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Summary

A novel approach for the solution of Stefan problem within the framework of the
multi-fluid model supplemented with Volume of Fluid (VOF) method, i.e.-tlwm VOF, is
presented in this papefhe governing equation set is comprised of mass, momentum and
energy conservation equations, written on apyerse basis and supplemented with wles
models via the source termin.our method, the heat and mass transfer is calculated from the
heat transfer coefficient, whidias a fictitious function andepends on the local calize and
the thermal conductivity, and the implementation is stréogivard because of the usage of the
local value instead of a global parametdre Tnterface sharpness is ensuredh®application
of thegeometrical reconstruction scheimglemented in VOFThe model is verified for three
types of computational meshesluding triangular cells, and good agreement was obtained for
the interface position and the temperature field. Although the developed method was validated
only for Stefan problem, the application of the method to engineering prelderonsidered
to bestraightforward since it is implemented to a commercial CFD code only using a local
value especially in the field of naval hydrodynamics wherein the reduofiship resistance
using boiling flow can be computed efficiently since the method handlesepbhange
processes using levesolution meshes.

Key words: Stefanproblem two-fluid VOF; locally imposed closurebpiling flow;
mesh versatility

1. Introduction

The sustainable development and design in industrial sectors concerned with high heat
outputs,e.g., in power engineering and metallurgy, are strongly dependent oroptethized
processes that involve boiling phenomena. Thus, for example, in power engineering nucleate
boiling isafavorable boiling regime because of high heat flow rates thdieeachieved during
cooling inside pressure vessels like boilers, thereby avoiding dangerous overhetiiigpat
transfer surface that may occur if the liquid coolant cannot reach that surface. This unfavorable
boiling heat transfer regime is known alsnf boiling and, in contrary, is very common in
metallurgy, where achievement of desired mechanical properties of metal material via
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guenching process is followed theoccurrence of vapor blanked around the hot object due to
high heat flow rate releas@uthe quenchant liquid.

In addition totheseclassicaindustrialappearances of boiling procesgethe application
of the processn the field of naval architecturevhere it can be addressed to, already
well-established, air lubrication systems usadreduction of shipresistance and whose
theoretical foundatioaregiven in Pavlowet al [1]. To reduce thehip resistanceghe bubble
injection technique under a vessel has been actively studied in recent years, and it was applied
to full-scale ships. For example, Kodaetaal[2] reported approximately 105% of saving
of the total energy consumption for an experimental ship, and Mizokiaah|3] achieved at
most 12% fuel saving. In these systs, blowers are used to inject air below a hull, which
requires energy inpurom the numerical point of view, two distinct approaches may be found
in the literature in this regard: the more fundamental ones, dealing with-buiblde drag
reduction (MBIR); and the macroscopic studies aimed to study the flow features around the
bodies.An example of the former is the numerical simulatioraofMBDR on a flat plate
conductedusing the twefluid model in Mohanarangaret al. [4]. In the latter case, a scaled
bulk carrier is a subject of the study by Sindeaial. [5]. Using the singkluid VOF method
the ship resistancé obtained for two different shippeedsgifferent air injection rates and
different diameters of the airjettion holesThe references on previous work carried out in
both assessments, miemnd macrescale can also be found therein.

If a heating system is implemented at thefooitom of the vessel and boiling takes place
there as illustrated in FidL, the reductiorf ship resistancdue to the bubbles and the low
viscosity of water with higher temperature may be achieVkd.vapor bubbles condensate in
the downstream because of lower temperature, but theoratensable gas bubble may remain.
As the heat source, the heat energy from condenser in a steam power plant on board could be
used in case that the plant is equipped. Recent research shows that a few volume percent of
vapor bubble can reduce up to%bof drag f].

Heat source

ooooo

Resistance reduction due Resistance reduction due to vapor and
to low viscosity of hot water non-condensable gas bubbles

Fig. 1 Conceptual sketch of ttship resistanceeduction due to boiling flow.

However the publications that study thatter effect, that is, theeductionof the ship
resistanceinvolving boiling flow using the numerical simulation were not found in the
literature.

To optimize such processes efficiently, reliable numerical simulations are required to
estimate boiling heat transfer using affordable computational resources and time. Furthermore,
the numerical simulations have to be capable to compute various flowosituand to reflect
properly the physics underlying the boiling phenomenth@sense that the dominant mass
transfer rate occurs at the interface between the phases. The development of computational
methods for application in the former cgseicleate biling) has been subject of extensive
studies in the past, simulating thereby the boiling curve from the side of nucleate boiling on.
7KLV DSSURDFK LV XWLOL]JHG [|R[{]. ki [ibePsgi@yHrede@ed iyWW& D QG
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authors, the boiling curve is being modeled from nucleate to film boiling, with consideration of
the Critical Heat Flux (CHF), conjugate heat transfer andleutmicrelayer. However, the
reliable computational models are still needed for the latter @&seboiling), where the
transition from the initial film boiling to succeeding nucleate boiling regime needs to be
modeled. Therefore, the lofigrm goal obur research is to develop the computational method
which can simulate the transition from film boiling to nucleate boiling.

