =
12.4 - 10%, oy = —0.08°, a, = 2.00°,
w* =0.202



6 | Zakljutak

U ovome radu razvijena je jednostavna i tocna metoda za odredivanje nestacionarnih
aerodinamickih opterecenja. Metoda je temeljena na viskozno-neviskoznoj dekompoziciji
racunalne domene, pri ¢emu je neviskozno strujanje opisano nestacionarnim FEulerovim
jednadzbama dok je grani¢ni sloj opisan Von Karmanovim integralnim jednadzbama.
Sprezanje Euler-granicni sloj je ostvareno pomoé¢u transpiracijske brzine (transpiracijska
brzina, koja je izracunata iz jednadzbi grani¢nog sloja, koristena je u rubnom uvjetu
neviskoznog rjesavaca). Metoda je usmjerena na podzvucno i krozzvuéno strujanje pri
velikim Reynoldsovim brojevima, s i bez pojave udarnog vala.

Nestacionarne Eulerove jednadzbe su rijesene u transformiranim krivolinijskim koor-
dinatama koristec¢i konzervativni oblik Eulerovih jednadzbi, pomoc¢u metode kontrolnih
volumena na pomi¢noj strukturiranoj krutoj mrezi C-tipa. Prostorna diskretizacija je
izvedena pomoc¢u Van Leerove MUSCL sheme drugog reda tocnosti, dok je vremenska
integracija izvrSena pomocu eksplicitne Eulerove metode. Nestacionarni slucajevi su
izvedeni za oscilatorno gibanje aeroprofila s promjenom napadnog kuta s nedeformira-
nom mrezom (kao rotacija krutog tijela). Generator mreze je temeljen na rjeSavanju
Poissonove jednadzbe i zadovoljenjem ortogonalnosti mreze na konturi aeroprofila.

Model jednadzbi grani¢nog sloja sastoji se od dviju jednadzbi, integralne jednadzbe
kolicine gibanja i jednadzbe kineticke energije, zatvorene s dodatnim izrazima prema
Dreli. Tranzicija je predvidena pomocu e™ metode. Model grani¢nog sloja je integriran
pomocu Runge-Kutta metode cetvrtog reda.

Prije validacije metode odabranim stacionarnim i nestacionarnim sluc¢ajevima, ana-

lizirana je konvergencija mreze kako bi se napravio odabir veli¢ine mreze (u obliku uda-

86
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ljenosti aeroprofila do vanjskog ruba domene i potrebnog broja kontrolnih volumena)
koja omogucava rjeSenje neovisno o mrezi. Konvergencija mreze je u¢injena na aeropro-
filu NACA0012 na dva napadna kuta 1° i 5° za stacionarne i nestacionarne slucajeve.
Zakljuceno je da mreze s udaljenoséu aeroprofila do vanjskog ruba dome od 40 duljina
tetiva, s 160 kontrolnih volumena uzduz konture traga aeroprofila i 60 kontrolnih volu-
mena u smjeru okomito na konturu, omogucavaju rjesenje koje je nezavisno o mrezi. Iz
nestacionarnih rezultata slijedi da su samo dva perioda numericke simulacije dovoljna
da se postigne periodicko rjesenje.

Stacionarni rezultati su izvedeni za tri karakteristicna aeroprofila (NACA0012, NACA-
64A010 i NLR7301) pri tri razlicita Machova broja u rasponu napadnih kuteva gdje se
nije ocekivalo masivno odvajanje strujanja, s i bez pojave udarnog vala. Rezultati do-
biveni razvijenom metodom su usporedeni s eksperimentalnim podacima iz AGARD

izvjestaja i s rezultatima RANS rjesavaca. Slijedece je zakljuceno:

e Stacionarni rezultati za aeroprofile NACA0012 i NACA64A010 pokazuju dobro

slaganje s eksperimentalnim podacima pri svim Machovim brojevima.

e Za ta dva aeroprofila polozaj tranzicije je toéno predviden. U slucaju bez udarnog
vala, tranzicija je pokazana kao mali skok u distribuciji koeficijenta tlaka, kao i u
eksperimentalnim podacima. U slucaju s udarnim valom tranzicija se pojavljuje

na mjestu udarnog vala, tako da nije jasno vidljiva.

