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SAZETAK

Cilj ovog diplomskog rada je bio napraviti aplikaciju koja automatizira proces trazenja
zeljene kinematike ovjesa dvostrukih ramena uz zadovoljenje ograni¢enja na karakteristike
ovjesa za potrebe Formula Student timova, a naro¢ito FSB Racing Team-a. To bi znacilo da
studenti mogu provesti manje vremena na zadatke koji ne donose nova znanja i viSe na

konstruiranje.

Pretragom interneta mogu se pronac¢i komercijalni i besplatni kalkulatori ovjesa sa ili bez
otvorenog koda. Pritom komercijalni koriste 3D model opisa ovjesa dok su za besplatne
kalkulatore koristene ili 2D aproksimacije ili 3D modeli koji se i sami rjeSavaju uz pomoc
optimizacijskog algoritma. Medutim, niti jedni niti drugi ne prikazuju matemati¢ke modele
kako hoda tako niti znacajki ovjesa §to je u ovome radu razvijeno za 3D model ¢etvrtine ovjesa
te se izraCunava direktno, bez potrebe za iteracijama ili optimizacijskim algoritmima. Nadalje,
trenutno ne postoji besplatni kalkulator ovjesa koji ima razvijen optimizacijski modul za
kinematiku ovjesa, te samo neki komercijalni sadrze tu moguc¢nost ili u beta fazi testiranja
(Optimum@y) ili uz potrebu za postavljanjem optimizacijskog modela iz nule (MSC Adams Car
Module). Stoga je ovo prvi javno dostupan alat, prema autorovom istrazivanju dostupnih
rjeSenja, otvorenog koda sa popratnim objas$njenjima koji implementira optimizaciju
kinematike ovjesa.

Uspjeh besplatnih aplikacija uvelike odreduje i njihova jednostavnost koriStenja. Stoga je
razvijeno graficko korisnicko sucelje sa: jednostavnom mogucno$éu promjena parametara
trenutnog ovjesa, interaktivnom vizualizacijom trenutnog 3D modela cetvrtine ovjesa,
prikazom glavnih znacajki trenutnog modela ovjesa i moguc¢no§¢u upisivanja parametara za

optimizaciju kinematike ovjesa.

Konacno, kako je sirenje znanja u duhu Formula Student zajednice, izvorni kod dostupan

je na slijedecem GitHub repozitoriju:

https://github.com/brunomraz/FS-BMK

Kljuéne rijeci: Formula Student, FSB Racing Team, ovjes, optimizacija, graficko korisni¢ko

sucelje, C++, C#, Python, programiranje
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SUMMARY

The main objective of this Master Thesis is to create an application that would automate
the process of finding preferred double wishbone suspension kinematics while satisfying the
constraints on suspension characteristics. This would in turn mean that students can spend less
time on tasks which do not bring any new knowledge and more on optimizing the rest of

suspension subsystem.

Through internet search commercial and free suspension calculators with or without open-
source code can be found. Commercial are characterised by use of a 3D suspension model while
free calculators use 2D models with approximations or 3D models that are solved with the help
of optimisation algorithms. However, none of them give insight to the mathematical models
used for calculating suspension movement or characteristics what has been done in this master
thesis for the 3D quarter suspension model and it is calculated directly, without iterations or use
of the optimisation algorithms. Furthermore, currently there is no free suspension calculator
that has implemented a module for suspension kinematics optimisation and the commercial
ones either have this ability in beta stages (OptimumG) or complete optimisation model must
be made from scratch (MSC Adams Car Module). Therefore, this is the first freely available
tool, to the author’s best knowledge, with open-source code and accompanying explanations

that implements suspension kinematics optimisation.

Finally, success of free application largely depends on their ease of use, so a graphical user
interface is developed. It is characterised by simple parameter modification of the current
suspension, interactive visualization of the current 3D quarter suspension model, output of main
suspension characteristics of the current suspension and with the ability to enter parameters for

suspension kinematics optimisation.

Finally, since sharing knowledge is common practice in Formula Student community, the

source code is available at GitHub repository:

https://github.com/brunomraz/FS-BMK

Key words: Formula Student, FSB Racing Team, suspension, optimization, graphical user

interface, C++, C#, Python, programming

Faculty of Mechanical and Naval Engineering Xl


https://github.com/brunomraz/FS-BMK

Bruno Mraz Master Thesis

1. INTRODUCTION

Design of Formula Student (FS) vehicle suspension systems is a complex and tedious work,
which the author has familiarised with through his participation in FSB Racing Team. This is
true even more because people doing it are students that often lack experience and knowledge
to do it efficiently. Plenty of cooperation is also needed with aerodynamics, chassis, powertrain,
and battery systems what doesn’t necessarily add to complexion but prolongs the development.
This can be seen with each change of any of the before mentioned systems. Changes usually
imply new collisions or unacceptable component positions because of FS rules which in the end
means that a person will have to spend additional couple of hours by computer and finetune
suspension hardpoints until they once again produce suspension characteristics within

reasonable limits.

Currently this is done with the help of Lotus Suspension Analyser (LSA) and CAD software,
in case of FSB Racing Team, SolidWorks is used. There is constant copying and pasting of
hardpoints between these two to ensure the best possible results. This is generally a good
approach, however it can be improved. LSA can give us suspension characteristics only for
individual procedures; bump, steering and rolling, there is no possibility to do a combination of
steering and rolling. This is a problem because we must ensure that the outer wheel does not
acquire positive Camber during turning since this would render catastrophe on vehicle
performance. To avoid this currently we import hardpoints from LSA to SW and then check in
SW how the wheel behaves when steered during roll. If the results are not as expected, we

return to LSA and repeat the process.

Before any work was done, a study of available tools was made. The tools are divided in two
categories, commercial and free software. From commercial software Lotus Suspension
Analyser, OptimumG and MSC Adams stand out. All three of those have many more features
than are planned to be made in the scope of this master thesis. Those features are mostly related
to tyre model, forces in suspension components, dampers, and coil springs, all of which comes
later in suspension design. But common point between this master thesis and mentioned tools
is 3D model used for calculating suspension characteristics. Freely available software is mostly
based on approximations, meaning that a 2D model is used which is considered unfit because
of all the characteristics that will be calculated for this master thesis with examples being [6]

and [7]. The only reference that is like this master thesis’ way of calculating suspension
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movement is found in [8], and it only describes from the highest conceptual level that

intersections between geometrical objects should be found to calculate suspension movement.

While searching for suspension characteristics mathematical formulation of a 3D suspension
model, none were found. The results that were found are common graphics that depict
calculation in case of 2D suspension. So, it was decided to create both the mathematical model

of suspension movement and suspension characteristics from scratch.

To programmatically describe workflow in development of application, this master thesis is
divided to several chapters. First the mathematical model describing suspension kinematics is
developed followed by mathematical description of suspension characteristics. With the
mathematical model of a quarter suspension model fully defined it is possible to move on to
optimisation chapter. In it are explained constraints, objective function, and project space. With
the theoretical background done, application overview is given. In short it is described how are
mathematical models implemented, which tools and which programming languages were used.
how the application optimisation works. Finally, an example of suspension optimisation is

given.

This application, named Formula Student Basic Motions and Kinematics (FS-BMK), is
intended to be free for everyone to use and modify so it would help in future work of Formula

Student teams.

Link to GitHub repository: https://github.com/brunomraz/FS-BMK

Due to future updates application described in this thesis may differ from the one found at the

GitHub repository.

Faculty of Mechanical and Naval Engineering 2
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2. Suspension Quarter Model- Mathematical Model

Standard coordinate system from the SAE convention [1] will be used for modelling of
suspension quarter model as can be seen in the following figure. Only the left side will be
modelled, and the right will follow based on symmetricity. The position of origin will be
arbitrary because it won’t affect the suspension kinematics, it is only important to note that front
suspension will have greater X values than rear suspension.

Pitch
Velocity (q)

—~—— Side
Axis O Velocity (v)

X .a———“@ !__Dngigu:j inal
Axis Velocity {u)
Mormal

Velocity (p) Veloaity (w)

Yaw
C) Velocity (r)

z
Axis
Figure 1  Vehicle coordinate system [1]

Most of the teams in FSAE use double wishbone type suspension and so will the described

suspension. It consists of 10 characteristic points:
Upper control arm- front point— UCA;
Upper control arm- rear point — UCA>
Upper control arm- outer point — UCA3
Lower control arm- front point — LCA;
Lower control arm- rear point — LCA
Lower control arm- outer point — LCA3
Tie rod- inner point — TR

Tie rod- outer point — TR2

© o N o o B~ w0 b P

Wheel centre point — WCN
10. Spindle point — SPN
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There are also 2 points that follow from dimensional reduction; UCA1. which is a projection of
UCAsz onto line formed by points UCA; and UCA,. Same applies to LCA12. Contact patch point
(CP) represents the place where the wheel is theoretically in contact with ground. This point is
obtained by constructing a line perpendicular to both the wheel rotation axis and an arbitrary
line that is perpendicular to wheel rotation axis and parallel to ground. Now that all relevant

points are established follows definition of relations between points during movement.

All characteristic points have a spherical joint in their place. However, inner points of control
arms result in a hinge joint. Out of 6 variables (xyz coordinates for 2 points) that describe these
2 spherical joints, only 4 of them have effect on the hinge joint, for the other 2 variables we can
choose arbitrary values which will not affect calculations. The rest of the points employ
spherical joints.

UCA2

Wheel
FORWARD @ Spherical joint

()  Hingejoint

. _ Wheel Rotation
®oOE - Ads

LCAL R .

Figure 2 Double wishbone suspension schematic representation

2.1. Development of Kinematic Equations for Quarter Suspension

Suspension will have two degrees of freedom; up and down movement, and steering the wheel
left and right. Steering of the wheel is achieved via tie rod, while up and down movement can
be initiated either by upper or by lower control arm. Here it is decided to use the lower control
arm as the starting point for moving the suspension mechanism because in all previous FSB
Racing Team’s vehicles the pushrod system was attached to lower control arm. So, in case of

further development of this suspension model and implementation of quasi static equations, it
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will be easier to transfer forces from LCA to pushrod subsystem. Principle on which the position

of the wheel will be calculated is shown in the following figure.

Calculating
positions of UCA3-
intersection of
sphere (with origin
in LCA3 and radius
equal to distance

Calculating
positions of LCA3

by rotatingit =~ ——» ——— > equaltoterod ———»

between LCA3 and
UCA3) with circle
described by
rotating UCA3
around UCA1-UCA2
axis

around LCA1-LCA2
axis

Figure 3 Calculation of suspension points during movement

Calculating
positions of TR2-
intersection of
sphere (with origin
in TR1 and radius

length) with circle
described by
rotating TR2
around LCA3-UCA3
axis

Transforming SPN
and WCN so

relative position

between them and

LCA3, UCA3 and

‘ TR2 is kept ‘

Calculating CP aver
WCN and SPN

After calculating positions of suspension, characteristics such as Camber angle, Mechanical

trail, anti-features, etc., are calculated for each of the positions.

Following table sums up data needed to start the calculation. Since the calculation cannot be

exact because some later formulas become too complex, it is needed to approximate results.

Therefore, the precision parameter is needed but only for some suspension characteristics.

Tablel Parameters for Calculating Suspension Movement

Lower Control Arm- Front LCAx LCAyy LCAL,
Lower Control Arm- Rear LCA2 LCAzy LCA2,
Lower Control Arm- Outer LCAsx LCAsy LCAz,
Upper Control Arm- Front UCA1x UCAyy UCA1;
Upper Control Arm- Rear UCA2x UCA2y UCA2;
Upper Control Arm- Quter UCAsx UCAzy UCA3;
Tie Rod- Inner TR1x TRy TR1;

Tie Rod- Outer TR« TR2y TR2;

Wheel Centre WCNx WCNy WCN;
Spindle Point SPNx SPNy SPN;
Wheel Radius WRADIUS

Wheel Up Movement WVERT

Tie Rod Inner- Movement Left and Right WSTEER

Precision PRECISION
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Incrementation INCREMENT

As will be seen in the following chapters, kinematic relations easily become very complex. To
avoid the possibility of making mistakes Sympy package in Python was used for deriving

needed relations.

In all calculations right-handed Cartesian coordinate system is used.

2.1.1. Calculating Suspension Kinematic Constants

Calculation is started determining LCA local coordinate system. The needed data are origin,
and two perpendicular unit vectors defining orientation. First, LCA3 is projected to LCA:-LCA>
line giving the LCA12 point representing the origin of LCA local coordinate system in global

coordinate system.