In development of such models, the first step is the verification of Stefan problem: the
onedimensional phasehange problem. This moving boundary problem provides the
information about unsteady evolution of liquidpor interface andhe corresponding
temperature field throughout the domain composed of those phases, thus being suitable for
verification of the applied terface tracking algorithm and accompanied mass transfer model.
Stefan problem has been typically used as a benchmark in the boiling process, which consist
of superheated vapor and saturated liquid. The examined numerical methods are the interface
tracking methods, such as, for example, sidtgel Volume-of-Fluid (VOF), coupled with
Direct Numerical Simulation (DNS) of turbulence, in which the volume fraction of vapor/liquid
is tracked by solving the advection equatiBnnet al [8] proposed the energy jump model,
and theyobtained solutions for different density ratios, assuming zero thermal conductivity of
phase at saturation temperature and equal specific heat capatibesh phases. Stefan
problem is useth verification of VOFbased phase change model proposed byePah[9].

The model is based on fixing the interface temperature to saturation temperature and was
verified for three different working fluids: HFE7@0 R113 and water. A systematic
introduction inthe solution of Stefan problem using both, the analytical and numerical
approach, was given in PerBaya and Kandlikaf10]. The authors presentélde necessary

steps for obtaining the solution using VOF and presented the theoretical framework that
underlies final expressions used for verification purposes. The accuracy of three different mass
transfer models, namely: L§&l], Rattnef12] and Surmodel[13], in solving Stefan problem

was investigated by Kinet al [14]. The transient interface evolution was examined therein,
using different mesh resolutions, time increment and, in Lee model, model constants. Perez
Raya and Kandlikar15] used the sharp interface approach for the solution of Stefan problem.

In their approach, the saturation temperature is imposed in the interface cells and the estimation
of temperature gradient is calculatednir the distance between the interface and neighboring
cell centers. More recently, the idea of incorporation of a gradient of volume fraction field into

a model that relies on empirical constant is proposed in Et&n16]. By considering the cell
VLIH WKH &KHQTV DSSUR DBuniforia Duadridterdl 818s0. [TheGthar RtuQiés Q
that utilize interface tracking approach, and some of them apply it in solution of Stefan problem,
can be found in the review of Khagate and Mudawdd.7].

Compared to thabovementionedinglefluid models, a twefluid model is considered to
be able to predict more accurate results on coarser mesh owing to the unnecessityiofy
the interface geometry/shape, though two sets of momentum and energy equations must be
solved. However, due to the averaging process in the formulation of the governing equations,
the shape and area of the liqwapor interface are lost, and thlgnamics related to the
interface, e.g. surface tension and interphase forces, cannot be directly computed. To mitigate
this, several approaches to handle interfaces inside thuddanodel were proposed; a review
can be found in Meet al [18]. Among the modeling approaches presented &, further
exploration in the paper is made on the following models, namely: Large Interface Model
(LIM), Generalized Large Interface Model (GLIM) and Large Bubble Model (LBM). LIM and
LBM were applied irthe solution of Stefan problem by Fle§l8]. The description of LIM is
given in Costgd20]. LIM identifies thelarge interface, but does not reconstruct it. In order to
determine the distance from interface to the adjacent cell, the method utilizeseethsesncil
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concept: one cell contains the interface, while other two are occupied by single representatives

RI WKH LQYROYHG SKDVHV 7KH JHQHUDO LeGaHRIEUWBKLQG /%0
is three or fourfield approach in the framework of twiuid model, that considsrtwo

continuous and one or two dispersed phases. The distinction between the continuous phases,
that are simulated, and dispersed phases, that are modeled, is made with a spatial cutting length,
while the mass exchange between the continuous and dispelsedf ftte same phase is
HVWDEOLVKHG YLD WKH PDVV WUDQVIHU WHUPV +RZHYHU
to exist evaluation of the twituid VOF for Stefan problem ithe literature

In this paperthe twefluid VOF model available in CFD page$ Q V \ Mi&nt Release
20.1 asMulti-Fluid VOF model is adopted for the solution of Stefan problem. The advantage
of the twofluid VOF over the singldluid VOF is in avoidance of averaging of the material
properties in the energy equation, whichuegk the accuracy in the hdlaix calculation[15].

The novelty of this paper is the application of tfkad VOF method to Stefan problem
and the validation of the model to ravtly quadrilateral meshes but also triangular ragsfhe
originality of our model is the usage of local mesh size for the heat transfer coefficient, which
is explained in the section of the numerical model. The paper is organized as follows. The
theoreti@al solution of Stefan problem is presented in Chapter 2. The proposed computational
method is the content of Chapter 3. Chapter 4 outlines the details related to performed numerical
simulations. The obtained results together with the applied error measarégcussed in
Chapter 5.

2. Theoretical solution of Stefan problem

The analytical solution of Stefan problem, presented here, refers to expressions for
computation of interface position and temperature distribution during planar interface
evaporation inlie system composed of superheated vapor and saturated liquid, reinterpreting
thereby the work of PeredRaya and Kandlikaf10]. The equations involved in derivation
process are the energy balance at the interface andimeasional heat conduction equation
in a continuum. In what follows, a concise expositiotheftheoretical framework underlying
the applied analytical expreess is given.

