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Abstract

In this thesis a comparison of pressure—velocity coupling algorithms is conducted
with special emphasis on the implicit coupling of momentum and pressure equa-
tions in a single linear system as an improvement on the conventional segre-
gated methods. The research is done in the scope of the finite volume method,
and carried out in foam-extend, a community driven fork of the open source
computational fluid dynamics software OpenFOAM. We focus on the equations for
steady—state, incompressible, single—phase turbulent flow. To counteract the zero
block on the diagonal of the system, the pressure equation is derived as a Schur
complement. A description of the OpenFOAM matrix format is given as well as
the structure of the finite volume matrices which arise from the computational
mesh connectivity. Contributions from finite volume equation discretisation to
each term of the implicitly coupled block—matrix are illustrated. The computa-
tional effort is directed mostly to solving the pressure Poisson equation, thus it is
very important to employ an efficient solver for elliptic equations, which is also
effective for the hyperbolic momentum equation. An overview of linear solvers is
given: fixed—point methods, algebraic multigrid and some versions of the Krylov
subspace solvers are analysed in the context of Finite Volume Method. Two
methods for constructing coarse matrices in algebraic multigrid are compared:
additive correction method, which is the usual choice for the implicitly coupled
pressure—velocity system in recent literature, and the newly implemented selec-
tion algebraic multigrid. Incomplete lower—upper factorisation based on Crout’s
algorithm is used as an error smoother with the algebraic multigrid method. Par-
allelisation issues regarding the selection algebraic multigrid are laid out, with
additional comments on the possible parallelisation strategies. The performance
of both segregated and implicitly coupled pressure—velocity solver is compared
for multiple complex test cases including external aerodynamics cases (Formula
1 front wing, bluff body with a diffuser, submarine) and internal flow cases (cool-
ing of an engine jacket, centrifugal pump, Francis turbine) both on structured

and unstructured meshes. A comparison of convergence against computation



time and number of non—linear iterations is given, both in terms of field residuals
as well as integral values. The influence of the linear solver on the convergence
of implicitly coupled pressure—velocity solver is investigated, as well as the im-
pact of different settings of selection algebraic multigrid on convergence rate and

computation time.

Keywords:
Implicit coupling, Block matrix, Pressure—velocity coupling, Algebraic multigrid,

Conjugate gradient method






Prosireni sazetak

I Sprega jednadzbi brzine i tlaka

Stacionarno, nestlacivo, jednofazno i turbulentno strujanje fluida opisano je jed-
nadzbom oc¢uvanja koli¢ine gibanja koja sadrzi nelinearni konvekcijski ¢lan, difu-
zijski ¢lan te povrsinske sile u obliku gradijenta tlaka, i jednadzbom kontinuiteta,
koja namece uvjet konzervativnosti polja brzine u nestlacivom strujanju. Buducéi
da ne postoji analiticka metoda za rjeSavanje ovog sustava jednadzbi, koriste se
iterativni algoritmi. U opisanom sustavu ne postoji eksplicitna jednadzba koja
opisuje polje tlaka, sto onemogucava koristenje klasi¢nih iterativnih metoda u
kojima se neizbjezno provodi dijeljenje dijagonalnim elementom matrice. Stoga
se iz jednadzbe koli¢ine gibanja izvodi izraz za polje brzine te uvrstava u jed-
nadzbu kontinuiteta kako bi se dobila jednadzba iz koje se moze izracunati polje
tlaka. Dobivena jednadzba tlaka ima oblik Poissonove jednadzbe, elipti¢nog je
karaktera te predstavlja najzahtjevniji dio rjeSenja linearne sprege brzine i tlaka.

Zbog ogranicenih rac¢unalnih resursa, 70.—tih i 80.—tih godina proslog stoljec¢a
razvijaju se algoritmi koji jednadzbu koli¢ine gibanja i tlaka rjesavaju u odvo-
jenim linearnim sustavima, uvrStavajuci prethodno izracunate vrijednosti druge
varijable. Pristup razdvajanja jednadzbi linearnog sustava prisutan je do danas,
a algoritmi SIMPLE i PISO te njihove inacice jos se uvijek koriste u modernim
kodovima za racunalnu dinamiku fluida.