Projection consists of doing a dot product between vector LCA2-LCA;1 and vector LCA12-LCAS.

The dot product must equal zero as the two vectors are defining axes of LCA local coordinate

system:
(LCA,LCA))-(LCA,LCA,)=0. 1)
After solving equation 1, the coordinates of LCA1. are obtained:

LCA,,, =
LCA, ((LCAM ~LCA,,) +(LCA, —LCA, )’ +(LCA, - LCAzz)z)
(LCA, ~LCA,,)" +(LCA, —LCA, ) +(LCA, ~LCA,,)’
(LCA, —LCA, )(LCA, —LCA, )+ @)
(LCA, —LCA,,)| (LCA, - LCA, )(LCA, - LCA, )+
(LCA, —LCA,,)(LCA, - LCA,)
(LCA, - LCA, )" +(LCA, - LCAzy)Z +(LCA, —LCA,,)’
LCA,, =
LCA, (( LCA, —LCA, )" +(LCA, - LCAzy)z +(LCA, —LCA,, )2)
(LCA, —LCA,, )" +(LCA, - |_CA2y)2 +(LCA, —LCA,,)’
(LCA, —LCA, )(LCA, —LCA, )+ ©)
(LCA, —LCA, )| (LCA, ~LCA, )(LCA, - LCA, )+
(LCA, —LCA,,)(LCA, ~LCA,,)
(LCA, —LCA, )’ +(LCA, ~LCA, ) +(LCA, ~LCA, )’
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LCA,, =
LCA, ((LCAlX ~LCA,,)" +(LCA, - |_c:A2y)2 +(LCA, - LCAZZ)Z)
(LCA, -LCA, )" +(LCA, - LCAQV)Z +(LCA, —LCA,,)’
(LCA, —LCA,,)(LCA, —LCA, )+ 4
(LCA, —LCA,,)| (LCA, —LCA, )(LCA, - LCA, )+
(LCA, —LCA,,)(LCA, —LCA,)
(LCA, —LCA,,)" +(LCA, —LCA, ) +(LCA, ~LCA,, )’
Following is the LCA radius calculation which is obtained by calculating distance between
LCAs and LCA12:

flca = |LCA12 - LC%|- (5)

Fon = \/(—LCARX +LCA, )" +(-LCA,, +LCA, ) +(~LCA,, + LCA,)". 6)
Last thing left to calculate are perpendicular unit direction vectors. They will always be pointing

from backward to forward (longitudinal) and from middle to side (lateral):

« | LCA—LCA, LCA,—LCA, LCA,-LCA, @)
" | |LCA —LCA,| " |LCA —LCA,| ' |LCA —LCA)| |
_ [ LCA, —LCA, LCA, ~LCA, LCA,-LCA, J
Yica= : ' - (8)
rLCA r-LCA r-LCA
After expanding equations 7 and 8 the following forms are obtained:
_ LCAix — LCAZX
XLCAx - ) > 5 ' (9)
\/(LCAIX ~LCA, ) +(LCA, —LCA, ) +(LCA, - LCA,)
LCA, - LCA,,
Xeew = 5 2 > (10)
\/( LCA, —LCA, )" +(LCA, - LCA, ) +(LCA, - LCA,,)
_ LCAiz — LCAZZ
Xiow = 2 2 2’ (11)
\/( LCA, —LCA,, )" +(LCA, -~ LCA, ) +(LCA, - LCA,,)
— _LCA12x + LCA?:X
Yion = 2 2 2’ (12)
\/(LCAm ~LCA, ) +(LCA,, —LCA, ) +(LCA,,-LCA,)
~LCA,, +LCA,,
Yiew = : 7 " (13)
\/( LCA,, —LCA, )" +(LCA,, —LCA, ) +(LCA,, —LCA,)
—LCA,, + LCA,,
(14)

Yica: = :
\/( LCA,, ~LCA, ) +(LCA,, ~LCA, ) +(LCA,, - LCA, Y’
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The same process applies to upper control arm and only the solutions are given:
UCA,, =
UCA, ((UCAlx ~UCA,,)" +(UCA, —UCAQy)Z +(UCA, —UCA,, )2)
(UCA, —UCA,,)" +(UCA, —UCAzy)z +(UCA, -UCA,,)’
(UCA, —UCA, )(UCA, —~UCA,, )+ (15)
—(UCA, —UCA,,)| (UCA, ~UCA, )(UCA, —UCA, )+
(UCA, —~UCA,,)(UCA, —UCA,,)
(UCA, —UCA,, )’ +(UCA, ~UCA, )’ +(UCA, ~UCA,, )’
UCA,, =
uca, ((UCAlx ~UCA,, )’ +(UCA, ~UCA,, )’ + (UCA, ~UCA,, )2)
(UCA, —UCA,,)" +(UCA, —UCAzy)z +(UCA, -UCA,,)’
(UCA, —UCA, )(UCA, —UCA, )+ (16)
—(UcA, -UCA,, )| (UCA, —UCA, )(UCA,, —~UCA, )+
(UCA, —UCA,,)(UCA, ~UCA,,)
(UCA, —UCA,, )’ +(UCA, ~UCA, )’ +(UCA, ~UCA,, )’
UCA,, =
UCA, ((UCAM ~UCA,,)" +(UCA, —UCAZY)Z +(UCA, —UCAZZ)Z)
(UCA, ~UCA,, ) +(UCA, ~UCA, )’ +(UCA, ~UCA,, )’
(UCA, —UCA,,)(UCA, —UCA,, ) + 17)
(UCA, —UCA,,)| (UCA, -UCA,, )(UCA, -UCA, )+
(UCA, —UCA,,)(UCA, —UCA,,)
(UCA, —UCA,,)’ +(UCA, —UCAZy)Z +(UCA, ~UCA,,)’

Radius of upper control arm is:

Fin = \/(—UCAm +UCA,, )" +(-UCA,, +UCA3y)2 +(-UCA,, +UCA,))". (18)
Components of unit vectors describing the UCA local coordinate system are:
— UCAlx _UCA2><
XUCAX - ) ) ) y (19)
\/(UCAIX ~UCA,, )" +(UCA, -UCA, ) +(UCA, -UCA,),)

o UCA, —UCA,,
- \/(UCAix ~UCA,, )" +(UCA, ~UCA, )" +(UCA, ~UCA,,)’ |

(20)

Faculty of Mechanical and Naval Engineering 8



Bruno Mraz Master Thesis

Xy = UCAiz _UCAZZ
7 JUcA, ~Uca,, )+ (UCA, ~UCA, ) +(UCA, ~UCA,,) ey
-UCA,,, +UCA,,
Yueax = - - -, -
\/(UCAQX _UC%X) + (UCAIZy _UCAsy) + (UCALZZ —UCA32)
-UCA,, +UCA,,
Yucay = - . _, .
\/(UCAHX —UCA, ) + (UCA12y _UCAsy) +(UCA,, —UCA,,)
—-UCA,, +UCA,
(24)

Yoen = ; > >
\/(UCAm ~UCA,, )" +(UCA,, —~UCA, )" +(UCA,, ~UCA,,)
Next the distance between LCA3 and UCAS is calculated. This distance represents radius of a

sphere needed for calculating position of UCAS3.

= \/( LCA, ~UCA,, )" +(LCA,, ~UCA,, )’ +(LCA, —UCA, " (25)
2.1.2. Calculating Lower Control Arm Movement

Movement of suspension starts off with moving the lower control arm. It is needed to specify

how much it should move upwards and downwards from the reference position.

First the new positions of lower control arm are calculated in lower control arm local coordinate
system. By using this method of calculation, trigonometric functions are avoided which might
give unexpected results during optimisation. All is needed is to compute the transformation
matrix once, LCAs coordinates in LCA local coordinate system, and then using the
transformation matrix convert back to global coordinate system.

UCA2

Wheel
FORWARD @ Spherical joint
el ) O  Hinge joint
UCA1 E
3. o

; ._' Wheel Rotation
BoE . Ads
" owen T

cpP

Figure 4 Lower control arm coordinate system

Global LCAg3 is obtained from the following equation which uses column major representation

of points and vectors:
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LCA3 = RLCA : LCASIOCLCA +1ca- (26)

Rica is a rotation matrix from local to global coordinate system:

Xieax  Yieax  Zicax
RLCA =| Xicay  Yieny  Zicay || (27)
Xicar  Yiew  Ziew

XLcA, YLcA, ZLca are previously calculated unit vectors which represent local coordinate system
axis directions in global coordinate system. Each of the axis’s representations possess the

following property:

2 2 2
1/xx+xy+xz =1. (28)

Without this condition the coordinate systems would be skewed.

Since z axis cannot be directly obtained from suspension hardpoints, cross product of x and y

axis is used:

Zica = Xica X Yica: (29)

v
<

™~ tica
X N

Yioc \A

Yica

Zica
Xica

Xioc Zioc

Figure 5 Local to global coordinate system transformation
tLca represents offset vector between two coordinate systems origins and is measured in global
coordinate system. In this case it is equal to coordinates of point LCA1. and is added to point

after multiplication with rotation matrix and with this addition the transformation is complete.
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The only thing left to calculate is positions of LCAz in local coordinate system. From Figure 4
it is seen that its x value will always be zero. This simplifies the process because we can convert

the problem to 2D circle.
As the wheel goes up, in case of a bump on the road, z value becomes negative and opposite
for the wheel going down.

z value will be independent variable and will drive the value of y coordinate. Equation for y

value is derived from Pythagorean theorem.

2 2 2
Yicasiocca T Zicasiocca = ficas (30)

From previous equation yicaaioc IS expressed explicitly and negative sign is chosen since it is

on the negative side of the y axis:

Y casiocLca = _\/ rLZCA - ZECASIOCLCA' (31)
ZLcasloc 1S defined by the user through incrementation, wheel up and wheel down movement.
Wheel up and down movements are divided by number of increments and these values represent

all the values for which ycaaioc is calculated.

Since the goal is to move the LCA for a certain amount up or down in a global coordinate

system, it is needed to calculate that amount in local coordinate system.

It is not known in advance what will be the values of XLcas and yLcas, however, z.caz is easy to

calculate:
Z\ cazmax = Zicas +WVERT, (32)
Z\ cazmin = Zicas —WVERT. (33)

Now that global z.cas coordinate is known it is needed to find local z casiec coordinate so

YLcasloc Can be calculated aswell. This is done in three steps:

1. plane parallel to global XY with z value equal to LCAs in upmost position is transformed

to local coordinate system,
2. plane in local coordinate system is converted to line by setting x to zero,
3. intersect the line with circle.
Starting with first step, plane equation in global coordinate system is:
Z—127,c0 —WVERT =0. (34)

Comparing previous equation to general plane definition
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Ax+By+Cz+ D =0, (35)

It is noted that A and B coefficients are zero, C is one and D is -z.cas-WVERT. Since
transformation matrix from LCA local to global coordinate system is known, starting equation

will be transformation of local plane parameters to global plane parameters:

A .
B ZI:RECA tLCA:|. b | -
C 0 1 c
D d
By expressing local plane parameters from previous equation, the following is obtained:
E A 0
b _ RICA _RICA tiea B _ RICA —RICA tica 0 (37
¢ 0 1 C 0 1 1
 d D LCA,, + WVERT

Now that parameters for plane in local coordinate system are known, it is converted to line by

setting x value to zero:

a- O + byLCASIoc + CZLCASIoc + d = O (38)

ZLcasloc IS the wanted value and because it is known that there will be two pairs of solutions, the
one with more negative yicasioc Value is correct because of the orientation of local coordinate
system. Therefore, yicasioc is expressed explicitly so zicasioc can be calculated directly by
substituting yLcasioc:

—CZ\ cpgioc — d

Yicasioc = T (39)

Lastly, after inserting previous equation to equation 30, zicasioc Value for intersection between

circle and line is found:

_—cd =+ b\/czrfcA +b?’r%, —d?

7, = (40)
toc b? +c?
In previous expression solution with positive square root is chosen.
Final representation of LCAgz in local coordinate system is:
2 2
LCA3IocLCA = (01 _\/ Mica — ZicasiocLea ZLCASIOCLCA)' (41)

Now by substituting equations 2, 27, and 41 into 26 position of LCAsz in global coordinate

system is obtained.
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2.1.3. Calculating Upper Control Arm Movement

Position of UCAS3 is obtained by intersecting spatial circle of upper control arm and a sphere

with radius rca with origin in LCA3.