2.1 Conditions at the interface

In the analytical solution used in this study, the interface condition that accounts only for
occurrence of heat conduction in the system is incorporated. This is because in the case with
superheated vapor and satied liquid the heat transfer takes place only in vapor phase,

ey 1)

Hence, the interface condition is given by:
B ROyl FC%—LZN @)
ré ‘R

where : " P is the interface velocityg; is the vapor densityR, ¢is the latent heatG is the
thermal conductivity of the vapor, while the negative signed gradient denotes heat flux in
normal direction to the interface. Therefotlee mass generated in phase change process is
proportionalto the balance of the heat fluxes applied from each phase in normal direction to
the interface.

144



A solution to Stefan problem Alen Cukrov, Yohei Sato,
using Eulerian twdluid model , YDQND %YRUDV %RMDQ 1

2.2 Interface position

In order to derive analytical model for this moving boundary problem, introduction of
similarity variable, § is required to relate the s coordinate,T, and time,P as:

RLT 9P (3)

Written in terms of the interface position, that &l : : P and R L L. this relation yields
the equation for determination of interface displacement:

P L &P (4)

where as the constant that has to be determined using iterative procedure. The derivation of
Eq. (4) with respect to time gives the interface velocity:

:n:P, LG_C*/T{; (5)

The substitution of Eqg. (5) into Eqg. (2) and involvement of solution that &neat from
incorporation of similarity variable in ordimensional unsteady heat conduction equation
gives:

%QULM (6)

% cvik zocpdg;

where & is constant that has to be determined using an iterative procegisghe sgcific

heat capacity of the vapog; is the temperature of the superheated wall &figlthe saturation
temperature. The constagtembeds the value of similarity variable at the interface, that is, the
constantegeand is defined as:

% Lo (7)

where Usis the thermal diffusivity of the vapor phase. Substitution of Eq. (7) into Eq. (4) yields
the instantaneous interface position in the case with superheated vapor and saturafé@]tiquid

P L t&Y¥UP (8)

In the cases where initial vapor layer is needed for computational purposes, the necessary
time shift of the simulation time sccomplished using Eq. (8).

2.3 Temperature field

The analytical solution of the temperature field inside the system composed of two
phases, vapor and liquid, distinguished by a sharp interface, is derived from the partial
differential equation (PDE) for omdimensional unsteady heat conduction in a singl
continuum. The time and space coordinates present therein are transformed using the similarity
variable introduced in the previous section. Two boundary conditions are required to obtain the
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solution of the PDE: at the interface and at the wall. Theeeatyre distribution at certain time
instance,Ris computed as:

, L
6: TP L & F:6 F6"——— 9

3. Numerical method

Within the framework of twdluid model adopted here for solution of laminar tplwase
flow with phase change, two separate sets of conservation equations are solved in each
computational cell; one for each phase present in the domain. The theoretichtifms
underlying the twefluid model are given in Drew and Passmdi22], while the model
equations available in Fluent and applied in this study are takerjZ8)nThe communication
between the two phases is established via source terms equhgons, referred to as phase
interaction terms. In addition, a single pressure field is shared between the phases. The
temperature in the liquid phase is assumed to be constant at the saturation temperature.

3.1 Conservation equations

The evolution of planar liquievapor interface due to evaporation, studied here, is
described with three laws of classical physics, namely: the conservations of mass, momentum
and energy:

T We BT &R L 16, (10)
!—!gkua%l&olz'r KU & BRoL FUTLET ,IQE &,E 1654 (11)
06D BT U&@D; L U Eif @ E 3, E | GaDis (12)

where subscriptsMand L Mefer to particular phase and the phase pair involved in certain
interfacial transfer process, respectively. Appropriate closure models are required for the
interphase transfer terms that appear at the-hghd side in these equations, those are,

interfacial mass transfer, § 5 the momentum transfed% 5 and the heat transfeBj 5 terms.

These terms stem from averaging process used in derivation of the set of conservation equations
and more details regarding the closures applied thergimas in the forthcoming section.

3.2 Closure models

3.2.1 Interfacial area

The interphase transfer terms in the presented set of conservation equations for a
continuum composed of interpenetrating phases have to be supplemented with suitable
correlations. A commoissue, however, in all the terms is related to modeling of the interfacial
DUHD D IORZ UHJLPH GHSHQGHQW UDWLR RI GLVSHUVHG Sk
free surface flow modeling is considered, the interfacial area per unit volume istedrapu

#oL iU+ (13)

This idea is also inherited for free surface modeling within Algebraic Interfacial Area
Density (AIAD) modeling approach for handling different interface scales insiddluwo
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PRGHO SUHVHQWHG E]J24}|8igelthD @iplicatDio @ k&l (13) yields the
application of closure models only within the interface zone, the closures used in this study can
EH UHIHUUHG DV 3SORFDOO\ LPSRVHG FORVXUHV’