e Za ta dva aeroprofila intenzitet udarnog vala je dobro predviden, no njegova po-
zicija je lagano pomaknuta prema izlaznom bridu aeroprofila u odnosu na eks-
perimentalne podatke. Razvijena metoda predvida poziciju udarnog vala blize
poziciji prema podacima iz eksperimenta, nego sto to daje rjesenje ¢isto neviskoz-
nog rjesavaca, Sto znacCi da uzimanje u obzir efekte grani¢nog sloja poboljsava

tocnost rjesenja.

e Rezultati za aeroprofil NLR7301 ( koji predstavlja izazov za metode viskozno-
neviskozne interakcije zbog ekstremno velikog radijusa nosa aeroprofila) pokazuju
veliku osjetljivost na zadebljanje grani¢nog sloja i poziciju tocke tranzicije, Sto je
takoder pokazano i u literaturi. Razvijena metoda za taj aeroprofil pokazuje rezul-

tate s umjerenim slaganjem u predvidanju raspodjele tlaka. Takoder, predvidena
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tocka tranzicije na kompresijskoj strani aeroprofila nije smjestena na to¢noj po-
ziciji i metoda pokazuje nestabilnosti tlaka na izlaznom bridu podtlacne strane

aeroprofila.

Nestacionarni rezultati su izvedeni za slucajeve aeroprofila NACA0012 i NACA64A010.
Metoda nije prikladna za aeroprofil NLR7301 zbog pojave separacije strujanja pri rela-
tivno malom napadnom kutu (u slu¢aju separacije strujanja, model grani¢nog sloja vise
ne vrijedi). Probni sluc¢ajevi su izabrani iz AGARD izvjestaja za Machove brojeve pri
kojima se pojavljuju udarni valovi. Dobiveni rezultati su usporedeni s eksperimental-
nim podacima a takoder i s rezultatima nestacionarnog RANS rjesavaca. Slijedece je

zakljuceno:

e Nestacionarni rezultati za oba aeroprofila su pokazali umjereno slaganje s ekspe-

rimentalnim podacima.

e Pozicija udarnog vala je u veéini faznih kuteva tocno predvidena. Na nekoliko
faznih kuteva pozicija udarnog vala, dobivena pomocu razvijene metode, je po-
maknuta prema napadnom bridu aeroprofila relativno na poziciju u eksperimentu
(kao i u stacionarnom slucaju). Ti rezultati se vrlo dobro slazu s rezultatima

nestacionarnog RANS rjesavaca.

e Intenzitet je na nekoliko faznih kuteva malo smanjen u odnosu na eksperimentalne
podatke. Metoda je pokazala na nekoliko faznih kuteva, pri manjim napadnim
kutevima, na strani aeroprofila s slabijim udarnim valom, izgladenu raspodjelu

tlaka u odnosu na raspodjelu tlaka prema eksperimentalnim podacima.

e Rspodjela koeficijenta tlaka na obje strane aeroprofila pokazuje dobro slaganje
s eksperimentalnim podacima. Na dijelu aeroprofila ispred udarnog vala postoji
mali pomak izracunatog koeficijenta tlaka u odnosu na eksperimentalne podatke.
Kako je taj pomak otprilike jednak na donjoj i gornjoj strani aeroprofila, to nema

utjecaja na iznos normalne sile tlaka.

e [zracunati koeficijent normalne sile dobiven pomoc¢u razvijene metode i pomocu
nestacionarnog RANS rjesavaca pokazuje vrlo blisko slaganje. Za odredeni na-
padni kut, izracunati rezultati koeficijenta normalne sile pokazuju jednolik pomak

u odnosu na eksperimentalne podatke.
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e Izracunati nestacionarni koeficijent normalne sile dobiven pomoc¢u razvijene me-
tode pokazuje smanjenje iznosa i zaostajanje u faznom kutu u odnosu na nestaci-

onarne Eulerove rezultate.