(X=Xeons) +(Y = Yiens) +(2=Zucus) = Freo”s (42)
Xocas(0) = €y + Iycn - €OS(0)a, + Fycy - SIN(O)by, (43)
Yucas(@) =C, + I yen - COS(B)A, + I, - SIN(O)D,, (44)
Zycps (0) = C3 + Ty - €OS(0)8; + Fiyc, - SIN(O)D,. (45)

This can be done directly, by substituting x, y and z in 42 with x, y and z in 43, 44 and 45,
however, using this process requires quite a lot of calculation and use of Newton-Rapson

method to converge to solution for each position of LCAs.

To avoid this, local coordinate system is used, spatial circle then becomes a planar circle and

sphere also becomes a planar circle since x value is zero.

UCA2
FORWARD Wheel

@ Spherical joint
()  Hinge joint

» . Wheel Rotation
" ﬁ' . AXis

»
»

Figure 6 UCA local coordinate system
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Now the problem boils down to finding intersection points of 2 circles. The following two

equations represent UCA circle and spatial circle with origin in LCA3 in UCA local coordinate

system:
2 2 _ 2
Yucasiocuca 1 Zucasiocuca = Tfuca: (46)
2 2_ 2 2
(yUCASIOCUCA - yLCASIocUCA) + (ZUCASIocUCA - ZLCA3locUCA) =Tea — Xicasiocuca- (47)

Before solving this set of equations coordinates of LCAs in UCA coordinate system will be
determined. This will again be done using the rotation matrix and translation vector. In the next
equation LCAg in global coordinates is expressed using UCA rotation matrix and offset of UCA
coordinate system from global coordinate system, tuca which in this case is equal to coordinates
of point UCA1.

LCA; = Ryca - LCA pcuca + tuca- (48)
Since LCAasiocuca IS needed, equation 41 is rearranged into following:
LCA e = RJCA '(LCA3 _tUCA)' (49)

Because rotation matrices are orthonormal it is easy to find their inverse.

UCA rotation matrix is given in the following expression:

XUCAx yLCAx z LCAX
RUCA =| Xucay Yicay Zicay |- (50)
XUCAz yLCAz z LCAz

As is the case with LCA, here it is also needed to calculate zi ca unit vector by using x.ca and
YyLca Unit vectors for rotation matrix:

Zyca = Xuca X Yuca: (51)
With LCAasiecuca defined it is now possible to calculate system of equations 46 and 47.

Yucasiocuca =

2 2 2 2 2
yLCASIocUCA (_rCA + r-UCA + XLCA3IOCUCA + yLCA3IocUCA + ZLCASIOCUCA)

2 2
2Y  casocuca T 22 caziocuca

4 2 .2 2 2 2,2 2 52
_rCA + 2r-CArUCA + 2rCAXLCA3|OCUCA + 2rCA yLCA3locUCA + 2rCAZLCA3|OCUCA (52)

4 2 U2 2,2 2 .2
7 —luea — 2rUCAXLCA3IocUCA + 2rUCA Yicasiocuca 2rUCAZLCA3IocUCA
LCA3locUCA 4 2 2 2 2
— X caslocuca ~ 2XLCA3IOCUCA Y\ casiocuca ~ 2XLCA3I00UCAZLCA3I00UCA

VL _2 2 Z2 _ 24
yLCA3IocUCA yLCA3locUCA LCA3locUCA LCA3locUCA

2 2
2 yLCA3I0cUCA + 22LCA3I0CUCA
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Zychasiocuca =

2 2 2 2 2
ZLCA3|0CUCA (_rCA + If-UCA + XLCA3|OCUCA + yLCA3IOCUCA + ZLCA3|OCUCA)

2 2
2( Yicasiocuca T Zicasiocuca )

4 2,2 2 2 2 .,2 2 .2
—lea + 2rCArUCA + 2rCAXLCA3locUCA + 2rCA Yicasiocuca T 2rCAZLCA3IocUCA (53)
4 2 U2 2 2 2 .2
—loea — erCAXLCA3I0cUCA + ZrUCA Yicastocuca T 2rUCAZLCA3IocUCA
Yicasiocuca 4

2 2 2 2
“ALCA3locUCA 2XLCA3|OCUCA yLCA3|OCUCA - 2XLCA3IOCUCAZLCASIOCUCA

oyt _2\2 72 _ 7
Yicasioeuca ~ £ YicasiocucaZicasiocuca ~ Zicasiocuca

2 2
2( yLCA3IocUCA + ZLCA3IocUCA )

Two solutions are obtained and only one is needed. Because relative position of points is always

F

the same, as can be seen in the following figure, it is easy to conclude that solution with more

negative z value is correct.

Because y value of sphere origin (yLcasiocuca) is negative and dictates the sign of zucasiocuca
square root value, second solution is chosen. So, yucasiocLca has negative sign in front of square

root, while zucasiocLca has positive sign in front of square root.

UCA circle

/Solution

LCA3 sphere cutout

Figure 7 Location of UCA3 point after calculating intersection

The coordinates of UCA3 in UCA local coordinate system are:

UCASIocUCA = (O' yUCASIocUCA' ZUCASIocUCA)' (54)
Finally, the coordinates of UCAgz in global coordinate system are:
UCA,; = Ryca -UCA; pcuca + tuca- (55)

2.1.4. Calculating Tie Rod Movement

Finding position of TR> point is done in much the same way as finding the position of UCAs.
Again, intersections between a sphere and a circle are obtained and only one of two obtained

intersections is valid.
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Local coordinate system is used to reduce dimensionality and simplify solution. Projecting TRz

to line connecting UCAs and LCAs is origin of the coordinate system.

UCA2
FORWARD Wheel

@ Spherical joint
(O  Hinge joint

Wheel Rotation
. ;" - Axis

-WCN R

Figure 8 Tie rod local coordinate system

Sphere described by tie rod is transformed to TR coordinate system with z value set to zero.
This leads to the same set of equation as in the case of upper control arm with the exception
being that now z value is set to zero.

Since tie rod can be in front or rear from wheel centre, both intersections are valid, depending
on suspension configuration. Switching will be done by comparing the x values of WCN and

TR2 and choosing appropriate sign in front of square root equation member.

TR2 sphere cutout

TR2 circle
Solution when tie rod is
BEHIND wheel centre

Tie rod

Tie rod

TRZ2 circle

\

olution when tie rod is in

TR2 sphere cutout FRONT of wheel centre

Figure 9 TR2 point location in local coordinate system
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Location of TR> point is given by the following equation:
TR, = Rig * TRyjgerg + - (56)

Rrr is a rotation matrix with the following form:

>

TRe  YrRe  Zrrx
Rip = Xiey Yy Ly |- (57)

TRz yTRZ ZTRZ

>

Vectors xTr, yTr and ztr are unit vectors perpendicular to each other. xtr and ztr can be obtained
directly by manipulating suspension hardpoints, while yrr is obtained as a cross product of xtr

and ztr.

ttr is an offset vector and is equal to coordinates of TR2 projection to line connecting points
UCA; and LCAs. TR projection is obtained as were UCA12 and LCA12 and only the result will
be shown:
TR2,,, =
UCA3X((LCA3X ~UCA,, )" +(LCA,, —UCAay)Z +(LCA,, —~UCA,, )2)
(LCA,, —UCA,, ) +(LCA,, ~UCA, )" +(LCA, ~UCA,,)’
(LCA,, —UCA, )(TR,, ~UCA,, )+ (58)
(LCA,, —UCA,,)| (LCA,, —UCA, )(TR,, —~UCA, )+
(LCA,, ~UCA,,)(TR,, —UCA,,)
(LCA, —UCA, )" +(LCA,, —UCA3y)2 +(LCA,, ~UCA,,)’
TR2,,, =
UCA, ((LCASX ~UCA,,)’ +(LCA,, ~UCA,, )" +(LCA,, —UCA, )2)
(LCA, —UCA,, )" +(LCA,, —U(:Agy)2 +(LCA,, ~UCA,,)’
(LCA,, —UCA, )(TR,, ~UCA,, )+ (59)
(LCA,, —UCA, )| (LCA,, —~UCA, )(TR,, ~UCA, )+
(LCA,, ~UCA,,)(TR,, —UCA,,)
(LCA, ~UCA, )’ +(LCA,, ~UCA, )’ +(LCA, ~UCA,, )’

+
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TR2,, =
UCA, ((LCA3X ~UCA,,)’ +(LCA,, ~UCA,, )" +(LCA,, —UCA, )2)
(LCA,, —UCA, )’ +(LCA, —uc:Agy)2 +(LCA,, —UCA,,)’
(LCA,, —UCA,,)(TR,, —~UCA, )+ (60)
(LCA,, ~UCA,,)| (LCA,, -UCA, )(TR,, ~UCA, )+
(LCA,, ~UCA,,)(TR,, ~UCA,,)
(LCA, ~UCA, )’ +(LCA,, ~UCA, )’ +(LCA, ~UCA,, )’

Now that distance of TR2pr is known for reference position, it is needed to find its position

during wheel movement. This is done using 3D line set of equations:

TRZ prx — (UCASX - LCASx)t + LCAax’ (61)
TR,y =(UCA,, —LCA, )t + LCA, , (62)
TRZprz = (UCABZ - LCA3Z )t + LCASZ’ (63)

UCAs and LCAgz are variables as the wheel moves up and down, while t is a constant and follows

from the reference position:

TR -LC
— 2 prxref %x ) (64)
UCA,, — LCA,,
Next, the steering arm length or the distance between TRz and TRz is calculated:
2 2 2
= \/(TRZX “TR,y, ) +(TR,, = TR, ) +(TR,, ~TR,,.. ) (65)

This distance describes spatial circle around LCA3UCA;3 axis.

Distance between TRy and TR2 describes sphere with which the circle will be intersected:

e = \/(TRZX ~TR, )" + (TR2y ~TR,, )2 +(TR,, ~ TR, ). (66)

Unit vectors xtr and ztr are again obtained in the same way as in LCA calculation and only the

result is given:

X = TRZprx _TRZX
- \/(TRZW ~TR,,) +(TRypy ~TRy, ) +(TRype ~ TRy, ) | (©7)
o - TR,,, ~TR,, | o
\/(TRzer ~TR,,) +(TRypy ~ TRy, ) +(TRyp ~ TRy, ) (68)
TRZprz _TRZZ

X ’ 69
TR, ) (©9)

2prz

v \/(TRZW ~TR,,) +(TRypy ~ TRy, ) +(TR
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LCA, —UCA,
Zpy = . > S (70)
\/( LCA, —UCA,,)" +(LCA, ~UCA, )" +(LCA,, ~UCA,,)
LCA,, —~UCA,,
Trry = 2 2 2’ (71)
\/(LCABX ~UCA, )" +(LCA, —UCA, ) +(LCA,, -UCA,))
LCA,, —UCA,,
Iig, = > > > (72)
\/( LCA, —UCA, )" +(LCA, —~UCA, ) +(LCA, ~UCA,))
yTR UNIt vector is obtained from cross product of ztr and Xtr.
Yir = Zg X Xig- (73)

Intersection points are found using the following set of equations in TR local coordinate system

where z coordinate has a value of zero:

2

2 2
XTR2IocTR + yTR 2locTR

r2. (74)

2 2 _ 2 2
(XTRZIOCTR - XTRlIocTR) + ( yTRZIocTR - yTRlIocTR) - rTR - ZTRlIocTR' (75)

In equation 75 TRy coordinates in TR local coordinate system are still unknown. Their

coordinates are calculated using the same procedure as for UCA:

TRlIocTR = RTTR (TR1 —tr ) (76)
From previous equation values for XTr1locTr, YTR1IocTR @Nd ZTr1l0cTR are obtained.