3.2.2 Interphase momentum transfer

In general, the interphase momentum transfer consists of the drag force, lift falice, w
lubrication force, turbulent dispersion force and virtual mass f@utwe in the solution of
Stefan problem there is a distinction between the phases with a free surface, the incorporation
of drag force is necessary according to the study of stratifiedfltineo modeling by
a W U xtaH2ZbMThe role of drag force, as noted by the authors, is to ensure equal velocities
of the phases within the interface region, and the physis# b&the correlation appligdr
computation of the drag force coefficiaginot mandatorgince the drag force term has no real
physicalmeaning in a stratified fregurface flowas it has in a dispersed flowits presence in
the momentum equation @ue to averaging process used in derivation offtuid model
Thus, the drag force is only taken into account in this paper. The general formulation of
interphase drag is given by:

Kal -2:k@ F @o (14)

where - 5 5is drag force coefficient an@ F @ is the relative velocity between the phades.

this study, the drag force coefficient is modeled using the default anisotropic drag model
available in FluentThis model allows for higher drag in the normal directio the interface

and lower drag in the direction tangential to the interface, with the default values of normal and
tangential interfacial drag friction factors equal to 1e+6 and 1le+3, respectively. In addition,
application of this model contributesttze stability of the computatidae6].

3.2.3 Interphase heat transfer

The relation for computation of heat transfer across the interface between the phases
reads:

Baal Dia#u 6 F &) (15)

where D5 is the heat transfer coefficient#yis the interfacial area andy F 6; is the

temperature difference between the interacting phases. The heat transfer coefficient at the
interface is given by:

Dial Dy L= (16)

U

where &; is the thermal conductivity of the liquid, while@ @ and @are Nusselt number
in the vapor phase and the upeescribed characteristic dimension, respectively. In the present
study, the heat transfer coefficierl 5 is modeled using tweesistance model; wherein the
different correlation or expression of theat transfer coefficient is applied at each side of the
vaporliquid interface.

At the vapor side, the heat transfer coefficient is computed usingizeldependent
Nusselt number correlation, which we proposed in this paper:
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6 x(

0Q L (17)

| &

where @ is the useprescribed vapor phase characteristic dimension afdis the
approximated cell size. The derivation of Eq. (17) is given in Appendix. Note that the vapor
phase diameter@, defined in Eq. (17) is cancelled, when itusstituted into Eq. (16). Thus,

an arbitral value can be given @ The cell size is calculated as:

TL '¥& (18)

where &is the cell volume.

At the liquid side, the saturation temperature is maintained at the interfacezasing
resistance model. This model refers to application of a large heat transfer coefiicient’
to ensure the saturation temperature at the interface throughout the computation process. This
idea corresponds to application of large coefficient nmebtbdix the saturation temperature at
the interface, as discussed in the work from RP&a&ya and Kandlikal5].

3.2.4 Interphase mass transfer

The mass transfer dtjuid-vapor interface is modeled using the thermal phase change
model implemented in Fluent that reads:

|Gl F AR P 0?> 10,0 &i 21 %
Wo

(19)

where #(js the interfacial area computed with Eq. (18)is saturation temgrature, ; (js the

latent heat of vaporizatiofgand %4DUH UHVSHFWLYHO\ YDSRU DQG OLTXL
Q.and Dyare, respectively, the heat transfer coefficients at vapor and liquid side of the interface,
while 6 and 6are emperatures of vapor and liquid phase, respectively.

In Eq.(19), Cy andC, equal to unity theoretically, although they are treated as the tuning
parameters in Fluent. Since we intend to obtain a solution of the governing equations without
introducing any tuning parameters except computational mesh, they are set to be ursty in th

paper.
3.3 Discretization of equations

The interpolation near the interface is accomplished usingR&eonstruct scheme.
Furthermore, the momentum and energy equations are discretized using@esyngwind
interpolation scheme. The pressure equati@oiged with PRESTO! methd@3], while the
gradient discretization is carried out using least square cell based method. The coupling between
pressure and velocity fields is realized using plamipled SIMPLE algorithm. The governing
equations are discretized in time usingithglicit first-orderEulermethod.
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4. Conditions of simulations

4.1 Material properties

Since our final objective of the simulations is an application to engineering problems, we
select the water as the working fluid instead of an artificial material. The properties of the water
at 1.013ar are listed in Table T'he saturation temperature3ig3.15K at this system pressure.

4.2 Computational domain and boundary condition

The computational domain is designed as a beam divided into finite number of cells in
the x-direction of the twedimensional (2D) Cartesian coordate system and with one cell
layer in they-direction, i.e. a special case ef2domain that is also known as 4D6mesh. A
schematic view of the computational domain together with the boundary condition and initial
phase distribution is shown in Fig. 2.

Table 1 The properties of vapor and liquid at 1.013 baf [2

Density Specific heat Dynamic Thermal Latent_hez_;lt of
[kg/m?] capacity viscosity conductivity | vaporization
[kJ/(kg K)] > 1VAP | [W/(mK)] [kJ/kg]
Vapor 0.597 2.03 12.55 0.025
Liquid 958.3 4.22 277.53 0.679 2256.7

The left boundary of the computational domain is the wall, where the constant superheat
of 10K, 0T, is prescribed for all the simulation cases. The symmetry condition is imposed on
the top andottom boundaries to ensure the @mmensionality. The right boundary is defined

DV WKH SUHVVXUH RXWOHW ZLWK SUHVFULEHG YDOXH
temperature.