U ovom je radu predstavljen postupak implicitne sprege jednadzbe koli¢ine
gibanja i tlaka u jedinstveni linearni sustav, koji je implementiran u program
otvorenog koda za racunalnu dinamiku fluida OpenFOAM. Matrica implicitno spreg-
nutog sustava ima 4 puta veci broj redaka i stupaca u odnosu na matrice u SIM-
PLE algoritmu, dok su nepoznanice u vektoru poredane s obzirom na indeks
kontrolnog volumena za koji se racunaju. Zbog toga su matri¢ni elementi koji
odgovaraju jednadzbama za pojedini kontrolni volumen, i sami matrice dimenzije
4 x 4, a matrica implicitno spregnutog sustava naziva se blok-matricom. Buduci

da se u jednom sustavu javljaju jednadzbe razli¢itih karaktera, hiperboli¢na jed-



nadzba koli¢ine gibanja te elipti¢na jednadzba tlaka, izbor algoritma za rjeSavanje

linearnog sustava dodatno je otezan.

II Linearni algoritmi

Osnovni linearni algoritmi za rjeSavanje linearnih sustava su iteracije fiksne tocke,
tj. Jacobijeva i Gauss—Seidelova metoda. Na temelju spektralne analize matrice
iteracije spomenutih metoda, uoceno je da konvergencija metoda usporava nakon
Sto se eliminiraju greske ¢ije komponente odgovaraju najveéim svojstvenim vri-
jednostima (visoke frekvencije), tj. preostala greska smatra se glatkom. Gresku je
mogudée ponovno uciniti oscilatornom zadrzavajuéi samo komponente koje odgo-
varaju malim svojstvenim vrijednostima, Sto je uloga multigrid algoritma.

U ovom se radu koriste algebarske multigrid metode, koje ne trebaju infor-
macije iz pocetne (fine) proracunske mreze, ve¢ za konstrukciju grubih razina
koriste matri¢ne elemente. Predstavljene su dvije metode: additive correction
(dodane korekcije — AAMG) i selection (selekcijska — SAMG) metoda. AAMG
metoda konstruira grubu matricu zbrajanjem elemenata fine matrice, Sto se
opravdava konzervativnoséu jednadzbi koli¢ine gibanja i kontinuiteta za kontrolni
volumen. Kada bismo promatrali prorac¢unsku mrezu, mreza grube razine AAMG
metode dobila bi se grupiranjem volumena fine mreze u jedan vec¢i volumen. Do-
dana korekcija odnosi se na ¢lan koji se dodaje izracunatom rjesenju kako bi se
kompenzirala pogreska koja se javlja zbog preslikavanja izracunatog rjesenja s
grubog na fini nivo. U SAMG metodi, matrica na gruboj razini konstruira se
koriste¢i Galerkinov varijacijski princip, odnosno, u fiktivnoj prora¢unskoj mrezi
grube razine preostaje odredeni broj odabranih kontrolnih volumena s fine razine.
Buduéi da se u SAMG metodi koristi linearna interpolacija rjeSenja izracunatog
na gruboj razini u linearni sustav na finoj razini, ostvaruje se bolja konvergencija
rjeSenja u usporedbi s AAMG metodom. Multigrid metode optimalne su upravo
za rjeSenje Poissonovog tipa jednadzbi jer osiguravaju efikasan prijenos lokalnih
informacija na globalnoj razini sustava.

Poseban izazov predstavlja paralelizacija SAMG algoritma, buduéi da je pro-
ces odabira jednadzbi za grubu razinu u potpunosti sekvencijalan. Kako bi se

ocCuvala efikasnost algoritma, uvode se sljede¢a ogranicenja:



e odabir jednadzbi grube razine provodi se nezavisno na svakom procesoru,

e nije moguca interpolacija korekcije sa susjednog procesora,

e matri¢ni elementi koji se nalaze na granici procesora na gruboj razini racu-
naju se takoder Galerkinovim principom pomocu filtrirane matrice interpo-

lacije i restrikcije.

Bududi da se u matricama grubih razina pojavljuju novi elementi, raste po-
punjenost matrice, a ujedno i broj elemenata na procesorskoj granici.