Prema iskustvu u koristenju razvijene metode, moze se zakljuciti da metoda pokazuje
oscilatorno ponasanje koeficijenta tlaka u blizini jakog udarnog vala i na izlaznom bridu
aeroprofila. Te oscilacije mogu uzrokovati divergenciju metode, tako da je potrebna
podrelaksacija pa stoga i veci broj iteracija. Podrelaksacijski faktor za ve¢inu nestabilnih
slucajeva pada i do vrijednosti 0.001. U budué¢em radu trebalo bi razmotriti ¢vrsti
nacin sprezanja Fulerovih jednadzbi i jednadzbi grani¢nog sloja. U takvom pristupu sve
jednadzbe su rijesene simultano (za razliku od razvijene metode u kojoj su jednadzbe
rijesene sekvencijalno). Takva metoda je kompleksnija, ali se moze ocekivati da ¢e ¢vrsto

sprezanje poboljsati robusnost metode.



{ | Zakljucak doktorskog
rada

U ovome radu razvijena je jednostavna i to¢na metoda za odredivanje nestacionar-
nih aerodinamickih optere¢enja. Metoda je temeljena na nestacionarnim Eulerovim

jednadzbama korigiranim za utjecaj grani¢nog sloja.

e Ukljuc¢ivanje granicnog sloja u metodu s nestacionarnim Eulerovim jednadzbama
rezultira metodom s tocnijim predvidanjem nestacionarnih aerodinamickih op-

trec¢enja.

e Dokazana je hipoteza rada. Razvijena metoda je brza i daje rezultate priblizno
iste to¢nosti kao i matematicki model vise tocnosti poput RANS-a, i rezultati se

dobro slazu s eksperimentalnim podacima.

e Postoji mogucénost da se poboljsa robusnost razvijene metode modificirajuéi nacin

sprezanja izmedu Eulerovih jednadzbi i jednadzbi grani¢nog sloja.
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A | lzvod rubnog uvjeta

Rubni uvjet na povrsini aeroprofila jednak je:

(76— ) -7 = 0/ =
T — Up — n=0/—
Uk Dt
D@W—vp—v) o, . . . Di
Dt +(U v t)ﬁ 0
Dv . D(vg+v) | . . ., Dn
T =tk =)y =0/-0
Dv 1
Fj———gradp’
Dn . D (v +vy)
ﬂ{ﬁ (U— v —vp) — (gt 0 n}:gradp n
Dn ., .
I_E (U—U—t)
D (vi, + vy)
II=—
Dt
i=kxeé
t 7k
=0 0 1|=(-yew)
Te Ye O
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(A.2)

(A.3)

(A4)



Transformirane derivacije su jednake:

0

— K
e |ge
0

a_y K21
0

T _K31

0
73
9,
23
0
23

+K12

+ Koo—

+ Kzo—

gdje je matrica transformacije jednaka

LnlYr

i Jakobijana je jednaka

- ynxT

0
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+ Ki3—
on

0
an
0
on

Yelr

+ Koz —

—Ye
3

J = xeyy — TyYe.

oo

[— <8nx on,

(D gy, Py,
ot " ox y(?

0 ( vk—l—vt

+v %
Yy 8y
on,

9 (vj, + 0y)

57
or |

— TeYr

| R
)0y = e = )

0
a_
57

K oq——
+ Bor

$

0 (vj, + vy) N

ox

Uy

dy
0 (ZUT + Utm)

8 y'r + Uty

x

ox

0 (7 + Viz) N

+ a (yT + Uty)

Y

= ("
(8 Tr + Vgy)
(3

1

I= [ — — (Ks1Yee + Ksoyey + Kssyer) —

J

(Y

J
1
+ |:j (Kglxgg + Kggl’gn + K33$§T)

v
+ Y
J

xT

ox

+
J

(—2ywee + xfxﬁn)} (vy

Vg
- (YnVee — YeYen)

(_Iny& + $€y§n)] (Ve —

(ynTee —

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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IT = ye Ef (Ks1 (Zre + Vtag) + Koz (g + Vian) + Kss (Trr + Vtar))
—i—%x (Un (Trg + Vtag) = Ye (Try + Vian))

+U_jy (= (re + Viae) + Te (Zry + Vian) }

— [% (K31 (Yre + veye) + Ko (Yry + Vi) + Kz (yrr + viyr)
+U§ (U (Yre + Viye) — Ye (Yrn + Vign))

+% (—=2y (Yre + Vrye) + T (Yrn + Vegn) }

(A.16)

Povrsina aeroprofila odgovara povrsini n = konst. i odgovara slijede¢em izrazu:

Dn
)
Dt

n on on

il . -0
ot " Vror T gy
L) ORI —0
— - = _x —
7 32 Jyg 7 13

1

I= {—3 (TnYrYee — YnTrYee + JYer) — J — YnYee + 7 xnyﬁf} (Ve — 7 — Vg)

1 Vg Uy
5 (TnYrTee — YnTraee + Jrgr) + 7 YnTeg — — TnTee (Vy = Yr — Vty)

1 1
I= [_jyny& (Vz —2r) + STl (vy —yr) — yéf} (V2 — 77) — Vg

1 1
| Gt 00 = ) = Jaee 0, = 00 + ] 00y = ) = )]

(A.17)

(A.18)

(A.19)

(A.20)

(A.22)



Poglavlje A. lzvod rubnog uvjeta 94

1 1

[=- T YnYes (0 — )" + 7 nYee (vy = ¥r) (Vo — @7) = Yer (V2 — 1)
1 1
+ jyny& (U:c - xr) Utz — 31777955 (Uy - yr) Viz + YerVta
(A.23)
1 1 9
+ jynmff (V2 — 2r) (vy — Yr) — jxnxéé (vy = ¥r)" + &7 (Vy — yr)
1
- jynx& (Ve — 27) vy + jxnx& (Vy — Yr) Uty — TerUty
1
II= yg[j (K31 (Tre + Vige) + K33 (Tr7 + Vtzr))
Uy )
+7yn (Tre + Viag) — jyxn (Tre + Vtag)]
1
_xﬁ[j (K31 (?Jrg + Uty&) + K33 (yTT + UtyT))
. v
Y (Yre + Viye) — 71,% (Yre + Vige)] (A.24)

1= 0l (et — ) (o ) + T (27 + v0cr)

+U§yn (Tr¢ + Vtag) — v—;ﬂ?n (Tre + Vtag)]

5 (e = ) (s + 1) + T (9 + 00))
24 (e + Vige) = 2 (e + )] (A.25)

1
II= y{[j (xnyfx‘rf + ﬂfnyTUmg - ynx‘rmff - ynvamg + fo‘r + J,Ut$1')
Uy Uy Vy Vy
T YnTre + T Ynlte — — TyTre — — TyUiag]

1
_'rf[j (x'f]yTyTS + Tn¥YrVtye — YnTrYre — YnTrUgye + J?JTT + JvtyT)

Uy Uy v v
+7ynyT£ + 73/77%;6 - 7@;%%6 - 7yxnvty5] (A.26)
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1 1 1
1= y&[jynm% (ve — 2r) — gt (vy —yr) + JYnltat (Ve — )
1
_jxnvtzﬁ (Uy - Z/T) + Trr + Ut:rT]
1 1 1
—%[7%%5 (Ve — 7)) — jxnyff (vy —yr) + j?/nvtyf (V2 — 1)
1
_jxnvtyi (Vy = Yr) + Yrr + Viyr) (A.27)
1
IT= = lyeynore (Vo — 1) = YenTre (Vy = Yr) + YelnVeag (V2 — @7)

Yr) + TeYnUiye (Ve — 27)
Yr) + JYrrxe + Jvg 2] (A.28)

1
__['Téynyﬂf (Ux - x‘r) — TeTnYre (Uy

Y lnVta (Uy - yT) + J$rfy§ + JUthyg]
7 _

I + II (dijelovi s z¢r 1 yer):

1
T+ Mo, ye, = FWeUnre (Vo = 1) = Yeyrg (vy = Yr) = Teynyre (Vo — 1)
—|—a:£xny75 (Uy - yT) — Yer (Uz - IT) J+ Ter (Uy - y7—> J
+y§7-'UtxJ — .Z'&-’Utyj] (A29)

T+ 1D, 4, = %[ygynxrs (Vo — &) — YeyZre (Vy — Yr) — TeYyYre (U — @)
+2eTyYre (Vy — Yr) — TeYnYer (V2 — T7) + Yelpyer (Vo — 1)
FreynTer (Vy — Yr) — YeyZer (Vy — Yr)

FLeYnYerVia — YeTnlerVte — TelnTerVey + YelnTervy]  (A.30)

1
(I+ H)x&y& = j[yfxff (yn (v — 27) — 2y (vy — yr) — @y (vy — Ys))
—ZeYre (Y (Ve — ) — 2 (Vy — Yr) + Yy (V2 — 7))