Symmetry

; ~y 1L
AL
7] v o
Wall /; apor Liquid \ Pressure outlet
y - {}
|-\ % L=1mm >

Fig. 2 A schematic representation of the domaiocapanied with the applied boundary conditions and initial
phase distribution.

4.3 Initial condition

The vapor volume fraction is set to unity in the first cell adjacent to the superheated wall,
while in the remainder of the domain is set to zero; a vice \egnsaach is applied for liquid
volume fraction as depicted iig. 3a Here Tgis the cell lengtiof the wall adjacent cell. The
velocity fields of both phases are initially set to zero in all the cells throughout the domain. The
initial vapor temperature inside the vapor phase is defined by linear profile changing from
T o (I to T as illustrated irFig. 3h The initial liquid temperature is, on the other hand, set to
T «in the whole domain.
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Fig. 3 The initial condition of the vapor volume fraction (a) and the vapor temperature (b).

4.4 Computational mesh

The presentedsiumerical model for solution of Stefan problem using-flual VOF
model has been assessed to three different types of computational meshes: (a) uniform
quadrilateral, (b) stretched quadrilateeaid (c) thehybrid of stretched quadrilateral and
triangularcells (hereinafter also named hybrid mesa3$ shown irFig. 4, respectivelyThe
mesh is generated by using the GMSH d@&.

Fig. 4 Types of meshes used in computations: (a) uniform quadrilateral, (b) strgtcddrdlateral and (c) hybrid
of stretched quadrilateral and triangular cells.

The first mesh type is referred as the standard mesh, while the last two types serve to
prove the capability of the proposed model under more realistic conditions regarding
compuational domain, that is, when the gradients of the dependent variables are computed
using gradedmesh in wall adjacent region. With respect to mesh resolution, the model
verification is carried out using meshe#h 50, 100 and 200 cells, hamafter alsonamed
coarse, medium and fine, respectively. Hnaded meshwhere included, is composed of ten
quadrilateral cells with expansion ratio of 1.2, while the number of cells with the dominant cell
shape has been varied.

The time steps applied in the simudats are mesh resolution dependent and written in
Table2. The total simulation time is divided in two parts. Firstly, the simulation is run for
0.1ms to obtainmore accurate initial distributiorof interface displacementstherwise, a
initial discrepancy from the analytical solution is obsertleat shifts the normal interface
evolution to later time Thus, tweorders of magnitude lower time step size than in the
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remainder of simulation is used together with the number of time steps thatasofléhe
number of time steps in the second part of the simulation. Then, the simulation is run for 0.1 s
with increased time step size. Furthermore, due to presence of initial vapor cell in the
simulation, the simulation time has to be shifted for a teanissalue obtained from E(B).
Therefore, the results at specific time instances are obtained using linear interpolation from
neighboring values.

Table 2 A general, mesh size dependent, time stepping procedures applied foifdhe amd stretched meshes.

Simulation time Total
Number of First part Second part simulation
cells Number of | Time step | Number of | Time step time [s]
time steps size [s] time steps size [s]
50 20 5.00e6 200 5.00e4
100 40 2.50e6 400 2.50e4 0.1
200 80 1.25e6 800 1.25e4

The simulations carried out using medium and figerid meshes required, however,
finer time step sizes, listed in Table 3.

4.5 Implementation into Fluent

Since the twdluid modeling approach utilized the concept of interpenetrating continua,
LQ HDFK FHOO RI WKH FRPSXWDWLRQ D ®hdskb\bK avgigntedfbHOHY D
both phases. Thus, three field variables are initialized on a per phase basis usingni2efine
UserDefined Function (UDF) macro: volume fraction, velocity and temperature. Furthermore,
the proposed correlation for computation thie heat transfer coefficient, Eq. (16) is
incorporated into the Fluent code using DefihechangeProperty UDF macro. Finally, in the
cases where the hybrid mesh is used, the interface position is calculated usingRepbne
Definition-FN UDF macro.

Table 3 Time stepping procedures for the cases of certain hybrid meshes.

Simulation time

Total
Number of First part Second part simulation
cells Number of | Time step | Number of | Time step time [s]
time steps size [s] time steps size [s]
100 80 1.25e6 800 1.25e4 0.1
200 100 1.00e6 1000 1.00e4

In all the computations, the defauklaxation factors for the iterative calculations
implemented in Fluent were used.

5. Results and discussions

5.1 Definition of the interface position

In the computations performed with the meshes composed of quadrilateral cells, the
interface is considered asian-surface of vapor volume fraction equal to 0.5, thatis] r &
Thus, the information on interface position is obtained by tracking-to®rdinate of the iso
surface. In the case bbrid meshinside the mesh region composed of triangular cells, this
definition of interface, however, leads to interface distributed over two or more cells in a
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piecewiselinear segments. Therefore, a esfllape independent approach is used, with the
interface powion given by:

AU -
pLls. adid (20)

AU 7.
A@_||@

where Usgjs the vapor volume fraction iath cell, 8yjsi-WK FHOO(V NsRl@eXPH DQ
length of the domainThe sum in denominator of EO)is the volume of the domain.