Now all the unknowns in previous system of equations are known and it can be solved. Two
possible solutions are obtained and as said before, depending on whether the tie rod is in front

of or behind the wheel centre, one or the other solution is chosen.
After solving equations 74 and 75 these are the results:

XtR2locTR =

2 2 2 2 2
XTRlIocTR (rST - I‘-TR + XTR1|OCTR + yTRlIOCTR + ZTRlIocTR)

2 2
2(XTRllocTR + yTRlIocTR )

4 2 .2 2.2 2,2 2 .2
—Isr + ZrST g + 2rST Xtruoerr 2rST YtrilocTR ~ 2rST Z1R1l0cTR

4 2,2 2,2 2,2 (77)

y —Ihr t erR XtRilocTr 2rTR Yrritoerr T 2rTR Z1R110cTR
TR1locTR 4 2 2 2 2

~XIRilocTR — 2XTRllocTR YTRitocR — 2XTRlIocTR Z1R110cTR

4 2 2 4
+ _yTRllocTR - 2yTRlIocTR ZTRlIocTR - ZTRllocTR

- 2 2
2 ( XTRllocTR + yTRlIocTR )

Faculty of Mechanical and Naval Engineering 19



Bruno Mraz Master Thesis

YrrotocR =

2 2 2 2 2
yTRlIocTR (rST - If-TR + XTRlIocTR + yTRlIocTR + ZTRllocTR)

2 2
2 ( XTRlIocTR + yTRlIocTR )

4 2 .2 2.2 2,2 2,2
—Isr + 2rST g + 2rST Xtruoetr T 2rST YTRilocTR ~ 2rST Z1R1l0cTR (78)
4 2,2 2,2 2,2
—hg + ZrTR Xtrutoerr T 2rTR YrriloeTR T 2rTR Z1R1l0cTR
XTR1|OCTR 4 2 2 2 2
—XIRilocTR — 2XTR1IocTR YTRilocTR — 2XTR1IocTR Z1R1l0cTR
4 2 2 4
T ~YrriloeTR ~ 2yTRlI0cTR Z1R1i0cTR — ZTR1I0cTR
2 2
2 ( XTRlIocTR + yTRlIocTR )
TR2i0cTr point in TR coordinate system has the following coordinates:
TRZIocTR = (XTRZIocTR’ yTRZIocTR ' O) (79)

By inserting 79 to 56 TRz in global coordinate system is obtained.
If steering of the wheel is needed, then all the constants are calculated as shown above with the
only difference being addition of a value to y value of TR1:

TR, =(TR,, TR, +WSTEER,TR,, ). (80)

Then expression above is substituted to equation 76 and steering is achieved.
2.1.5. Calculating SPN and WCN Movement

Since WCN and SPN are points on upright they will be moving together with TR2. This means
it is possible to use previously derived TR coordinate system for determining positions of

mentioned hardpoints as the wheel moves.
WCN = Rpg -WCN 7 + trg. (81)
SPN = Ry - SPN g + b (82)

The above equations give positions of WCN and SPN after moving the wheel to a new position.
In these equations trr and Rtr are variables, while WCNiocTr and SPNiocTr are constants because
their position relative to TRz, LCAs and UCAgz is always the same for one configuration of

suspension.
inWCN ~in RTR 'WCchTR + inbre (83)
in SPN = in RTR 'SPNIOCTR +inbro (84)

where index in front of a variable denotes initial value.

By expressing WCNiocTr and SPNioctr the following set of equations is obtained:
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WCNlOCTR ~in R'-I!—R (anCN - intTR)’ (85)
SF)NlocTR = in R'-rrR(mSPN - intTR)' (86)
Equations 85 and 86 can now be inserted to 81 and 82 which will produce correct positions of

WCN and SPN.
2.1.6. Calculating Contact Patch Movement

Contact patch point (CP) is the last of characteristic points needed to calculate to be able to

calculate all suspension characteristics. There are multiple cases for calculating CP

e only one half of suspension is being observed
o chassis rolling motion is simulated
o vertical motion of chassis is simulated
o combination of the two is simulated

e the whole suspension is being observed
o pitching movement of chassis is simulated
o rolling movement of chassis is simulated
o vertical movement of chassis is simulated

o combination of all three is simulated

Since the focus of this master thesis is suspension kinematics optimisation which is done with
respect to cornering because then the vehicle is utilising tyres to the maximum, only chassis

rolling motion is of concern.
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FORWARD Wheel

@ Spherical joint
()  Hingejoint

(WCN-SPN)

heel Rotation
Axis

Figure 10 Calculating CP from vectors

It is assumed that ground plane is perpendicular to YZ plane of vehicle global coordinate
system. This means that ground plane will be touching circles representing wheels in the point

with the lowest z value.

CP could be calculated by doing derivation on the Z axis of parametric circle equation, however
that would require use of arcus tangents function which could be problematic later when

calculating results in C++.
To avoid this problem vectors are used as can be seen in the previous figure.

Location of CP is given by the following expression:

(((SPN, ~WCN, ) xv;) x (SPN, ~WCN,))

— - ‘WRADIUS +WCN,, (87)
((SPN, ~WCN, )x ;) x (SPN, ~WCN,

where i index represents current suspension position.

In this equation only vo is unknown and it represents an auxiliary vector needed for calculating

ground plane normal.
For only half of suspension observed this vector vg has the following value:
v, =(0,0,-20). (88)

z value of -20 is arbitrary, it is only important that it is negative and not too large or too small
with respect to length of vector (SPN - WCN) for numerical stability.
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2.2. Calculating Suspension Characteristics

After all the positions of suspension are known it is possible to calculate its characteristics. The

following table sums up all the characteristic values that will be calculated.

Table 2

Mathematically described suspension characteristics

Suspension characteristic

Suspension characteristic

Camber angle Anti-rise
Toe angle Anti-dive
Caster angle Anti-lift

Roll centre height

LCAs inside wheel free radius

Caster trail

UCA3 inside wheel free radius

Kingpin angle

TRz inside wheel free radius

Scrub radius

LCAgz distance to WCN along wheel axis

Half-track change

UCA: distance to WCN along wheel axis

Wheelbase change

TR: distance to WCN along wheel axis

Anti- squat

2.2.1. Camber Angle

Camber angle is the angle that the wheel axis is closing with the ground plane. It can be either

positive- lower half is moved towards the vehicle or negative- lower half is moved away from

the vehicle.

Camber angle

Negative

Figure 11 Negative Camber angle
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It is calculated using WCN, SPN and CP points. Each position of wheel has a new ground plane
defined by CP. Somewhat simplified approach is used to calculate Camber angle. It is assumed
that during rolling of the chassis the left LCAs moves up as much as the right LCAs moves down
in the Z axis with respect to chassis and vice versa.

|
[Camber angle

Camber angle :

I
| Wheel Axis

-

|
WCN right | CHASSIS

Y €¢—
—_—___———_

SPN right

Yz SPN left
GROUND

CP right

CP left

Figure 12 Camber angle during roll viewed from front to back
To calculate camber angle, it is needed to first find the ground plane. Since only one half of the
suspension is being optimised, ground plane is defined as a plane going through points CP e,
CPright and (0, CPyLeft, CPzLett), it is perpendicular to YZ global plane. After the plane is found,

the angle between plane and wheel axis defined by WCN and SPN is calculated.
Ground plane normal can be calculated as a line perpendicular to a line going through points
o (CPxteft, CPyRight, CPzright) and
o  (CPxiett, CPvLeft, CPzLeft).
The resulting ground plane vector normal expression is:
ground =(a,b,¢) = (0, CP, — CPyygs — CPygg + CPyign)- (89)
Since suspension is symmetric, CPright corresponds to mirrored CPLest in opposite vertical
wheel position. For instance, if left side has an amplitude of positions calculated:
(Xo, Yo, o), (X1, Y1, 21), (X2, Y2, Z2),
then the corresponding CPright values will be:
(X2, -2, 22), (X1, -Y1, 21), (Xo, -Yo, Z0).
Plane parallel to the ground is obtained using the plane vector normal and a SPN point. Then

the WCN point is projected to ground plane, giving the WCNp point. Using point WCN, SPN

and WCN,y it is now possible to construct a triangle and measure the angle representing Camber.
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WCNpr =

SPN,a-+ SPN,b +SPN,c ~WCN,a ~WCN b ~WCN,c)
a’+b?+c?

SPN,a-+ SPN,b +SPN,c ~WCN,a ~WCN b ~WCN c) (90)

WCN, + a(

WCN b(
+
y a’+b?+c?

SPN,a -+ SPN b+ SPN,c ~WCN,a —-WCN b —WCN c)

a’+b®+c?

d
WCN, +

If the vector WCNpr — WCN has positive Z component then the Camber angle is negative,

otherwise it is positive,

l —
sen  VONo 7 Camber
\,OQJ);)' angle

WCNpr
Figure 13 Camber calculation
Wheel axis vector is defined by:
axis =(WCN, — SPN, ,WCN, — SPN_WCN, - SPN,,), (91)

And lastly Camber angle is obtained:

| ](weN,, -weN )‘
Camber angle =sin™

- (92)
‘axw‘

Faculty of Mechanical and Naval Engineering 25



Bruno Mraz Master Thesis

2.2.2. Toe Angle

Toe angle is the angle that the wheel closes with the longitudinal axis of the vehicle as can be
seen in the following figure.

S \
Driving direction \ Driving direction
\
\

/ \ \  Negative toe

angle

Chassis /

Positive toe
angle

\
\
\
\
\
\
\
\

’k..______ I Chassis \ \
} \
\
|
\

\

Figure 14 Positive and negative toe angle
To calculate toe angle only SPN and WCN points are needed. From those two points auxiliary
point is derived:

(SPNy, WCNy, WCN,).

The following figure shows relation of points and toe angle.

WCN

Y
Negative toe
C/ﬁ angle
| SPN
X

(SPNx, WCNy, WCNz)

Figure 15 Toe angle calculation

Toe angle is simply calculated using arcus cosine:

Toe angle = cos™ ((SPNx’WCNy,WCNZ ) _WCN )‘

(WCN - SPN)| &

2.2.3. Caster angle

Caster angle is defined as the smaller angle that the line seen from side of the chassis connecting
UCA;3 and LCAs3 closes with the YZ plane of the chassis.
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Driving direction Driving direction

Negative Cldster Positive caster
angle angle

Figure 16 Negative and Positive Caster Angle
For measuring the angle two auxiliary points are created with the coordinates

(SPNx, WCNy, SPN;), (WCNyx, WCNy, SPN,).

Finally, caster angle is then defined as:

~LCA, +UCA, ] o)

Caster angle = tan™"
-UCA,, + LCA,,

2.2.4. Roll centre height

Roll centre height is defined as can be seen in the following figure.

s

UCASR  ycA12r ucA12L UCA3L
o M o Sy
InStantenOUS e-.o::——'_"—_"7—"_4‘_—’_‘R—OI‘Eéﬁtre—“_—‘-—_‘___“__ﬁ‘_ i |nstantenOUS
centre point L /- “*‘_“‘“ZL‘:L—(:_AJ:%E{__PJQ_A,1'9 A{':%};:’F = ~77 \centre point R
LCA3 f_“—_,':_-*#"'ﬂr'?“““9::;__:—‘OLCA3L
'—--‘- '.'_.--'.— ‘_-_---‘_-u‘-—_
CPR Roll centre height Ground opL

Figure 17 Roll centre height definition
Instantaneous centre points are obtained after intersecting UCA and LCA planes with projection

plane parallel to YZ global plane going with X value of (CPr + CPL)/2.
There are 2 cases in calculating roll centre height:
e upper and lower control arm planes define parallel lines when intersected with a plane

e upper and lower control arm planes do not define parallel lines when intersected with

a plane.
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First intersections between UCA and LCA planes with projection plane are calculated. Since

they are projections to a plane parallel to YZ global plane, only two coordinates are needed to

describe them. General expressions for these lines are:

ZLCALintrs = aLCALintrs ’ yLCALintrs + bLCALintrs’ (95)
ZUCALintrs = aUCALintrs ’ yUCALintrs + bUCALintrs’ (96)
ZLCARintrs = a'LCARintrs : yLCARintrs + bLCARintrs’ (97)
ZUCARintrs = a‘UCARintrs ’ yUCARintrs + hJCARintrs’ (98)
where L indicates left side and R right side of suspension.
General line defined by two points expression for YZ plane is:
Z, 4
1-17,= (y-v,), 99
' Yo=Y ( 1) )
which can be rewritten in the following form containing a and b parameters:
71—z =28,y BTh .y 4 —ay+b. (100)
Yo=Y Yo%
Z,~ 4
-2 0 101
Yo =W (oD
Z,—1
b=—2—L1.y +7. 102
Yo=Y ' ' ( )
Next are given points and slopes that define intersection lines:
I—CAlLintrs =
_LCAiLxLCAZLy LCASLZ + LCAle LCAZLZ I‘CASLy + LCAlLy LCAZLX LCASLZ
—LCA LCA,,LCA,, —LCA LCA) LCA,, +LCA LCA, LCA,, +
(P, +CP,) LCALCA,, —LCA LCA;, —LCA LCA, +
- " I‘CAiLz I‘CASLy + I‘CAZLy LCASLZ - LCAZLZ I‘C:'A‘3Ly (103)
2
LCALCA,, —LCALCA,, —~LCALCA,, + |
LCALCA, +LCA,,LCA;, —LCA, LCA;,
0
QA caLints =
( LCAle - LCAZ Lx )( LCAiLz - LCASLZ ) - ( I‘CAILX - LCASLX )( LCAle - LCAZ Lz ) (104)
(LCA,, —LCA,,)(LCA,, —LCA,, ) -(LCA,, —LCA,,)(LCA,, ~LCA, )
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UCAiLintrs:

_UCAILXUCAZ LyUCASLz + UCAiLxUCAZLzUCASLy + UCAiLyUCA2 LxUCASLz

—UCA | UCA, UCA;, —UCA UCA, UCA, , +UCA UCA, \UCA,, +
UCA, UCA, , —UCA UCA, , ~UCA UCA,  +

(CPLX+CPRX)[ ALUCA;, ALUCA, AL Auy]

UCAiLzUCASLy + UCAZLyUCA’.Lz - UCAZLZUCASLy
2
UCA UCA, , ~UCA UCA, , ~UCA UCA, +

UCA UCA,, +UCA, . UCA,, ~UCA, ,UCA,,

(105)

0

AucaLntrs =
(UCAILX - UCAZLX )(UCAILZ - UCA3LZ ) - (UCAILX - UCA’SLX )(UCAILZ - UCAZLZ ) (106)
(UCA,, —UCA,,)(UCA,, —~UCA, ) - (UCA, —UCA, )(UCA, -UCA, )’

Since the point for each intersection line has z value zero, it can also represent b parameter in

line equation:
b

LCALntrs —

—LCALCA, LCA,, + LCALCA, LCA,, + LCA LCA,,LCA,,
—LCA LCA,,LCA,, — LCA,LCA,  LCA,, + LCALCA, | LCA, +

(107)
LCA,  LC —LCA, LC —LCA, . LC +
(CPLX I CPRX)( AiLy AZLZ AiLy ASLZ AiLz AZLy J
LCAle LCA?.Ly + I‘CAZLy LCABLZ - I‘CAZLZ I‘CA3Ly
2
LCA,LCA,, -LCA,LCA,, -LCA,LCA,, + ,
I‘CAiLz I‘CASLX + LCAZLXLCASLZ - LCAZLZ LCASLX
l:lJCALntrs =
-UCAUCA, UCA,, +UCA UCA, UCA,  +UCA UCA, UCA,,
—UCA UCA, UCA,, —UCA UCA, UCA,  +UCA, UCA, \UCA,, + (108)
(CP +CP ) UCAiLyUCAZLz _UCAiLyUCA3Lz _UCAILZUCAQLy +
- " UCAiLzUCABLy + UCAZLyUCASLz - UCAZ LZUCABLy

2
UCA UCA,, —UCA UCA,, —~UCA UCA, , +
UCAiLzUCASLx +UCA2LXUCA3LZ _UCAZLZUCASLX
Same expressions apply to LCA1Rintrs, LCA2Rintrs, UCA1Rintrs and UCAzrintrs Dy changing index L

to R.
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Now that all parameters of UCA and LCA intersection lines are known, slopes are checked for
equality. If percentage difference between values is smaller than previously defined
PRECISION, a line with LCA intersection line slope is defined through CP point. The process
of checking parallelism of LCA and UCA is done for both left and right side.

s

e /y UCA12L UCA3L

ﬁﬂ_‘O_f__ﬁ_ﬁ_o
________ e 4/ LCA12L
““““ _"“‘“-ku——ﬁq_i_“//___ﬁ_“::::::k_o__“““OLCASL
Roll centre height Ground \(-;PL

Figure 18 Instantaneous centre of rotation for parallel UCA and LCA
If the lines are not parallel, then they are intersected resulting in an instantaneous rotation point.
Intersection is obtained by solving a system of two equations and two unknowns for both the
left and the right side:

|C _ a‘LCALintrstlJCALintrs — aUCALintrsbLCALintrs
by = ) (109)
A\ caLintrs ~ QucaLins
—B catings + Bucasi
_ LCALintrs CALintrs
IC,, = , (110)
A\ cavintrs ~ QucaLintrs
|C _ aLCARintrsquCARintrs — aUCARintrsbLCARintrs
Ry = , (111)
A\ carintes ~ Aucarintrs
—B, cariners T Bucari
_ LCARintrs CARIintrs
IC,, = . (112)

A, carintrs ~ Bucarintrs
Finally, coordinates of left and right instantaneous centres in case of unparallel LCA and UCA

lines are:
CP, +CP
IC, {% IC,,, ICLZ), (113)
CP, +CP
IC, =(% IC,,, |ch). (114)

When the lines defined by instantaneous centres are known it is possible to calculate roll centre
height as the distance between ground plane and intersection point of the two lines defined by

CPs and instantaneous centres.

Lines defined by instantaneous centres have the following form:

Yieo =L Zice + B (115)
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YicR = @icr " Zicr T bICR' (116)
In case of unparallel LCA and UCA lines, that is instantaneous line going through CP and IC,

slope and segment on Y axis values have the following expressions:

b =—CP, % +CPR,. (118)
bcr =—CP;, -% +CPR,,. (120)

Rz Rz

In case of parallel LCA and UCA lines, that is, instantaneous centre line going through CP and
is parallel to LCA (UCA), the values are:

QoL = Aicas (121)
b =CR, —a..CPh.,, (122)
Acr = Acars (123)
bicr = CPsy — 8 cprCPr,» (124)

Now that parameters for instantaneous centre lines are known they are intersected:

Yiee = Yicr = RCy, (125)
Qe RCz + bICR =Q - RCz + bICL’ (126)
RC, = Do ~Ber (127)
Qcr — L
b. —b
RC =a, -—< IR 1 .
y — YicL A — A, IcL (128)

Since roll centre height is being estimated in a plane parallel to YZ global plane, ground plane
is defined as a line and distance between the roll centre point and ground line is:

CP,, —CP, )(CPLZ ~RC,)- (cpLy -RC, )(CPRZ ~CP,)

\/(CPRZ ~CR, )" +(cR, —CP, )’

When RC point is under ground the distance has a negative value otherwise positive.
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2.2.5. Caster trail

Caster trail is generally defined as the distance between intersection of a line defined by UCA3

and LCAs with the ground and the wheel axis line projected to ground.

Y*---.__, i Line through UCA3 and LCA3
7 UCA3
X
Z
Wheel axis
projected to ground
/./'/ P~ | Ground "~
g h_‘ / Caster /,/'/
. /\J\ trail -~
LCA3and UCA3line |

intersection with ground

Figure 19 Caster trail schematic

Equation od ground plane defined by left and right CP is:

A(x-CR,)+B(y-CP,)+C(z-CPR,)=0. (130)
Where A, B and C parameters are plane normal:
A=0, (131)
B=-CP,(-CP, +CP,,), (132)
C =CP,(-CP,, +CP,). (133)
Wheel axis is defined by WCN and SPN which are projected to ground plane:
WCN , =
A(ACP,, — AWCN, + BCP,, — BWCN, +CCP,_, —CWCN, )
— +WCN,,
A°+B°+C
B(ACP, — AWCN, +BCP,, — BWCN, + CCP,, —CWCN, ) (134)
— 5 +WCN,, |,
A°+B°+C
C(ACP, — AWCN, +BCP,, — BWCN, +CCP,, —~CWCN, )
> > 5 +WCN,
A°+B°+C
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SPN,, =

A(ACP, — ASPN, +BCP,, — BSPN, +CCP,_, —CSPN, )
5 > 5 + SPN,,
A°+B°+C
B(ACP, — ASPN, +BCP, —BSPN, +CCP, —CSPN, ) (135)
— +SPN,,, |.
A°+B°+C
C(ACP, — ASPN, +BCP,, — BSPN, +CCP_, —CSPN, )
A’ +B*+C?

+ SPN,

Intersection of ground plane and LCAsUCAg3 line is given by the following relation:

LCASUCAEIintersection =
—~ACP_ + ALCA,, - BCP
(LCA,, —UCA,)) - A Y
+BLCA,, ~CCP, +CLCA,,
ALCA, — AUCA,, + BLCA,, - BUCA,, + CLCA,, —~CUCA,,’
—~ACP_ + ALCA,, - BCP
(LcA,, ~UCA,,) ) A v
+BLCA,, ~CCP, +CLCA,
ALCA,, — AUCA,, + BLCA,, — BUCA, +CLCA,, - CUCA,, '
~ACP_ + ALCA,, —BCP
(LCA,, ~UCA,,) - A Ly
+BLCA,, —CCP,, + CLCA,,
ALCA,, — AUCA,, + BLCA,, - BUCA, + CLCA,, - CUCA,,

LCA,,

LA, (136)

LCA,,

Caster trail is given by the following relation representing distance between LCA3UCAsint point
and line defined by projections of WCN and SPN:
(LCAUCA,, —SPN ) (LCAUCA,, ~WCN,, )

Caster trail =
WCN,, —SPN,

(137)

When LCA3UCAgz intersection point is in front of CP then caster trail has positive value,
otherwise negative.

2.2.6. Kingpin angle

Kingpin angle is defined as the smaller angle that the line seen from front of the chassis

connecting UCA3 and LCAgz closes with the XZ plane of the chassis.
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Kingpin

S

CPR GROUND

Figure 20 Kingpin angle measuring
It is measured between ground normal and a line going through projection of LCAs and UCAs

points to a plane parallel with YZ global plane. Vector components are:
LCA3UCA3,, =(0,-UCA3, + LCA3,,-UCA3, + LCA3, ), (138)

ground =(0,~CP,, +CP,,,CP,, —CP, ). (139)
Kingpin angle is then:

LCA3UCAS3,, - ground

Kingipn angle = cos™
SIPm AN |LCA3UCA3,,

. 14
-|ground| (140)

If UCA3y absolute value is lower than LCA3y absolute value then kingpin angle has a positive
value, otherwise negative.
2.2.7. Scrub radius

Scrub radius is defined as distance between point where LCA3sUCAg line intersects ground and
CP when viewed from the front of the wheel. When CPy absolute value is smaller than
LCAsUCAs intersection y absolute value then scrub radius has a positive value, otherwise

negative.

O\O O/D\
Y \
SPN  \_
o\
O\O 7 O/_b\
LCA3
\ L3U3pr
CPR GROUND oPL P

Negative scrub radius

Figure 21 Scrub radius measurement
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Mathematically, scrub radius is defined as distance of LCA3UCAg,r to plane defined by normal
consisting of WCN and SPN projections to ground plane and CP as the point through which the

plane passes.

LCA3UCAgintrs, WCNpr and SPNpy are known from Caster trail calculation. Only plane normal to
WCNp-SPNpr line going through CPL point is left to define:

(WCN,,, —=SPN,, )(x—CP,)+

(WCN,,, =SPN, )(y-CR, )+ (141)

(WCN,,, —SPN,,)(z-CP,)=0.

Lastly, distance from LCA3UCAginterscetion t0 newly defined plane is:

Scrub radius =
(WCN,,, —SPN_,)(L3U3,, -CR, )+
(WCN,,, =SPN,, )(L3U3,, —CP, )+ (142)
(WCN,,, —SPN,,)(L3U3,, -CR,)

\/(WCN i~ PN, ) +(WCN,,, —SPN_ )" +(WCN ,, ~SPN,,, ) |

pry

2.2.8. Half-track change

Half-track change is difference between y value of CP in reference position and y value of CP
in any other wheel position. When the y value in any other position is smaller than in reference,
the value is negative and vice versa.

2.2.9. Wheelbase change

Wheelbase change is difference between x value of CP in reference position and x value of CP
in any other wheel position. When the x value in any other position is smaller than in reference,
the value is negative and vice versa.

2.2.10. Anti-features

All anti features have the same starting point for calculation, determination of wheel
instantaneous centre of rotation from side view. Since calculation is based on a plane parallel
to global XZ plane, everything will be translated to 2D scenario. First, intersection of planes

defined by UCA and LCA with side view plane is done.
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Figure 22 Anti features important parameters

If the brakes or drive is outhoard then Goutboard IS USed, otherwise Ginboard.