Kao dopunu kojom se efikasno rjesava i hiperboli¢na jednadzba koli¢ine gibanja,
odabrali smo algoritme koji komponente rjesenja konstruiraju linearnom kombi-
nacijom vektora iz Krylovljevih potprostora. U radu je detaljno opisan izvod
metode konjugiranih gradijenata (CG), te inacica za nesimetri¢ne matrice stabi-
liziranih bikonjugiranih gradijenata (BiCGStab). BiCGStab koristen je kao algo-
ritam za efikasno rjeSavanje sustava fine razine multigrid algoritma, dok multigrid
ciklus sluzi kao prekondicioniranje kojim se dobiva rjesenje Poissonove jednadzbe
tlaka. Buduéi da klasi¢ne iterativne metode fiksne tocke nisu dale zadovoljavajuéu
konvergenciju za izgladivanje greske (ili su ¢ak divergirale), implementirali smo
nepotpunu LU faktorizaciju matrice temeljenu na Croutovom algoritmu (ILUC).
Konvergencija ILU algoritma ovisi o stukturi matrice te je pozeljno zadrzati vrp-

¢astu formu.

IIT Rezultati i zakljucak

Konvergenciju SIMPLE i implicitno spregnutog algoritma usporedili smo na nizu
slucajeva s kompleksnim turbulentnim strujanjem: opstrujavanje krila bolida
Formule 1, analiza strujanja u pojednostavljenom difuzoru bolida, opstrujavanje
modela podmornice BB2 na tri gustoée mreze, te slucajeve sa zonama rotacije
u centrifugalnoj pumpi i Francisovoj turbini. Simulacije su provedene na struk-
turiranim i nestrukturiranim mrezama, veli¢ine od 2 do 14 milijuna kontrolnih
volumena. Na temelju rezultata simulacija, doneseni su sljedeéi zakljucci o algo-

ritmima:

e implicitno spregnuti algoritam u usporedbi sa SIMPLE algoritmom konver-

gira s manjim oscilacijama reziduala i integralnih veli¢ina,



e bududi da se u implicitno spregnutom algoritmu ne podrelaksira polje tlaka,
a jednadzba koli¢ine gibanja se podrelaksira minimalno, ostvaruje se brza

konvergencija u pogledu broja iteracija, te ukupnog rac¢unalnog vremena,

e konvergencija implicitno spregnutog algoritma vrlo malo ili uopcée ne ovisi

o gustodi i tipu prora¢unske mreze, $to nije slucaj kod SIMPLE algoritma,

e za proracune s implicitno spregnutim algoritmom potrebna je znac¢ajno veca
koli¢ina radne memorije nego za SIMPLE algoritam, buduéi da je matrica

sustava 16 puta veca.

Analizirali smo postavke i konvergenciju SAMG algoritma za implicitno spregnuti

sustav te je primijec¢eno sljedece:

e koristenje SAMG algoritma za rjesenje linearnog implicitno spregnutog sus-
tava jednadzbi koli¢ine gibanja i kontinuiteta daje manje oscilatornu kon-
vergenciju reziduala u usporedbi s AAMG i BiCGStab algoritmima, no za

jednu iteraciju SAMG-a potreban je veéi broj operacija,

e SAMG cesto postize teoretsku brzinu konvergencije (smanjuje rezidual jedan
red veli¢ine po iteraciji), ali na pocetku simulacije, dok se rjeSenje jo§ uvijek
znacajno mijenja, potreban je veci broj iteracija kako bi se ostvarila Zeljena

konvergencija,

e najbolja konvergencija postize se koristenjem Poissonove jednadzbe tlaka

za raC¢unanje tezinskih faktora interpolacije,

e odabir broja jednadzbi u matrici najgrublje razine, kao i odabir multigrid
ciklusa utjecu ne samo na konvergenciju nego i ukupno vrijeme prorac¢una:
kako bi se smanjilo potrebno vrijeme, koristi se V—ciklus i veci broj jed-

nadzbi grube razine,

e konvergencija ILUC algoritma za izgladivanje greske ovisi o strukturi ma-
trice te se preporucuje i na grubim razinama ocuvati vrpcastu strukturu

postignutu optimalnim pobrojavanjem kontrolnih volumena u mrezi,



e odabir jednadzbi koje ¢e se rjesavati na gruboj razini SAMG-a, ovisi o tipu
kontrolnih volumena proracunske mreze: rjeSenje na mrezama s anizotrop-
nim kontrolnim volumenima mogu losije konvergirati od onih na mrezama

s uniformnim volumenima,

e paralelizacija SAMG—a u kojoj se proces interpolacije ograni¢ava na lokalnu
procesorsku jezgru ne umanjuje znacajno stopu konvergencije linearnog i

nelinearnog algoritma.