5.2 Definition of computational errors

We define the computational errors of the interface position and the temperature field
here. The relative error of the interface position at tilsagivenby:

C No g ¢ ? No up: 6

where : 4 49:P,and : g 44 : P, refer to thex-coordinate of the interface position obtained from
the analytical solution and the numerical simulation, respectively. In this study, the relative
error of the interface position is calculated for two time instances: in the middle of the
simulation, PL RBj4«t, and at the end of the simulatioRL R} 4«

We evaluate the relative error in the temperature field at the end of the simulation time
which is defined as:

T LefS  Tedaxd i Tedpax@d i ToMyax (22)
where '  : Ts &% a xS the error of the temperature at the cell centei-tif cell calculated by:

' i :Téé%ai L I é&p 0?2 1U E B UT (23)

[ 1a

where 65: Tay 5 and 6 : Téy 4 x are the temperatures at the location of the cell centéor

the analytical solution and the numerical simulation, respectively, &@ds wall superheat.

The temperature of the vapor is usedTgralthough in the twdluid modeling approach two

energy equations are solved and two temperature fields are present in the domain. This is
because the temperature field calculated from the energy equation of the liquid phase is constant
at the saturation temperature.

5.3 Uniform mesh

The advancement of vapdiquid interface in the performed numerical simulation
reproduces the analytical solution with a commensurate level of accuracy. This is shown in
Fig.5D $GGLWLRQDOO\ WKH REWDLQR® dirbr\bxnd W otdeio VXSSOH
make a stringent estimation of solution accuracy, as indicatedsrobignd 5c.
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Fig. 5 Evolution of the interface position using the uniform quadrilateral mesh: (a) for the whole simulation time,
(b) the detailed view ahe beginning, and (c) near the end of the simulation.

The comparison between Fig. 5b and Fig. 5c, together with exact values given id, Table
points out thatncreased mesh resolution does not necessarily provide the result that is more
accurateThis isin accordance with the study in Gausisal. [29], where is shown that, when
two-fluid model is used in typicahterface trackingase, the solution is not fully dependent on
the mesh sizeHere, close to #hstart of the computation, within the period fromPa@ 15%
of the total simulation time (Figpb), the solution obtained on fine mesh exhibits the highest
accuracy. However, when the end of the simulation is being approached, th&biso 89%
of the prescribed total time (Fi§c), the result obtained using medium mesh is found as the

Mmost accurate.

Table 4 The relative computational error in estimation of interface position at selected two time instances for
different resdutions of uniform quadrilateral mesh.

Relative erroin interface position [%]
Mesh type Number of cells
t=0.05s t=0.1s
50 0.54 1.38
Uniform mesh 100 0.28 1.24
200 0.91 1.70

The temperature field inside the domain at0.1s exhibit distributions shown in Fig.
Near the interface a discrepancy from exact, linear, temperature profile is observed. In this case
the increased mesh resolution leads to more aca@si#, as quantified in Tabfe
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Uniform quadrilateral mesh
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Fig. 6 The comparison of temperature att = 0.1 s between the analytical solution and the simulation: whole
domain (left) and the closer view near the interface (right).

Table5 7TKH PD[LPXP UHODWLYH FRPSXWDWLRQDO HUURU LQ HVWLPDWLRQ
domain at = 0.1 s for uniform quadrilateral mesh.

Mesh rpe Number ofcells | MG fore fila o]
50 7.49
Uniform mesh 100 4.38
200 3.44

Since the solution of Stefan problem with the approach presented in this paper differs
from standard solutions obtained with sirfled approach, it is noteworthy to outline some
additional features of the model.

The consideration of liquid phase atwation temperature imposes as the primary goal
WR VWXG\ WKH YDSRU SKDVHTV WHPSHUDW X-fludl mbd¢iD G +R Z}
there is also a temperature field associated with liquid phase that is distributed throughout the
domain, as showin Fig 7 )L[LQJ WKH OLTXLG SKDVHYV WHPSHUDWXU |
temperature by application of zeresistance heat transfer model ensures stagnant temperature
profile of the liquid, present also in the cell adjacent to interface zone Wth r that is
preceded by a jump in temperature decrease.
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Uniform quadrilateral mesh (medium)

384 375.5 Ay

7 Theory| .\ | : * Theory
h Tv ""‘, : i ' Tv 10.9
3821 ~Th : A
\ 375 3 ; o 08
\ . \“. | \
\ N e 107 T
380+ | g
<, \ La745 i " Interface zone |5 g £
ol ‘\ <) \ c
3 \ 3 : S
@378 | ® | 0570
o] \ @ | o
3 “- £ boAL =
£ x § 374 VIR 104 &
l— | = VX : 5
376+ | : N G
4 [N ! 103 >
5 3735 AN -0.2
374+ bl
{1 W— 1‘ | . "~‘_‘: 101
Lol L, . ‘
372 : : : 373 : ‘ Lo
0 0.2 0.4 0.6 0.8 1 1.5 2 2.5
x-coordinate [m] «1073 x-coordinate [m] <104

Fig. 7 The vapor and liquid phase's temperature distributions in the domain composed of 100 quadrilateral,
uniformly distributed, cells compared with analytical solutior accompanied with distribution of vapor volume
fraction: whole domain (left) and tleboser view near the interface (right); the markers denote cell center values.