Only defining point and direction vector will be given for each line:

LCA e = (LCAm pcr LCAG Ptz) =
CP [LCAIXLCA22 —LCA,LCA,, - LCA,LCA,, +] .
Y| LCA,LCA,, +LCA, LCA,, - LCA, LCA,,
LCA,LCA, LCA,, —LCA, LCA, LCA, —LCA LCA,LCA, +
LCA,LCA, LCA, +LCA,LCA, LCA, —LCA,LCA, LCA,
LCA,LCA,, —LCA LCA, —LCA,LCA, +
LCA,LCA, +LCA, LCA,, —LCA, LCA,

(143)

0
LCA oir =
(LCA, —LCA, )(LCA, - LCA, )-(LCA, - LCA, )(LCA, - LCA,,) (144)
~(LCA, —LCA, )(LCA, - LCA, )+ (LCA, —LCA, )(LCA, -LCA, )’
UCA,p = (UCA po UCA 15y ) =
cp [UCAIXUCAZZ —~UCA,UCA,, —~UCA UCA,, +j N
Y\ UCA,UCA, +UCA, UCA,, —~UCA, UCA,,
UCA,UCA, UCA,, —~UCA UCA, UCA, —UCA UCA, UCA,, +
UCA,UCA,,UCA,, +UCA UCA, UCA, —UCA UCA, UCA,
UCA,UCA,, —~UCA, UCA,, ~UCA UCA, + ’
UCAUCA,, +UCA, UCA,, —UCA, UCA,,

(145)

Faculty of Mechanical and Naval Engineering 36



Bruno Mraz Master Thesis

UCA, 0 =
(UcA, -UCA, )(UCA, —UCA,,) - (UCA, —UCA, )(UCA, —UCA,,) (146)
—~(UCA, —UCA,, )(UCA,, ~UCA, )+ (UCA, ~UCA,, )(UCA, —~UCA, )
Resulting lines are also intersected and instantaneous centre of rotation point is obtained:
IC =
LCAwpir L CAnpn = LCApy ~UCAwpUCA iy +UCAR,
LCAntDir _UCAntDir
LCA i (LCAwpuUCA 0 — LCA i, ~UCA 5, UCA i, +UCA ) + |.
LCAintPtz ( LCAintDir - UCAintDir )
LCAntDir _UCAntDir
Next, whether the drive and brakes are outboard, or inboard are 6r and 6r calculated:

g 1C.mWCN,
inboard |Cx —WCNX ' (148)
IC, —CP,
tan eoutboard = m

In all anti features there is a special case if a corresponding bias is zero, then the value of that

(147)

(149)

anti feature is also zero. Otherwise, this would in case of inboard placed components result in
infinity since there would be zero division.

Anti-features are signed in accordance with the figure below.

Driving direction

Front outboard brakes/drive Rear outboard brakes/drive

Front inboard brakes/drive Rear inboard brakes/drive
h T
- | - |

Figure 23 Signs of Suspension Anti Features
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To be able to calculate all anti features the following parameters must be known:

e Wheelbase (I [mm])

e Centre of gravity height (h [mm])

e Front suspension:
o Brake bias front- 0...1 (1- brake bias rear)
o Brake’s position- outboard or inboard
o Drive bias front- 0...1 (1- drive bias rear)
o Drive position- outboard or inboard

e Rear suspension:
o Brake biasrear-0...1 (1- brake bias front)
o Brake’s position- outboard or inboard
o Drive bias rear- 0...1 (1- drive bias front)

o Drive position- outboard or inboard

2.2.10.1. Anti-rise

Front suspension resistance to moving front end of the chassis up during acceleration in case of

front wheel drive.

In case of outboard drive (usually an electromotor is inside the wheel) formula is:

%AnNti rise = mne‘)%l - (front drive bias) - 100%. (150)

In case of inboard drive (use of drive shafts to transfer power to wheels) formula is:

tan einboardF
h-(front drive bias)

%AnNti rise = | -100%. (151)

2.2.10.2. Anti-squat

Rear suspension resistance to moving rear end of the chassis down during acceleration in case

of rear wheel drive.

In case of outboard drive (usually an electromotor is inside the wheel) formula is:

%Anti squat = WI - (rear drive bias) -100%. (152)

In case of inboard drive (that is, use of drive shafts to transfer power to wheels) formula is:

tan einboardR
h ~(rear drive bias)

%Anti squat = | -100%. (153)
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2.2.10.3. Anti-dive

Front suspension resistance to moving down front end of the chassis during braking.

In case of outboard brakes (brake discs mounted to wheel hubs) formula is:

%At dive = Wﬁ%l - (front brake bias) -100%. (154)

In case of inboard brakes (use of drive shafts to transfer braking to wheels) formula is:

tan einboardR

%AnNti dive = -
h-(front brake bias)

I -100%. (155)

2.2.10.4. Anti-lift

Rear suspension resistance to moving up rear end of the chassis during braking.

In case of outboard brakes (brake discs mounted to wheel hubs) formula is:

%Anti lift = WI - (rear brake bias) -100%. (156)

In case of inboard brakes (use of drive shafts to transfer braking to wheels) formula is:

tan einboardR
h-(rear brake bias)
2.2.11. Inside wheel free space

%AnNti lift =

I -100%. (157)

Solution given by the optimisation might have the best kinematics, but if the hardpoints don’t
fit inside the wheel it is useless. Therefore, two more suspension characteristics not related to

kinematics but to component design are introduced.

2.2.11.1. Free radius

LCA3, UCA3z and TR> are checked how far are they from the wheel axis. This is done by

calculating distance of each mentioned point from the wheel axis defined by WCN and SPN:

(PT ~WCN)x(PT —SPN)

Distance = .
|(PT —WCNjx (PT —SPN |- (WCN — SPN

(158)

2.2.11.2. Distance from WCN along wheel axis
Another important aspect is how deep inside the wheel are 3 before mentioned points. This is
important because of brake discs placement and steering capabilities.

To calculate this distance a plane is made perpendicular to wheel axis and going through WCN.

Then signed distance between plane and point is calculated.
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All points that are between the defined plane and centre of the vehicle have a negative value

while those that are outside have positive.

For plane in form of linear equation A, B, C, and D parameters are defined as:

A=WCN, —SPN,, (159)
B=WCN, -SPN, (160)
C =WCN, —-SPN,, (161)
D=-WCN, -A-WCN_ -B-WCN,-C. (162)
Finally, signed distance is
. A-PT,+B-PT, +C-PT,+D
Distance = 4 : (163)
JA2 4 B? 4 C?
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3. Quarter Suspension Optimisation Model

Finding suspension kinematics is a crucial process and is present from the very beginning of
suspension design. However, as much as it is crucial it is also dull and time consuming. For this
reason, there is a need to automate this process and one of possibilities in this automation is use
of optimisation. In the following text quarter suspension optimisation model will be formulated.

3.1. Design variables

Although suspension consists of 10 hardpoints each of which has 3 coordinates, resulting in 30
parameters needed to fully define suspension, only 20 of those parameters are variables in

optimisation model.

Table 3  Model parameters and variables

X |y |z X |y |z
LCAL UCA3
LCA; TR1
LCA3 TR2
UCA: WCN
UCA: SPN

Fields marked red in table above are hardpoint coordinates related optimisation parameters

while the rest are optimisation variables.

As can be seen in chapter describing derivation of suspension kinematics, control arms can be
observed as beams rotating around an axis in space. To define any axis in space only 2 points
are needed, and those 2 points can lay anywhere in space. If those 2 points are placed on 2
parallel planes, all axes that are of interest to this optimisation can still be defined. The ones
that cannot be defined are parallel to these two planes. Finally, it is assumed that for a control
arm first plane has a value x equal to the x value of first point of control arm and second plane

equal to the second point x value.

With this simplification 4 variables are removed from optimisation problem.
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Plane 2

/’\

Axis of rotation L _ —

/
r
-~

Plane 1

Figure 24 Axis of rotation defined by 2 arbitrary points
Since it is possible to get preferred Camber and toe angle in reference position just from wheel
axis defined by WCN and SPN, WCN and SPN are also fully defined by the user before

optimisation. With this the project space is reduced to 20 variables.
3.2.  Objective function

During optimisation only certain suspension characteristics in certain wheel position are of
interest. Wheel positions are defined for rolling movement of chassis, when one wheel goes up,
the other goes down and vice versa. Furthermore, since it is possible to determine static Camber
and toe angle values without optimisation, those values are of no interest. During one iteration,
upper, lower and reference suspension positions are calculated and for each of those positions
only some characteristics are calculated. As was said, optimisation is done with rolling motion

of chassis assumed.
The following table shows which suspension characteristics are calculated in which suspension

position.

Table 4  Suspension characteristics calculated with respect to wheel movement during
optimisation

Wheel position
Suspension characteristics

Lower Reference Upper

Camber angle

Toe angle
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Caster angle

Roll centre height

Caster trail

Scrub radius

Kingpin angle

Anti-drive

Anti-brake

Half-track change

Wheelbase change

LCAg3 inside wheel free radius

UCA;3 inside wheel free radius

TR> inside wheel free radius

LCAgz distance to WCN along WCN-SPN axis

UCAs distance to WCN along WCN-SPN axis

TR> distance to WCN along WCN-SPN axis

Constant parameters during optimisation are:
e Suspension position
e Wheel radius
o Wheelbase
e Centre of gravity height
e Drive bias
e Brake bias
e Drive position

e Brake’s position

e Vertical movement from reference position

Objective function consists of multiple members and as such is multidimensional. Every

member can be assigned a different significance value which results in a weight factor where

the sum of all weight factors equals one.
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Since all members have different sensitivity to changes, each of them has its own parameters
such as target, peak width, and peak flatness values:

_|x —target; [ X —target;, [ _|x, —target, [

_ W e M T — W e m, , (164)

i+1

m;

Obj. func.=1-we
with weight factor being calculated as:

Si

Z”: s ’ (165)
j=1

and having the property

W =

>w =1, (166)
i=1
The rest of parameters are:

m;- arbitrarily chosen number greater than zero, determines width of “bell” around target value,

greater than zero,

Xi- suspension characteristic variable,

targeti- wanted values for respective suspension characteristics,

ki- value determining “flatness” of objective function around target value,

si- significance value determining weight factor value, must be greater than zero,
n- number of objective function members.

As can be seen in above equation, objective function’s value will range from zero to one with

the goal of optimisation being minimisation.
There are 21 criterions identified as possible members of objective function in optimisation and
these variables correspond to constraints that are about to be described.

Because shape of objective function member is not easily understandable the following graphs
are given. In them the behaviour of the function can be seen, however, clear connection between

parameters and function shape cannot be established.
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Reference Increased Peak width
Peak width = 10, Peak flatness = 2, Target = 10 Peak width = 20, Peak flatness = 2, Target = 10
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Figure 25 Shapes of objective function member
3.3.  Constraints and bounds

Constraints are defined both for derived values and input variables. Some of them are in direct
conflict with bounds because for different values they can provide different project space what
may not be clear to the user at first glance. This will not make any problems during optimisation,

but it is important to note possibility of redundance.

All constraints and bounds have defined a lower and higher value inside which the solution
should reside. Because of SciPy limitations all constraints and bounds are defined in greater

than or equal to zero form.

The following equation is rewritten in suitable expression:

giLower < gi < giUpper' (167)

Suitable expressions are:
9 — GiLower 2 O, (168)

_gi + giUpper 2 O’ (169)

All values for gi, giLower and giupper are given in the following table.
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Table5 Constraints

Oi

OiLower

Qiupper

Camber anglepown position

Camber Anglepown position Lower

Camber Anglepown position Upper

Camber angleup position

Camber Angleup position Lower

Camber Angleup position Upper

Toe anglepown position

Toe Anglepown position Lower

Toe Anglepown position Upper

Toe angleup position

Toe Angleup position Lower

Toe Angleup position Upper

Caster Angle

Caster Anglegower

Caster Angleupper

Roll centre height

Roll centre heightLower

Roll centre heightupper

Caster Trail

Caster Trail ower

Caster Trailupper

Scrub Radius

Scrub Radiusi ower

Scrub Radiusupper

Kingpin Angle Kingpin AngleLower Kingpin Angleupper
Anti-drive Anti-driveLower Anti-driveupper
Anti-brake Anti-brakeLower Anti-brakeupper

Half-track changepown position

Half-track changepown position

Lower

Half-track changepown position

Upper

Half-track changeup position

Half-track changeup position

Lower

Half-track changeup position

Upper

Wheelbase changepown position

Wheelbase changepown position

Lower

Wheelbase changepown position

Upper

Wheelbase changeup position

Wheelbase changeup position

Lower

Wheelbase changeup position

Upper

LCA;3 in wheel radius

LCA3 in wheel radiusg ower

LCAz in wheel radiusupper

UCA;3 in wheel radius

UCA;3 in wheel radiustower

UCAg3 in wheel radiusupper

TR2 in wheel radius

TR2 in wheel radiustower

TR2 in wheel radiusupper

LCA; distance to WCN

LCA;3 distance to WCN_ower

LCAgz distance to WCNupper

UCA3 distance to WCN

UCA; distance to WCNower

UCAg distance to WCNupper

TR> distance to WCN

TR2 distance to WCN_ower

TR: distance to WCNupper

Entries with the same colour in table above and the following table can be in conflict, but still,

all are kept so the final user can adjust the application to suit his/her needs.
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Depending on the optimisation algorithm implementation characteristics, design variables

bounds (Table 6) may be given to optimisation directly as bounds, or if it is not possible, they

can be given as constraints.