+y£xny£r (U:Jc - 137‘) + TeYnTer (Uy - yr)

FLeYnYerVia — YelnYerVia — TelnTerVey + YelnTerUny] (A.31)
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(I+1I)

1 _
verver = gletne (/73 402 T = (0, —02))
—TelYre (, [22 4+ y2 U+ Yy, (Ve — :L‘.,-)>

+y§xny§7' (Ua: - xT) + l‘gynl'&_ (Uy - yr)
+TeYnYerVie — YeTnYerVta — TeYpTerVey + YeTyTer Uy (A.32)

(I+1D), , =

TerYer

1 _
Slyeree (/73 + 03 T+ g (02— 0) =y (0 = 92) = iy (0 — 7))
—TeYre <, [22 + yr U+ Yy, (Vg — x7) — 2y (Vy — yr) + 2y (v )

+y§xnyfr (Ua: xr) + TeYnTer (Uy
+TeYnYerVia — YeTnYer Vi — TeYnTerVyy + ygl’nf%vty] (A.33)

1 / _
(I + Il)mgTygT = 7[y5x75 <2 .’L‘% + y?; U =Yy (U:c - :ET)>
—Telre (2, /22 + Y2 U+ xy (vy — yT)>

+YernYer (Vo — T7) + TeynTer (Vy — Yr)

+TeYnYerVie — YeTnYerVta — TeYpTerViy + YeTyTer Uy (A.34)

1 _
I+ II)%T% = 3[2, [22 + Y2 U (YeTre — TeYre)

—YeTreYn (Vo — Tr) — TeYrey (Vy — Yr)

FYeTnyer (Vo — Tr) + TeYnTer (vy — Yr)
FLeYnYerVtz — YeTnYer Ve — TeYnTerUy + YelnTer Uiy
FYeYnTerViz — YeYnTerViz

+TeTyYer Uiy — TeTnYer Uy (A.35)
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1 _
T+1D),, .. = 3[2, [ 02 + Y2 U (Yere — TeYre)

+ @ e (—Ye (Vs — Tr — Vi) + T (vy — Yr — V)
—Yerty (=Yg (Vo — T = Via) + T (Vy = Yr — V)
FTTeYnYerVia + YelnTer ey

“YeYnTerUig

—TeTnYerViy) (A.36)

Na povrsini aeroprofila brzina v u protoku G koja je okomita na 1 = konst., je jednaka

nuli i odgovara slijedeéem izrazu u jednadzbi (A.36):
U= —Ye (Vs — 7 — Vi) + 3¢ (vy — Yr — vgy) = 0. (A.37)

Iz toga slijedi:

1 _
(I+ II)%T% = 3[2, [ 22 + Y2 U (YeTre — TelYre)

FTeYnYerVia + YeTnTerVy — YeYnTerVte — TeTnYerVsy] (A.38)
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I + II (dijelovi s zge 1 yee):

1 2
+YnYee ('Ux - l‘fr) Vte — TnlYee (Uy - yT) Vtg
2
Fyne (Vo — 27) (Uy — Yr) — Tyee (Vy — yr)

~YnTee (Vo — T7) Uiy + TyTee (Uy —Yr) Uty] T

J

(T 1D,y = %[—yiﬂfgy& (vs = 27)" + TyYyyeyee (v — 27)°
FretyynYee (Ve — 1) (vy — Yr) = Yeayyee (Vo — 27) (vy — yr)
+xeyiyee (Vo — Tr) Vio — YeylnYee (Vo — Tr) Ut

— ey Yyee (Vg — Yr) Vo + YeTyee (Vy — Yr) Via

taeyptee (Ve — a7) (v = Yr) = TyyyYeee (Vo — 2-) (vy — yy)
—xexyyyree (v — Yr)* + Yernree (vy — yr)*

—Teyitee (Ve — Tr) Uy + YelylnTee (Vo — 1) Uy

+TeTnYnTee (Vy — Yr) Vey — yfxfzx&f (vy — yr) vy

+aeyeers (v, — yr)° — Teyeers (v — yr)°

FrexnyyYee (Vo — T7) (Vy — Yr) — TeXplyYee (Vo — T7) (vy — y7)]