The tendency to equalize the velocities of the phases by application of the appropriate
drag model, mentioned before, is shown in Fig. 8. The close agreement of the maximum
YHORFLW\ PDJQLWXGH RI WKH YDSRU VTXDUH PDUNHG D
outlined in the interface zone.

7KH OLTXLG SKDVH{V WHP S H udbtit tdagni@deVidldJdf BtW LR Q D
phases are general features of the model and, therefore, are not considered further in this study.

5.4 Non-uniform meshes

5.4.1 Stretched quadrilateral mesh

The incorporation oftretched mesin near wall regiorof a quadrilateral meshlso
results in accurate estimation of interface displacement, as shown BaFAJthough shortly
after the simulation start only the result obtained on the fine eehsthe prescribed error
band, as displayed in Ei§b, finally, as shown in Fig9c, it is accompanied with thebarse
meshsolution.

According to exact measures, at two selected time instances, as indicated B, Tladble
interface displacement solution obtained with fine stretched quadrilateral mesieiaccurate
than the solution obtained with quadrilateral uniform mesh of same number of cells. The
medium mesh that yields most accurate interface displacement in the selected time instances in
the case of uniform cell distribution, however, in thisechas highest discrepancy, but still in
reasonable limit, that is, lower thar¥a
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Table 6 The relative computational error in estimation of interface position at selected two time instances for
different resolutions of stretched quadrilateral mesh

Relative error in interface position [%]
Mesh type Number of cells
t=0.05s t=0.1s
50 0.97 0.69
Stretched quad. 100 2.25 4.22
200 0.80 1.65

The temperature field obtained using stretched quadrilateral meshes, shownli® Fig
has the maximum relative error in computation of temperature field lower tHan wen all
the applied mesh resolutions are considered (Table 7). In the case of medium mesh, however,
the better results are obtained in the case without stretched cells in wall adjacent zone.
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Fig. 10 The comparison of temperaturetat 0.1 s between the analytical solution and the simulation: whole

domain (left) and the closer view near the interface (right).

Table7 7TKH PD[LPXP UHODWLYH FRPSXWDWLRQDO HUURU LQ HVWLPDWLRC
domain at = 0.1 s for different resolutions of stretched quadrilateral mesh.

Maximum relative error in

Mesh type Number of cells temperature field [%]
50 5.43
Stretched quad. 100 6.19
200 3.45

5.4.2 Hybrid mesh

The interface displacement in the case of hybrid mesh is calculated using Eq. (20) and
exhibits the distribution shown in Fig. 11. Although detailed view in Fig. 11b suggests the
solution obtained using the fine mesh as the most promising one, thenrésgltilc together
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with the exact values of the interface displacement error, given in Table 8, indicate the
reliability of medium size mesh.

Fig. 11 Evolution of the interface position using the hybrid mesh: (a) for the wholdagtion time, (b) the
detailed view at the beginning, and (c) near the end of the simulation.

Table8 7TKH PD[LPXP UHODWLYH FRPSXWDWLRQDO HUURU LQ HVWLPDWLRQ
domain at = 0.1 s for different resolutions of hybrid mesh.

Relative error in interface position [%]
Mesh type Number of cells
t=0.05s t=0.1s
50 0.31 2.36
Hybrid mesh 100 2.09 3.06
200 2.88 3.79

6DPSOLQJ WKH WHPSHUDWXUH

ILHOG G DWDWNHR®PHBUHDOX

field distribution inside the zone composed of triangular cells in the hybrid mesh, as shown in
Fig. 12. The error in computation of temperature field for coarse and medium resolution mesh
is in the range of the errors already reported for other types of meshes with these resolutions,
that is, less than 1%. However, the maximum relative temperatiieéd error obtained using

fine mesh at the simulation end time is, compared to fine mesh calculations with other mesh
types, the largest (Table 9).

The distribution of the volume fraction of the vapor phase and the temperature for the
hybrid mesh at=0.1 s are shown in Fid3. The volume fraction sharply changed from zero
to one, and the temperature field features linear change from thdewgdkerature to the
saturation temperature in the vapor phase.
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Fig. 12 The comparison of temperaturetat 0.1 s between the analytical solution and the simulation: whole
domain (left) and the closer view near the interface (right)

Table9 7KH PD[LPXP UHODWLYH FRPSXWDWLRQDO HUURU LQ HVWLPDWLRQ
domain at = 0.1 s for different resolutions of hybrid mesh.