Table 6  Design variables bounds

Qi JiLower Qiupper
LCAyy LCA1yLower LCA1yupper
LCAL, LCA1zLower LCA1zupper
LCAzy LCA2yLower LCA2yupper
LCA2; LCA2zLower LCA2zupper
LCAsx LCA3xLower LCA3xupper
LCAzy LCA3yLower LCAzyupper
LCA3; LCA3zLower LCA3zzupper
UCAyy UCA1yLower UCA1yUpper
UCA1; UCA1zL0wer UCA12Upper
UCAy UCA2yLower UCA2yupper
UCA2; UCA2zLower UCA2zUpper
UCA3x UCAaxLower UCAsxupper
UCAazy UCAzyLower UCAsyupper
UCA3; UCAszxLower UCA3xupper
TRix TRixLower TRaxupper
TRy TRayLower TRayupper
TRy, TRixLower TRaxupper
TR2x TR2xLower TR2xupper
TRay TR2yLower TR2yupper
TR2z TR2zLower TR2zupper
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3.4. Optimization method

Finding of optimal kinematics in this master thesis has been formulated as a single-objective
optimisation problem. Since it is featured by constraints and is without a function to describe
variable gradients, Constrained Optimization by Linear Approximation (COBYLA) method is

used.

It is a numerical optimization method for constrained problems where the derivative of the
objective function is not known. It works by iteratively approximating the actual constrained
optimization problem with linear programming problems. During an iteration, an
approximating linear programming problem is solved to obtain a candidate for the optimal
solution. The candidate solution is evaluated using the original objective and constraint
functions, yielding a new data point in the optimization space. This information is used to
improve the approximating linear programming problem used for the next iteration of the
algorithm. When the solution cannot be improved anymore, the step size is reduced, refining

the search. When the step size becomes sufficiently small, the algorithm finishes [2].
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4. Software Application Formula Student Suspension Design

Application is intended to be used by anyone who wishes, free of any obligations. Source code

is also freely available on GitHub so it can be adapted to suit one’s needs.
Application consists of three modules:

e Suspension kinematics and characteristics calculator (C++)

e Optimisation module (Python)

e Graphical user interface (GUI) (C#)

Relation between these 3 modules is given in the following figure.

\ 2

Suspension <
kinematics and
characteristics
calculator
Optimisation P Graphical user
maodule N interface

Figure 26 Relations between application’s modules
Modules are communicating by sending arrays of data for suspension hardpoints,
characteristics and setup. GUI and optimisation modules have one way communication because
optimisation module takes parameters from GUI and when it is done, it outputs a csv file with

results.

User can then easily study this csv file in applications such as Excel.
4.1. Suspension Kinematics and Characteristics

Implementation of mathematical expressions is in order as were the equations in Kinematics
chapter written. It is important to conveniently determine input and output parameters from the
very beginning since the whole programme will depend on it. Since C++ is chosen as the
backend language because of its speed it is also chosen to use already available mathematical
package, Eigen, a C++ library for linear algebra: matrices, vectors, numerical solvers, and

related algorithms.
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Two separate methods, both based on the same class for calculating all suspension related data

are exposed, one for optimisation module and the other for GUI.

Input to C++ module is given in the following table. Rows marked green are also modified

inside C++ module and as such are also the output. Rows marked red are inputs only in case of

optimisation, rows marked blue are only for GUI module and the rest are inputs for both

optimisation and GUI module.

Table 7 Input parameters for C++ module

Parameters | Parameters | Input parameters
came from | modified in
module C++
both - Pointer to suspension hardpoints array in optimisation module
both - Suspension position
both - Wheel radius
both - Wheelbase
both - Centre of gravity height
both - Drive bias
both - Brake bias
both - Drive position
both - Brake’s position
both - Vertical movement

Pointer to objective function width parameters array

Pointer to objective function flatness parameters array

both - Steering rack movement (for optimisation set to 0)
both - Number of vertical increments (for optimisation set to 1)
both - Number of steering increments (for optimisation set to 0)
both - Precision

- Pointer to objective function target values array

- Pointer to objective function weight factors array
both modified | Objective function result as reference
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both modified | Pointer to output characteristics array

modified | Pointer to moved hardpoints array

4.2.  Optimisation module

Optimisation is started from GUI after setting all parameters as preferred. Parameters are then
passed through command prompt to python script which then starts the optimisation. Since
COBYLA method works by finding a local objective function minimum, multiple optimisations
with different initial positions are done so the user will have multiple solutions with some of
them being good enough to use for further suspension development. Initial positions are picked

from a uniformly distributed continuous set of values defined by hardpoints limits.

Parameters passed to optimisation module are listed previously in tables 4 and 5. Apart from
those 2 parameters, two more optimisation module specific parameters are needed, number of

processes to use and optimisation duration.

If multiple processes are used there is more strain on the hardware, however, more results can
be obtained in less time. Optimisation duration is needed because it is possible that an
impossible combination of parameters has been set up. If the optimisation was developed to
stop after a certain objective function value has been reached, this might mean that optimisation
would never stop and would have to be manually terminated. Another reason why it would not
be ideal to run the optimisation session only until the required objective function value is
obtained is because all parameters that have been set up are highly subjective. This means that
solution with a objective function value of 0.1 might be better than a solution with value of
0.05. Since multiple optimisations are running and each of them usually needs at most 0.2
seconds to complete there is no fear that a lengthy optimisation might be interrupted and time

would be wasted when terminating optimisations module by time expiration.

Upon finishing optimisation session, results are written to csv file. Each entry consists of the

following:

e Objective function value

e Optimised hardpoints

e Suspension characteristics values, as could be seen in table 2
e Duration of this instance optimisation

It is then up to the user to sort and pick out a fitting solution and input it back to application for

further observation.
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There are few reasons why Python was chosen as the programming language in optimisation
module. First is because of SciPy, a well-known and used library in academic circles that
contains multiple optimisation algorithms with one of them being COBYLA. Second is that
users can easily experiment with Python and implement even more advanced methods for

finding the optimal kinematics, such as Reinforcement Learning.
4.3. Graphical User Interface in C#

Primary goal of this application is speeding up suspension kinematics iteration and this is done
with the help of optimisation module. However, optimisation module requires setting up quite
a few parameters. In case of a console application this would be a dealbreaker for a great deal

of users which is why it was decided that a graphical user interface is a must.
GUI is divided in 3 sections:

1. Optimisation parameters
2. Currently observed parameters

3. Currently observed suspension visualization and characteristics

81 F5 Basic Motion and Kinematics

Xiew  Khgh Yiw  Yhgh Zlow  Zhgh x [ z
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Figure 27 Application Main Window
Optimisation region comes with predefined values for suspension characteristics that have been
deemed as the most suitable. Hardpoint limits are arranged in a table and since some coordinates

are constant during optimisation, they have only one value associated with them.
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X low X high Y low Y high Zlow Z high

LCAl -20400 |0 -420 -400 -140 -130
LCAZ -2240 0 -420 -400 -140 -120
LCA3 -2140 -2130 -610 -390 -150 -130
UcAl -2040 0 -420 -400 -280 -270
uca2 -2240 0 -420 -400 -275 -265
Ucaz -2160 -2150 -590 -570 -320 -310
TR1 -2240 -2230 -420 -400 -200 -180
TR2 -2240 -2210 -600 -570 -230 -210
WCH -21436 |0 -620.5 0 -22007 |0

SPN -21436 |0 -595.5 0 -219.34 |0

Figure 28 Hardpoint limits in GUI
After setting the hardpoints limits comes setting the suspension characteristics. Each of
characteristics has 7 values with 6 of them being editable. Lower and upper textboxes set the
boundaries for constraints inside which the solution should reside. Target is the value toward
which objective function should gravitate. Significance is a factor which determines weight
factor of current suspension characteristic. It must be greater than 0. If it is not relevant which
value a characteristic should have, but should only satisfy the limits, significance can be set to

Z€ero.

As was described in Optimisation chapter, based on sum of all characteristics significances a

weight factor is calculated. Sum of all weight factors equals one.

Finally, the two values defining suspension characteristic objective function, peak width, and
flatness, are given.

TR2 distance to WCN, along whesl axis

Lower Upper Target Significance sum
00 | [20 |40 |
Significamce  Weight factor

E | |0.007 |

Peak Width Peak Flatmess

o J2__ |

Figure 29 Suspension characteristic GUI parameters and Significance Sum
Basic suspension settings are left to define. These are parameters that are decided even before
searching for optimal kinematics. Since only a quarter of suspension is being optimised it is

needed to define is it front or rear, wheelbase, etc.
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i i i ; ﬁ ; i

ptimization\optimisation.p

C\ProgramDataAnaconda3python.exe

Figure 30 General suspension parameters
After the results from optimisation are obtained, they are entered to current suspension region.
There are also present general suspension parameters which should be kept the same as in
optimisation region.
Upon entering hardpoints the update button displays the new suspension configuration. By
changing the vertical movement value, suspension movement can be observed and suspension
characteristics for various wheel positions in case of rolling movement of the chassis. In the
background a coordinate system is drawn with the red rod representing X, green Y and blue Z
axis.
By changing the inside wheel radius value, the user can quickly see if there are collisions
between control arms or tie rods with the wheel.
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|87 FS Basic Motion and Kinematics

X
LCAl -2038.666

¥
-411.709

z
-132.316

LCAZ  -2241.147

-408.195

-126.205

LcA3 -2135

-600

-140

UCA1 -2040.563

-416.249

-275.203

Ucaz -2241.481

417314

-270.739

ucas -2153

-578

-315

TR1 -22348

-411.45

-184.6

TRz -2225

-582

-220

WCN -2143.6

-620.5

-220.07

SpN -214386

-595.5

-219.34

Figure 31 Current suspension parameters, characteristics, and visualization
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5. Suspension Kinematics Design Example

Two types of optimisation, that is user scenarios have been recognized, when the user is starting
from scratch and has only general suspension parameters, and the other when the user is
improving previous year’s vehicle’s suspension. The first one is characterized by wide limits
on all 20 variables, whereas the second one has tight limits and some of the variables may

become parameters, e.g., chassis pick up points.

Examples are based on a rear of previous year’s vehicle, VulpesR. Since numerical values of
preferred suspension characteristics are known in advance and already implemented, it is
certain that suspension optimisation shown here will not have an impossible combination of

parameters.

Table 8  VulpesR hardpoints and optimisation suspension hardpoint limits

X y z

LCA: |-2038,67| -411,71 | -132,32

LCAz2 |-2241,15]| -408,20 | -126,21

LCA3 -2135 -600 -140

UCA: |-2040,56 | -416,25 | -275,20

UCA: |-2241,48| -417,31 | -270,74

UCA;3 | -2153 -578 -315

TR1 -2234,8 | -411,45 | -194,6

TR -2225 -582 -220

WCN | -2143,6 | -620,5 | -220,07

SPN -2143,6 | -595,5 | -219,34

Characteristic limits are the same both for wide and narrow limits optimisation. Only some
values that will be mentioned later will change in narrow limits optimisation and those will

represent values that the user wants improved.
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Table 9  VulpesR suspension characteristics values and optimisation suspension
characteristics limits and weight factors
Value/Target | Value lower | Value upper |Weight Factor
Camber anglepown position -2,65 2,7 -2,6 0,31
Camber angleup position -0,98 -1 -0,9 0,345
Toe anglepown position -0,07 -0,07 0 0,017
Toe angleup position 0,04 0 0,04 0,017
Caster Angle 5,87 5 10 0,103
Roll centre height 55,99 50 60 0,007
Caster Trail 21,96 10 20 0,103
Scrub Radius -10,3 -15 -5 0,007
Kingpin Angle 7,17 0 8 0,007
Anti-drive 16,91 10 20 0,007
Anti-brake 5,47 0 10 0,007
Half-track changepown position -4,93 -5 5 0,007
Half-track changeup position 0,76 -5 5 0,007
\Wheelbase changepown position 0,77 -2 2 0,007
\Wheelbase changeup position -0,74 -2 2 0,007
LCAz in wheel radius 79,9 80 90 0,007
UCAg in wheel radius 96,59 90 100 0,007
TR in wheel radius 81,41 80 90 0,007
LCA; distance to WCN -22,83 -30 -15 0,007
UCA; distance to WCN -39,71 -50 -30 0,007
TR> distance to WCN -38,49 -50 -30 0,007

Target values are set to VulpesR characteristics values and lastly objective function parameters,

weight factors, width, and flatness, are adjusted as seems fit.