(A.39)

(A.40)
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(I+1I)

TeeYee
1

72 [—Teyee (y72; (vp — 377)2 — 2%y (Vo — 1) (Vy — y7) + :B,27 (vy — 97)2)
+Tyynyeyec (vr — 27)°
—Yepyee (Vo — 1) (vy — Yy)
+eyoyee (Vo — T7) Vio — YeTp¥nYee (Vo — Tr) Vpa
—TeyYnYee (Vy — Yr) Vew + Yenee (Vy — Yr) Vi
+reypree (Vo — 27) (0 = Yr) — Tyyyyeree (Vo — 27) (V) — Yr)
— 2Ty Yy (vy — yr)* + Yeraree (v, — yr)°
—TeYnTee (Vo — T7) Uiy + YenYyTee (Vp — 1) Vg
FretyYyee (Vy — Yr) Uy — Yy Tes (Vy — Yr) Ve
+reyeers (v, — yr)
—TeTpYnyee (Vo — 1) (vy —yr)] (A4D)

(I+ H)xssyss - %[_%y& (m% + yfr) ([
+ LYy yeyec (vn — 27)”
— Y yee (Vo — 1) (vy — Y7)
Fxeyyee (Vo — Tr) Viw — YeTylnYee (Vo — Tr) Vg
~TeyYnYee (Vy — Yr) Va + YeyYee (Vy — Yr) Via
+aeynree (Vo — 27) (0 = Yr) — Tyyyete (Vo — 77) (vy — Yr)
—xeyyntee (v — Yr)* + Yeramee (vy — yr)?
—TeYnTee (Vo — T7) Uiy + YenYyee (Vp — 1) Vg
FretyYntee (Vy = Yr) Uy — YepTee (Vy — Yr) Vg
+reyeers (v — yr)”
—TeTpYyYee (V2 — 27) (vy — yr)
+yereeyy (v — )" — Yeweeyy (Ve — 27)°
+TYnYeTee (Vo — T7) (Uy — Yr) — TyYyYeTee (Vo — 27) (vy — Y7 )] (A.42)
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4T, = ol (2 +42) 7
+yeree (U (0n — 27)* = 220y (0; — 27) (v — yr) + 75 (v, — y7)?)
+Tyynyeyec (Ve — 27)°
—yernyee (Ve — 27) (vy — yy)
+aeyoyee (Vo — T7) Vig — YeTyUnVee (Vo — Tr) Vi
—TeyYnYee (Vy — Yr) Vo + Yepee (Vy — Yr) Via
+aeypree (Vo — 1) (v — Yr)
—eyyymee (vy — yr)*
—TeYptee (Vo — T7) Uiy + YeTylnTee (Vp — T7) Vg
Tty Yytee (Vy — Yr) Uy — Yy Tes (Vy — Yr) Ve
+reyeers (v, — yr)”
—TeTnYnYee (Vz — T7) (vy — Y7 )
—Yerecyy (vr — 7,)°
FTpynyetee (Vo — 27) (vy — yr)] (A.43)
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T+1D),,. = %[_xgygg (22 + y2) @ + yewee (22 + y2) @
+gYeYe (Ve — 1)

—Yetpyee (Vo — 1) (v — yy)

+x§y72,y£5 (Ve = @r) iz — YeTnYnYee (V2 — 1) Uiz
—TeyYnYee (Vy — Yr) Vw + YeyYee (Vy — Yr) Via
taeynres (Vo — x7) (vy — Yr)

— Ty YnTee (Uy — y7)2

—Zeyitee (Ve — L) Uy + YelyYnTee (Vo — 1) Uy
FTeTnYnTee (Vy — Yr) Vey — yﬁxfyxéf (Vy = Yr) Ve
+aeyeey (vy — yr)”

—TeTyYnYee (Vo — T7) (Uy — Yr)

—Yerecyy (Ve — 71)°

FTpYYeTee (Vo — T7) (vy — Yr)

+TeTnYnYee (Vo — Tr) Uiy — TeTnYyYee (Ve — Tr) Vgy

+I§x727y55 (vy = Yr) Vi — "EEva;y& (vy — yr) vy (A.44)
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(4 1D gy = %[(563 +4y) T (yewee — evee)