Mesh bype Number of cells | M0 e fekd o]
50 5.49
Hybrid mesh 100 532
200 4.96

6. Conclusions

The reductiorof ship resistanceia air injection beneath the ship has been extensively
studied in the past, but the corresponding ideshigf resistanceeduction using boiling flow is
relatively new in the literature, and the numerical assessments in this regard are still missing.
To overcome this, a novel method for computation of mass transfer is proposed Ihetes.
paper, a novel method for computation of Stefan problem was proposed and the following

conclusions can be drawn:

1. Stefan problem was accurately solved usirggwo-fluid VOF model. To this endhe
localparameter based, heat and mass closasglerived under the assumption of the
constant liquid temperature at the saturation

2. The sharp distribution of the volume fraction of liquid/vapor was achieved by th&ing
geometrical reconstruction scheme implemented in the VOF model.

3. The velocity jump was captured at the interface owing to the sharp distribution of the
interfacial area density calculated as the volume fraction gradient.

4. The method is capable to solvéefan problem on the hybrid mesh predominantly
composed of triangular cells with a commensurate level of accuracy. The accurate
solutions are also obtained for the stretched quadrilateral mesh.
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5. The evaluatedelative computational error in calculation ofterface positiorand
temperature field, for all the studied casagreel with the analytical solution in %
and 10% error bandrespectively.

(@)

(b)

Fig. 13 Distribution of (a) volume fraction of vapor and (b) vapor temperature for the hybrid mesh.

Although the proposed method was validated only for Stefan problem, the application of
the method to engineering probleis considered to be straightforward besadhe method
only uses a local value: the cell volurnince, the problem @hip resistancesduction using
boiling flow can now be studiad the field of naval hydrodynami€3FD modeling
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APPENDIX: The derivation of correlation for calculation of local Nusselt number

The expression for local, cedize dependent, Nusselt number stems from the balance
between thermal phase change and energy jump maesser models. It is thereby assumed
that liquid is at saturation temperaturé L 6" Other, model related, assumptions are also
incorporated.

7TKXV LQ WKHUPDO SKDVH FKDQJH PRGHO LW LV DOVR
scaling factors are eglto unity, that is,% L % L s&and that interfacial area is computed as
magnitude of volume fraction field, Eqg. (1B8)ence, Eq. (19), reduces to:

gl FUf“éTm‘c’ (A1)

(0]

wherehty denotes specific heat wéporization.

As stated in the introduction, one of the goals of the proposed model is to ensure the
occurrence of dominant mass transfer rate in the interface zone. Therefore, in order to define
energy jump model, consider the phase change process ieexe¢h stencil, as shown in
Fig. 14. Let the interface is thereby located between positiandi + 1 atx-coordinate of right
sided Cartesian coordinate system. Furthermore, it is assumed that the superheated vapor phase
occupies the zone on the lsftle of the interface, while the remainder of the domain is filled
with liquid at saturation temperature.

7KH WHPSHUDWXUH JUDGLHQW DW WKH ULJKW3YLGH RI W
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xi  1%20g
—L— (A 2)

where Ddenotes the distanceth&en thanterface and the center of adjaceapor cell,
seeFig. 14

Fig. 14 Themass transfer process in a thosd stencil.

The mass transfer rate calculated using energy jump model is defif&dj: as

il B2 41048 °¢
| ol St 0 (A3)

where indexed#énd Rdenote respectively, liquid and vapor phadegis the temperature
gradient, Kis the interface normal directed from vapor to liquid phaggs the interface area
and &is the cell volume.

Since the liquid is at saturation temperatuiré; L r, and Eq. (A 3) is reduced to:

é:.l.l’é;,,& %A
| Gel FEpi 20 (A 4)

The considerationof the problem as ondimensional allows for the following
simplification:

.I. l:% N%o
|
Hence, the energy jump model reads:
i1 4
, a Aa a A
1@el F— — (A5)

$SSUR[LPDWLRQ Rtempbrat@gradieausinyTEqg. (A 2) gives:
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j 07

5010 (A6)

5 .
| @l FDN—Rjafr3
Equalization of theight-handsides of Eqgs. (A 1) and (A 6) gives:

o

L;Jif’ A7)

D:6F G&; L &

The heat transfer is present only in vapor phasethefore, the heat transfer coefficient
is defined as:

O, L 4% (A 8)

Xa
Furtherapproximationsefer toi-th cell temperature artistanceh, and are given by

BN &
DN'—Ge

Involvement othese approximatiortegether with Eq. (A 8 Eq. (A 7) yields the local,
cell-size dependent, Nusselt number

0Q L 6|e (A 9)

By rearranging Eq. (A 9) we obtain:

0Q LQLI_

t

which involved in Eq. (A 8) gives:
QL

where thediameter of dispersed phase vanished. By involving it in the mass transfer equation,
Eq. (A 1), andaftersubsequent rearranging we have:

| @yol Fadi i (A 10)

Thus, the heat transfer coefficient is a fictitious gitargince it is used to express the
approximate distance from the cell center of the control volume that contains the interface to
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the interfacetself and to involve the thermal conductivity of the vapor phase in the mass
transfer model. Furthermore, itslusionin the mass transfer model yields an approximation

of the temperature gradient at the interface, that appears from energy balance at the interface,
i.e.,in theheat flux inthenormal direction to the interface.
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