Peak width and flatness values do not give any obvious information on how the objective

function will look like for a set of parameters. For this reason, it is necessary to plot objective

functions and determine flatness and width values by visually studying objective function.

Faculty of Mechanical and Naval Engineering

57



Bruno Mraz

Master Thesis

Camber angle down position
Peak width = 0.5, Peak flatness = 1, Target = -2.65

100
0.75 1
0.50 1
0.25 1
0.00 1

-8 -5 -4 2 D 2

Toe angle down position

Peak width = 0.1, Peak flatness = 2, Target =0
100
075
0.50
0.25
0.00

-100 -0.75 -0.50 -0.25 000 025 050 075 100

Caster angle
Peak width = 2, Peak flatness = 5, Target = 5.87

100
0.75 4
050 4
0.25 1

0.00 1 T T T T T T T T
=50 -25 00 25 50 75 100 125 150

Caster trail
Peak width = 1000, Peak flatness = 4, Target = 21.96
100
075 {
050
025
0.00 T T T T T T T T T
125 150 175 200 225 250 275 300 325
Kingpin Angle
Peak width = 10, Peak flatness = 2, Target = 7
100
075 4
050 1
025
0.00 - T T T T T T T T T
=25 00 25 50 75 0.0 125 150 175
Anti-brake
Peak width = 100, Peak flatness = 2, Target = 5.47
100
0.75 4
050 4
0.25 1
0.00 1

|
Pt
[=]

-10 ] 10 20

Camber angle up position
Peak width = 0.5, Peak flatness = 1, Target = -0.95

100
0.75 1
0.50 1
0.25 1
0.00 1

-5 4 2 0 2

1

Toe angle up position
Peak width = 0.1, Peak flatness = 2, Target =0

100 4
0.75 4
0.50 1
0.25
000 4

-100 -0.75 -0.50 —0.25 00D 025 050 075 100

Roll centre height
Peak width = 100, Peak flatness = 3, Target = 55.99

100 4
0.75 4
0.50 4
0.25
000 4 .
40 65 L]

Scrub Radius
Peak width = 10, Peak flatness = 2, Target = -10.3

100
0.75 1
0.50 1
0.25 1
0.00 1

125 150 175 200 225 250 275 300 325

Anti-drive
Peak width = 100, Peak flatness = 2, Target = 16.91

100 4
0.75 4
0.50 1
0.25 {
0,00 4
10 30 40

Figure 32 Optimisation Suspension Characteristics parameters 1
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Figure 33 Optimisation Suspension Characteristics parameters 2

When setting the objective function individual characteristic parameters, one should have in

mind that if actual width of objective function is smaller than the optimisation constraint limits

it can happen that optimisation algorithm will not know in which direction should it move since

objective function value becomes practically constant.

General suspension parameters will be the same in both simulations presented here:
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e Rear suspension
e Wheel radius- 210 mm
e Wheelbase- 1530 mm
e Centre of gravity height- 300 mm
e Rear drive bias- 1
e Rear brake bias- 0,4
e Drivetrain position- inboard
e Brake position- outboard
e Vertical movement from reference position- 30 mm
e Hardware specific parameters:
o Number of cores to use- 6

o Optimisation duration- 600 seconds
5.1.1. Wide Limits Optimisation Problem

Hardpoint limits are determined subjectively with respect to VulpesR coordinates. Since
uniform distribution is used to pick out initial suspension hardpoints, there is no bias toward

the same solution as in VulpesR.

Table 10 Wide limits optimisation variable bounds

x lower | x upper |y lower |y upper | z lower | z upper

LCA:1 |-2038,67 0 -461,71 | -361,71 | -182,32 | -82,32

LCA2 |-2241,15 0 -458,2 | -358,2 | -176,21 | -76,21

LCA3 -2185 -2085 -650 -550 -190 -90

UCA: [-2040,56 0 -466,25 | -366,25 | -325,2 | -225,2

UCA: |-2241,48 0 -467,31 | -367,31 | -320,74 | -220,74

UCAs | -2203 | -2103 -628 -528 -365 -265

TR1 -2284,8 | -2184,8 | -461,45 | -361,45 | -244,6 | -144,6

TR2 -2275 -2175 -632 -532 -270 -170
WCN | -2143,6 0 -620,5 0 -220,07 0
SPN -2143,6 0 -595,5 0 -219,34 0
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A value of zero denotes that this coordinate is a parameter, not a variable during optimisation.
It should be noted that the goal is not finding the exact same hardpoints, but a set of hardpoints

that gives acceptable suspension characteristics.

Multiple solutions were obtained and the one with the following suspension hardpoints and

characteristics was chosen.

Table 11 Optimised suspension hardpoints from wide limits optimisation

X y z

LCA1 ]-2038,67|-362,466 |-134,284

LCA2 ]-2241,15|-410,313|-133,096

LCAs ]-2141,72|-602,343|-149,736

UCA1 ]-2040,56 |-421,124 | -265,416

UCA2 |-2241,48|-380,416 |-249,538

UCAs |-2163,94|-592,005 | -305,091

TR1 -2235,79(-392,911 | -205,477

TR2 -2236,13 [ -599,692 | -242,185

WCN | -2143,6 | -620,5 | -220,07

SPN -2143,6 | -595,5 | -219,34

Table 12 Optimised suspension characteristics from wide limits optimisation

Camber anglepown position | -2,65 |Half-track changepown position | -4,37 JAnti-brake | 5,17
Camber angleup position | -0,91 |Half-track changeup position 0,64

Toe anglepown position 0,00 JwWheelbase changepown position | 0,69

Toe angleup position 0,00 JwWheelbase changeup position -0,82

Caster Angle 8,14 ILCAsz in wheel radius 69,8

Roll centre height 50,00 JUCA; in wheel radius 88,19

Caster Trail 21,84 ITR; in wheel radius 95,27

Scrub Radius -14,99 |LCA; distance to WCN -20,18

Kingpin Angle 3,81 JUCA; distance to WCN -26,00

Anti-drive 10 |TR: distance to WCN -20,15
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As can be seen, some suspension characteristics values have broken some of the constraints
and, in those cases, it should be checked in the current suspension module of the application
whether this is satisfactory or not. If not, it can be adjusted in the current suspension module or
the solution can be entered to optimisation module by using its characteristics and hardpoints
limits but with tighter limits as is shown in the following example.

5.1.2. Narrow Limits Optimisation Problem

Again, the hardpoint limits are determined with respect to VulpesR. However, some of the
limits are made very small to simulate constants without the need to change the constraints and

bounds in the optimisation model.

Table 13 Narrow limits optimisation variable bounds

x lower | x upper |y lower |y upper | z lower | z upper

LCA: |[-2038,67 0 -411,81 | -411,61 | -132,42 | -132,22

LCAz2 |-2241,15 0 -408,3 | -408,1 | -126,31 | -126,11

LCAs3 -2145 | -2125 -610 -590 -150 -130

UCA: ]-2040,56 0 -416,35 | -416,15 | -275,3 | -275,1

UCA: |-2241,48 0 -417,41 | -417,21 | -270,84 | -270,64

UCAs | -2163 -2143 -588 -568 -325 -305

TR1 -2234,9 | -2234,7 | -411,55 | -411,35 | -194,7 | -194,5

TR2 -2235 -2215 -592 -572 -230 -210
WCN | -2143,6 0 -620,5 0 -220,07 0
SPN -2143,6 0 -595,5 0 -219,34 0

As was said, in this optimisation only camber angle parameters will be modified. As can be

seen in the following table.

Table 14 Camber angle values for narrow optimisation

Value/Target | Value lower | Value upper |Weight Factor

Camber anglepown position -2,2 -2,3 -2,2 0,31

Camber angleup position -1,3 -1,5 -1,3 0,345
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In this optimisation multiple solutions were found as well, however, they were more like each

other than in the first case.

Narrow limits optimisation works as was expected, with narrower limits there are fewer
possible solutions meaning that all the solutions are similar. However, violation of some

constraints can still be seen.

Also, it is worth noting that a solution with desired camber angle values cannot be achieved for

the entered parameters.

So, to conclude, as the overall suspension design is being finalized, more and more variables
will become constants, and with each variable becoming a constant the user will be imposing
new targets for optimisation and consequently will be ensuring that the final suspension is
optimal.

Table 15 Optimised suspension hardpoints from narrow limits optimisation

X y z

LCA1 ]-2038,67|-411,619| -132,42

LCA2 |-2241,15| -408,3 | -126,11

LCAs ]-2134,02|-593,289 |-140,617

UCA:1 ]-2040,56| -416,35 | -275,1

UCA2 |-2241,48| -417,41 | -270,64

UCAs |-2147,41|-568,287 |-318,515

TR1 -2234,72 |-412,957 | -197,975

TR2 -2221,72 |-574,481 | -226,387

WCN | -2143,6 | -620,5 | -220,07

SPN -2143,6 | -595,5 | -219,34
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Table 16 Optimised suspension characteristics from narrow limits optimisation

Camber anglepown position | -2,44 |Half-track changepown position | -5,46 JAnti-brake | 5,63
Camber angleup position | -1,24 |Half-track changeup position 1,22

Toe anglepown position -0,08 |Wheelbase changepown position | 0,78

Toe angleup position 0,05 |wWheelbase changeup position 0,74

Caster Angle 4,31 |LCA; in wheel radius 79,2

Roll centre height 65 JUCAsz in wheel radius 100

Caster Trail 19,4 |TR; in wheel radius 78,49

Scrub Radius -14,991_CA; distance to WCN -29,52

Kingpin Angle 8 JUCA; distance to WCN -49,32

Anti-drive 17,6 |TR: distance to WCN -45,82
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6. Conclusion

The main objective of this master thesis is speeding up the development of Formula Student
suspension. Because kinematics development was recognized as one of the bottlenecks with

lots of space for improvement, it was decided to tackle with this problem.

Until now members of FSB Racing Team were finding kinematics by choosing some initial
suspension values and then modified its individual hardpoints until packaging and kinematics
constraints were met. This very much resembles how optimisation works and so it was decided

to use optimisation methods for doing the same task.

Optimisation implementation was first given a purely mathematical background with
description of quarter suspension model, then the constraints, project space and objective
function were described, followed by listing key points in creating the application for

suspension kinematics development. Lastly, an example of optimisation was given.

There are two possible use scenarios of this application in terms of optimisation. The first
iIs when nothing about the suspension hardpoints is known in advance, just the general
suspension parameters. Then the result of optimisation will be many different solutions because
of wide limits on suspension hardpoint coordinates. The other use case is when an initial
suspension is already known. Then the hardpoint limits will be narrower and the focus is
improving certain characteristics while keeping the other constant. Idea is that as the suspension
development progresses, optimisation problem will be moving from wide limits to narrow
limits, and more variables will be becoming parameters. With this approach it will be
guaranteed that the resulting suspension has optimal kinematics. However, sometimes it can be
seen that variables are violating the constraints even in case of hardpoint coordinates. For this
reason, SLSQP optimisation method could be used which has strictly defined bounds within

which it has to operate.

In the end, the objective of this master thesis is achieved, creating an application for
suspension optimisation. Although the application is enabling faster suspension iteration, some
experience in suspension kinematics is still necessary. It is quite easy to set up an impossible
combination of characteristics constraints and allowed hardpoints position. For this reason, the

application also has a separate section for investigating known suspension.

Future work could consist of remodelling of the mathematical model to a more readable
and more efficient vector form, adding possibilities to calculate forces, testing different

methods for achieving solutions, such as machine learning techniques, particularly
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reinforcement learning. Of course, the GUI can always be improved so the user does not feel

overwhelmed with all the information thrown at him.
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