FynYee (Ve — 1) (Ye (Vo — 7 — Vra) — T (Vy — Yr — Vgy))
+1’$ny£ (Vy = Yr) (=Ye (V2 — Tr — Vi) + T (Vy — Y7 — Vgy))
+reypyee (Vo — Tr) Vg

—TeTnYnYee (Vy — Yr) Via

+reynree (Vo — x7) (vy — Yr)

—exyyyres (vy — yr)”

—TeYpee (Vo — 1) Uiy + YennTeg (Vo — Tr) Vg

Tt yynTee (V) — Yr) Uiy — Yepee (Vy — Yr) Uty

—Yeweeyy (Ve — 7-)°

FTnYyYeTee (V2 — 27) (vy — yr)

—TeTpYnYee (Vo — Tr) vy

—HEE:E?;?/EE (Vy = Yr) Uty (A.45)

Iskoristivsi uvjet u jednadzbi (A.37), slijedi izraz



(I+1I)

2
— XYy, Tee (Vs

TTeTyYnTee (v

mééyéﬁ
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1
e — (2} 4+ y2) T (yewee — veyee)
+$€y2y€§ (Ux - xT) Vg
—TeTpYnYee (Vy — Yr) Vix
— ;) (vy — yr)
2
Uy — Yr)

+x5yf}x£§ (Um
— Ty YnTee (
— X7) Vgy + YeTyYyTee (Ve — T7) Uy

y = Yr) Uty — ?Jsm%l’ss (vy = Yr) vy

—yeteeyn (Vo — 27)°

+TnYnYetee (v
—LeTnYnYee (Ve —

+LE£

(I+ H)z&y& =
) (_3/5 (Vg
Yr) (y£ (Ve — 27 —

a;ggyf] (v R —

+TpynTee (Vy —

Iskoristivsi jednadzbu (A.37), slijedi

v — Tr) (Uy —Yr)
T:) Uy

x?;y& (vy = Yr) Vg

+ ) W (Yeee — Teyee)
— Vyy))
— Ugy))

) Vg

—Yr
—Yr
+aeyyyes (Vs —
—TeyYnYee (vy —
+y€$nynx€€ (ve —

(
—TeTyYnYee (Vo —
+aeyyee (vy —

—Yeypree (Vg —
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(A.46)

(A.47)
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(I+ H)ﬂfégyf& le [(:1: T yn) 0 (Yewee — Teyee)
+3?§y$ygg (Ve — T7) Vg
—ZeTnlnYes (Vy
FYeTnYnTee (Vo — T7
— Yy Teg

vy = Yr

Yr)
)
( )
—TeTnYnYee (Vo — Tr) Vyy
+reryyee (vy — yr)

)

_yfyr]xff (,Ux Tr
FYeTnyntee (Vy = Yr) Via (A.48)



(I+1I)

TerlYer
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+ (I + II)x§§y§§ + (I + II)rest:

L. 7/ _
I+1I= 3[2 l‘% + y% U (ygfL‘Tf — ZL‘gyTg)

+x§y77y£7'vtw + YelnTer Uty — YelUYnTer Ve — xExnyﬁTvty]
1
t5 — (@2 + ) W (Yewee — Teyee)
+eyiyee (Vo — Tr) Ut
—TenYnYee (Vy
FYelnYnTee (Um Tr
—yetiwee (Vy — Yr

yr)

)

)
—TeTnYnYee (Vo — Tr) vy
ey yee (Vy — Yr) Vry
)

—Yeyotee (Vo — Tr) Ugg
+YeTnYnTee (Vy — Yr) Vi)
1
+j[y§ynvtw§ (U:c - 1‘7_)
T YeTn Ut (UZ/ - y7’) + ‘]xTTyﬁ + Jvt:m-yg]
1
_j[wfynvtyﬁ (vp — )

—TeTyUsye (Vy — Yr) + JYrr e + JUyr 2]

(A.49)
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gradp - n:

dp dp

bbb

0+ 3
1 L0 o 0P, 0P
7 yfy"@g ya T ’5877
(?

gradp - 1 = ny

1 8p 1 8

Prema jednadzbi (A.5) slijedi:

1 _
P[j[Q\/ TE+ Y2 U (Yere — TeYre)