Na temelju dosadasnjeg istrazivanja, predlazemo sljedeé¢e korake kao dopunu

ili potencijalni nastavak istrazivanja:

e izmjeriti performanse implicitno spregnutog algoritma polja tlaka i brzine

na superrac¢unalu s velikim brojem jezgara,

e prouciti moguce aproksimacije matrice konvekcije i difuzije ¢iji se inverz

koristi kao difuzijski koeficijent u Poissonovoj jednadzbi tlaka,

e implementirati implicitne rubne uvjete (npr. rubni uvjet sa zadanim total-

nim tlakom),

e prosiriti implicitno spregnuti algoritam i za stlac¢iva strujanja, za ¢iju je

stabilnost nuzno implicitno tretirati rubne uvjete,

e razmotriti raspodjelu poslova izmedu pojedinih procesora u paralelnim si-

mulacijama sa SAMG algoritmom,

e implementirati FLEX multigrid ciklus, sto moze poboljsati konvergenciju
linearnog algoritma (slicno W—ciklusu): FLEX ciklus ima svojstvo samore-
gulacije, tj. rjeSenje se dinamicki prebacuje s finog na grube razine i obrnuto

u ovisnosti o vrijednosti reziduala,

e implementirati ILU algoritam s pivotiranjem kako bi se sprijecila divergen-

cija algoritma u slu¢aju matri¢nih elemenata razlicitih redova veli¢ine.
Klyucne rijeci
Implicitno spregnuti algoritmi, blok—matrica, sprega polja brzine i tlaka, alge-

barski multigrid, metoda konjugiranih gradijenata
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1. Introduction

This thesis is motivated by and aimed at the computational fluid dynamics (CFD)
community, especially those using the [0penF0AM [1] |CFD| library, among whom

treatment of non—linear and linear solvers as black—box tools is broadly spread.
Many (more or less) experienced users and even developers tend to copy—paste
the settings of the solution algorithms without taking into consideration the un-
derlying physics, discrete equations and structure of the linear system. Since
recent development in the scope of the finite volume method is dedicated to
implicit coupling of equation sets, we have derived and implemented an implic-
itly coupled pressure—velocity system, which is the basis for the solution of the
majority of problems in [CFD| We have analysed the structure of the linearised
pressure—velocity system and identified the appropriate solvers for the solution
of the linear system. The mathematical background and nuances of each type of
linear solvers are illustrated from an engineer’s point of view, in hope that it will

be useful to others when their simulations end with a floating point exception.

1.1. Previous and Related Studies

Since the 1960s, following the development of modern computers, there has been
a continuous effort to develop a suitable, accurate and efficient solver for the
Navier—Stokes equations in the scope of computational fluid dynamics and the
finite volume method (FVM)). The first step is the transformation of these non—
linear partial differential equations into a linear system which will represent the
continuous solution sufficiently well in a discrete manner. Even today, each dis-
cretisation technique - finite differences, finite elements, finite volumes - has its
dedicated users, depending on the underlying physics of the problem they are
trying to solve. Due to its conservation properties, the most popular method
for the solution of turbulent fluid flow equations in practical applications is the
[FVM] which will be used in the scope of this thesis. We focus on the solution

techniques for the steady—state, incompressible, single-phase and turbulent flow
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equations. Here, incompressibility actually generates a constraint on the velocity
field. That is, velocity field must be divergence free or - what comes in, must
come out. The pressure field appears only in the momentum equation, under
the gradient operator. This means that there doesn’t exist a unique solution for
the pressure field, since there is an infinite number of pressure values which could
result in a certain pressure gradient. The issue is remedied by assigning a value of
pressure somewhere in the domain, whether it is a single point or a set of points,
e.g. on the outlet boundary.

The incompressibility constraint has led researchers to a natural choice of spa-
tial discretisation - using staggered meshes, where the pressure values are stored
in cell centres, while velocity components are stored at face centres. However,
in [OpenFOAM, collocated meshes are used, where all variables are calculated and
stored at cell centres. This will cause certain issues which will be discussed in
Chapter 2