+TeYnYeria + YeTnTerVty — YeUnTerVta — TeTnler Uy
le [(g + 90) W (yewee — wevee)

+eypyee (Vo — Tr) Ve

—TeyYnyee (Vy

(

TYelnYnTee (Vo — X7

Yr)

)
—yernTee (V) — Yr) Uy

—ZTelplyYee (Vo — T7)
+aetyee (v — Yr) Uiy
~Yepree (Vo — r)

FYeTnYnTee (Vy — Yr) Via
+§[y€ynvtx£ (vp — ;)

T YelnVtag (Uy - y‘r) + Jl’rﬂ/g + Jvtx‘ryﬁ]
1
_j[xﬁynvtyi (vo — 1)

—TeTyUsye (Vy — Yr) + JYrr e + JUpyrze]] =

1 0p 10p
Jon (-752 + y?) ~Jo¢ (zey + Yeyn) (A.51)
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op Op
on (e +ve) = o¢ (zey + Yeyn)

+p{24/ 77 + Y3 U (YeTre — TeYre)

FTeYnYerViz + YelnTerVty — YeYnTerViz — TelnYer Uy
+§[($§ + ) @ (Yeee — Teee)

+reynyee (Vo — Tr) Vi — TeyYnYee (Vy — Yr) Vta

FYetnynTee (Ve — 1) Uy — Yy Tee (Vy — Yr) Ve

—TeXYnYee (Ve — T7) Vg + 37533727%6 (Vy = Yr) Vgy

~YelpTee (V2 — Tr) Vig + YeyYnTee (Vy — Yr) Via

FYeYnViee (Ve — 7)) — YelbnUiag (Vy — Yr) + JT7:Ye 4 JUtorYe

—LeYnVtye (Vp — ;) + LeLnUiye (vy = yr) — JYrrze — JUpyr e}

dp dp
% (2 2) = 2 e + v

u? ]
@+ (Yeree — Teyee) + T (YeTre — Telre)
Te T Ye NERRT

+];‘r‘ry§ - yT‘rxf]

+p{J[

+x£yny€7'vtx + YeTnTer Uty — YeYnTerVix — Telnler Uty
1 2

5 lweyyee (Vo — 20) Vi — TeTyynyee (vy = Yr) Via

TYeTnYnTee (Ve — 27) Vgy — ygx%x& (Vy — Yr) Uy

—TeTpYnYee (Ve — T7) Uy + xﬁa”?yyfﬁ (vy = Yr) vy

~YeYntee (Vo — T7) Vg + YenYnTee (Vy — Yr) Vra)

+?J§yn"0m§ (Ux - xT) - yéxnvtxé (Uy - yT) + Jvt:m'yf

—LEYnUtye (Ve — 7) + LeLnUiye (vy —Yr) — JUtyTxé}

(A.52)

(A.53)
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ap , 4 ) op >
o (22 +vE) = ¢ D (wewy + yeyy) + P{J[m (YeTee — TeYee)

2u

F—— (ygifrg - xfyrf) + Trrle — y‘rrwﬁ]
A /xg + yg

+V Yy (fl’gygr — ygﬂfgr) — ULy (%?J& YeXer
1
+7[y5 (Ve — T7) Vi (TeYee — YeTee) — ToYn (Vy — Yr) Vi (TeYee — YeTee

)
)
gy (Vn = T7) Oy (TeYee — Yeee) + T (v — Yr) Uiy (TeYee — Yeee)]
Yy (V2 — T7) (YeViag — Terye) — Ty (Vy — Yr) (YeVtag — Teiye)
+J (Vo Ye — Vyre) (A.54)

dp 2 2 u’
o (2 + ve

dp
) = a_f (Texy + Yeyn) + p{J[( Yeee — Telee)

v (
g+ ¢)
20

T (?/&x‘ré - ngyfg) + TrrlYe — yﬂ-lﬂg]
\ /xg + yg

+ (TeYer — YeTer) (VielYy — ViyTy)

+

1
+j[(x§y£§ — YeTee) (%2; (Ve = T7) Vew — Ty (Vy — Yr) Vto

+ 2y (Ve — T7) Uiy + x% (vy = yr) Vgy)]
+ (YeVtee — TeViye) (Yy (V2 — 27) — 2 (V) — y7))
+J (Utxryf - Utyr$f)} (A55)
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