The solution of discretised Navier—Stokes equations using a direct linear solver
such as Gaussian elimination [2] is formidable, since the application on sparse co-
efficient matrices would require a high amount of storage. Since there does not
exist an equation for pressure, zero elements appear on the diagonal of the coeffi-
cient matrix. This is a serious obstacle for common iterative solution techniques
in [FVM][CFD] since most of them include a division by the diagonal element.
These issues motivated researchers to invent an equation for pressure and the
limits of contemporary computers prompted the segregated solution techniques.
Due to low memory capacities, the momentum and (invented) pressure equation
were decoupled and solved sequentially in separate linear systems, using old val-
ues of the other variable, even though the coupling of velocity and pressure is
linear. The most recognisable segregated solver is the algorithm (Semi
IMplicit Pressure Linked Equations) [3] by Patankar and Spalding. The pressure
equation is derived by combining the momentum and continuity equation and
yielded a Poisson type equation for pressure. The Poisson equation for pressure
is elliptic in nature, i.e. the value at each point in space is affected by values at
other points. This effect was (unintentionally) beautifully described by Dosto-
evsky in his Brothers Karamazov: “For all is like an ocean, all flows and connects;

touch it in one place and it echoes at the other end of the world”. If only von
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Neumann boundary conditions are used for pressure, the resulting coefficient ma-
trix is diagonally equal, which causes convergence problems for iterative methods.
In this case as well, assigning a value of pressure in a single point relieves the
issue. Since the pressure field is used as a correction to achieve a divergence free
velocity field, the pressure field requires substantial underrelaxation, i.e. using
a certain fraction of old values to stabilise the solution in the following itera-
tion. Other methods emerged from [SIMPLE] by adding corrections to certain
assumptions which were made in the derivation of the algorithm. For example
Patankar [4] proposed (SIMPLE Revised), where he tried to remedy
the fact that a good velocity field (which is easier to guess) is often ruined by a
bad pressure correction, and the rest of the iteration is trying to fix that. That
is, he devised a procedure where values of the velocity are used to calculate the
pressure field and a solution of an additional Poisson equation is required, which
diminishes the overall efficiency. Another attempt was made by van Doormaal
and Raithby [5] with their (SIMPLE Consistent) algorithm, where
they included a term containing the sum of off-diagonal matrix elements in the
momentum equation, which was neglected in [SIMPLE] It yielded a solver very
similar to [SIMPLE] but with no need for underrelaxation of the pressure field.
Issa presented the (Pressure Implicit by Splitting of Operators) [6] method
where pressure was corrected twice in each non—linear iteration, which required
the solution of a Poisson type equation twice.

Some researchers tried to avoid solving the pressure Poisson equation since
it caused a great deal of difficulty in the solution procedure in terms of compu-
tational effort. Some authors even reported that it took up to 90% of overall
computational time [7]. Raithby and Schneider [§] proposed a method which did
not require a solution of the Poisson equation but it performed integration of
the momentum equation along two paths, starting from a reference point where
the value of pressure was set. Mazhar and Raithby [9] updated the method by
adding additional integration paths. A different approach can be taken by step-
ping back from the primitive flow variables and solving the flow field using the
velocity—vorticity [10] formulation or stream function—vorticity formulation. In
[11], the flow field was solved using the mass fluxes through cell faces, rather than

cell centred velocity values. The algorithm outperformed SIMPLE in terms of
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the number of iterations and the convergence did not deteriorate with increase
of mesh density. It was proposed that the method should be improved by inves-
tigating the properties of the corresponding linear system.

There were also attempts to retain the implicit linear coupling of pressure
and velocity, instead of solving them as two separate systems. Zedan and Schnei-
der [12], 13] tried an implicit solution for two—dimensional flows by arranging the
momentum and pressure equation into a single linear system, but it underper-
formed compared to segregated systems. At the beginning of the new millennium,
Mazhar [14], [15] using the natural form of two—dimensional equations, i.e. without
inventing the pressure equation, and rearranged the pressure-velocity system. He
ordered the unknowns by writing the two momentum equations as two consecu-
tive blocks, followed by the continuity equation. Even though there was a zero
matrix on the diagonal, a special incomplete factorisation was used to create
nonzero elements on the diagonal. He reported a significant speedup of conver-
gence.

The implicitly coupled algorithms have gained popularity over the last decade:
there have been numerous publications by multiple authors. Darwish et al. [16],
17] have adopted a derivation of equations similar to algorithm, which
they solve implicitly and have reported the performance for different applications:
turbomachinery [18, 19|, compressible flows [20] 21] and two—phase flows [22]. A
similar solution technique was employed by Uroi¢ et al. [23] for incompressible
and compressible flow, as well as Chen [24] and Falk and Schéfer [25]. The
procedure was even extended to non—Newtonian fluids: Fernandes et al. [20]
implemented a block coupled algorithm for the solution of laminar, incompressible
viscoelastic flow in [OpenFOAM,

During our research, we have confir